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Preface

The story is told that young King Solomon was given the choice
berween wealth and wisdom. When he chose wisdom, God was so
pleased that he gave Solomon not only wisdom but wealth also.
So it is with science.

Arthur Holly Compion

Because of the unique function of our visual system for information gathering
and processing, images or pictures play a central role in our daily lives. In fact,
much of what we know about ourselves and the world around us has been de-
rived from images produced by various imaging devices. Magnetic resonance
imaging (MRI), in particular, can produce images from human or any biological
system noninvasively that reveal the structure, metabolism, and function of in-
ternal tissues or organs, greatly extending the range of human visien into realms
that would otherwise be inaccessible. The impact of this imaging technique on
diagnostic radiology has been revolutionary in the last two decades because of its
capability to produce anatomical images with unprecedented quality and safety
to the patient. With the ever-improving technology to produce images at higher
speed (ultra-fast imaging), higher resolution (microimaging), and higher informa-
tion content (combined anatomical, metabolic, and functional imaging), MRI will
likely have similar impact in biology and neuroscience in the years to come.

Functionally, MRI can be regarded as one of the tomographic imaging tech-
niques that produce images of the interior of an object from data collected outside.
What really makes it more fascinating and attractive scientifically than many other
techniques are its versatility and flexibility. To quote a popular saying of Erwin
Hahn, “there is nothing that nuclear spins will not do for you, as long as you treat
them as human beings.”

This book is about MRI. Although its working principles are not the easiest
to understand for beginning students, they are certainly fun to learn. This book is

xiil



Preface

our attempt to help your endeavor. In contrast to many existing books on this sub-
Ject, our discussions will be based on a signal processing approach in which the
dcs.cripu'ons of the fundamental concepts and principles center around a signal.
This approach is motivated largely by the consideration that understanding how
MR signals are generated, detected, manipulated, and processed into an image is
essential. The book has ten chapters covering five major topics of MRI: (1) signal
generation, detection, and characteristics, (2) spatial localization principles, (3)
Image reconstruction, (4) image resolution, contrast, noise, and artifacts, and (5)
adv?nced concepts on data acquisition (fast-scan imaging) and processing (con-
strained reconstruction). The style of presentation is aimed at upper-level under-
graduate and graduate engineering students for use as a textbook on this subject.
Tov{ard this end, we have included homework problems in each chapter to assist
the instructors in teaching and the students in learning the material. In addition
we hope that the materials are covered at an appropriate level to be useful as ar
reference for medical imaging scientists in this field.

Zhi-Pei Liang
Paul C. Lauterbur
University of lllinois at Urbana-Champaign
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Chapter 1

Introduction

A journey of a thousand miles must begin with a single step.
Y 1 3 P

Lao Zi

Tomography is an important area in the ever-growing field of imaging science.
The term tomos (Topog) means “cut” in Greek, but tomography is concerned with
creating images of the internal (anatomical or functional) organization of an object
without physically cutting it open. To a beginner, it might seem inconceivable, but
as your reading of this book progresses, you will appreciate not only the feasibility
but also the inherent beauty and simplicity of tomography.

Tomographic imaging principles are rooted in physics, mathematics, com-
puter science, and engineering. However, development of these principles is
traditionally tied to solving application problems—particularly biomedical prob-
lems. Therefore, their theoretical significance has not been well appreciated by
researchers outside this field. Like any other scientific discipline, tomography has
a unique history. Radon was perhaps the first to address the tomographic imaging
issue, albeit from a purely mathematical standpoint. Unfortunately, his seminal
work published in 1917 went unnoticed for half a century. The sixties und the
seventies were the formative years of tomography when ground-breaking work
was done for both X-ray tomography and magnetic resonance imaging (MRI) .
Now, a number of tomographic imaging modalities are available for medical and
nonmedical uses. A partial list includes X-ray CT (computer tomography), MRI,
PET (positron emission tomography), SPECT (single photon emission computed
tomography), MEG (magnetoencephalography), SAR (synthetic aperture radar),
and various acoustic imaging systems. Although these systems use different phys-
ical principles for signal generation and detection, the underlying signal process-
ing principles for image formation are, to a large extent, the same. Therefore, it
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Chapter |  Introduction

is fair to say that understanding how one imaging modality works will provide a
significant insight into the working principles of other imaging modalities as well.

This book is about MRI. Its emphasis is on the principles of image forma-
tion rather than the hardware to build an MRI system or the applications of such
a system. The reader is referred to the book by Chen and Hoult [13] on MRI

technology or to the two volumes edited by Stark and Bradley [62] on MRI appli-
cations.

1.1 What Is MRI?

Simply put, MRI is a tomographic imaging technique that produces images of in-
ternal physical and chemical characteristics of an object from externally measured
nuclear magnetic resonance (NMR) signals. Physically, MRI is based on the well-
known NMR phenomenon observed in bulk matter independently by Felix Bloch
at Stanford and Edward Purcell at Harvard in 1946. Image formation using NMR
signals is made possible by the spatial information encoding principles, originally
coined zeugmarography [182], developed by Paul Lauterbur in 1972. These prin-
ciples enable one to uniquely encode spatial information into the activated MR
signals detected outside an object. To help answer the question “What is MRI?”
some notable features of MRI are listed below.

First, like any other tomographic imaging device, an MRI scanner outputs
a multidimensional data array (or image) representing the spatial distribution of
some measured physical quantity. But unlike many of them, MRI can generate
two-dimensional sectional images at any orientation, three-dimensional volumet-
ric images, or even four-dimensional images representing spatial-spectral distri-
butions. In addition, no mechanical adjustments to the imaging machinery are
involved in generating these images.

Second, MR signals used for image formation come directly from the object
itself. In this sense, MRI is a form of emission tomography similar to PET and
SPECT. But unlike PET or SPECT, no injection of radioactive isotopes into the
object is needed for signal generation in MRI. There are other forms of tomog-
raphy in use, including transmission tomography and diffraction tomography. X-
ray CT belongs to the first category, while most acoustic tomography is of the
diffraction type. In both cases, an external signal source is used to “probe” the
object being imaged.

Third, MRI operates in the radio-frequency (RF) range, as shown in Fig. 1.1.
Therefore, the imaging process does not involve the use of ionizing radiation and
does not have the associated potential harmful effects. However, because of the
unique imaging scheme used, the resulting spatial resolution of MRI is not lim-

ited by the “probing” (or working) frequency range as in other remote-sensing
technologies.
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Figure 1.1 Electromagnetic spectrum.

Finally, and perhaps most importantly to an MRI usicr,.MR images are €x-
tremely rich in information content. The image pixel value is in gen.eral depende?nt
on a host of intrinsic parameters, including the nuclear spin density p, the spin-
lattice relaxation time T}, the spin-spin relaxation time T4, mol.ccular' mofions
(such as diffusion and perfusion), susceptibility effects, and chemical shift differ-
ences. The imaging effects of these parameters can be suppressed or enhanced
in a specific experiment by another set of oper‘ator-sclectable parameters, such
as repetition time (Tr), echo time (Tg), and flip angle (a).. Thercfore. an MR
image obtained from the same anatomical site can lqok d.rasu'cally d{ffcrer?t with
different data acquisition protocols. An example is given in Elg. 1.2, in which the
three images shown were obtained from the same cross sc?cuon c.>f a human head
using a so-called spin-echo imaging sequence (discussed in Section 7.4). As can
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Figure 1.2 Cross-sectional head image obtained using a spin-echo excitation sequence
with (a) spin density-weighted contrast (Tg = 17 ms, Tr = 2000 ms); (b) T3-weighted
contrast (Tg = 18 ms, Tr = 400 ms); and (¢) T>-weighted contrast (Tg = 80 ms,
Tr = 2500 ms).

be seen, the image contrast corresponding to different T and Tg values is quite
different. Another example is shown in Fig. 1.3, in which signals from stationary
spins were suppressed so that only the flowing blood was imaged. In general, an
MRI image can be made to be a spatial map of the density of stationary spins or
moving spins, or of relaxation times, or of the water diffusion coefficients. These
are the subjects of study for subareas known as spectroscopic imaging, diffusion-
weighted imaging, angiographic imaging, and functional imaging. Arguably, it is
the flexibility in data acquisition and the rich contrast mechanisms of MRI that
endow the technique with superior scientific and diagnostic values.

Figure 1.3 An example of angiographic imaging.

Section 1.2 A System Perspective

1.2 A System Perspective

An MR imager is shown in Fig. 1.4, which resembles an X-ray CT scanner. Hf)w-
ever, beyond the system appearance, an MR scanner and a CT scanner have little
in common in terms of hardware components. An MR scanner consists of three
main hardware components: a main magnet, a magnetic field gradient system,
and an RF system. This section briefly describes their functional characteristics.
For a more in-depth discussion, the reader is referred to the literature [8, 64).

Figure 1.4 A typical clinical MRI scanner. (Images courtesy of GE Medical Systems.)

1.2.1 The Main Magnet

The main magnet is either a resistive, a permanent, or a superconducting magnet.
Its primary function is to generate a strong uniform static field, rt-zferrcd to as the
By field,! for polarization of nuclear spins in an object. Resistive magnets are
generally used at low field (< 0.15 T); permanent magnets can operate at ﬁf:]d
strengths up to 0.3 T; superconducting magnets are normally used for generating

1 A magnetic field is a vector quantity, but we will use the conventional scalar notation for a mag-
netic field when only its magnitude is concerned and its direction need not be made explicit. Following
convention, the By field is assumed to point along the z-direction.
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higher field strengths.> The optimal field strength for imaging is application-
dependent. Advantages of high fields are better signal-to-noise ratio and spectral
resolution. Disadvantages include RF penetration problems and higher costs. The
field strength commonly encountered in a clinical whole-body system ranges from
05t02T.

The spatial homogeneity of the main magnetic field is defined as the maxi-
mum deviation of the field over a given volume within the region of interest:

BD,max e Bﬂ.min

Homogeneity = 5
0,mean

(L1
An imaging magnet requires moderate homogeneity over a large volume to pro-
vide good image quality. A typical requirement for a human system would be
10 to 50 parts per million (ppm) over a 30 to 50 cm diameter spherical volume.
For spectroscopic imaging, the requirement for field homogeneity is much more
stringent. In practice, the main magnet alone is not capable of generating such a
highly homogeneous field. The common approach to overcoming this problem is
to use a secondary compensating magnetic field generated by a set of so-called
shim coils to bring the overall field to the level of desired homogeneity.

1.2.2 The Gradient System

The magnetic field gradient system normally consists of three orthogonal gradient
coils, an example of which is shown in Fig. 1.5. Gradient coils are designed to
produce time-varying magnetic fields of controlled spatial nonuniformity, whose
formal definition is given in Section 4.4.1. The gradient system is a crucial com-
ponent of an MRI scanner because gradient fields are essential for signal localiza-
tion, as will become evident in Chapter 5.

Important specifications for a gradient system include maximum gradient
strength and the rate at which this maximum gradient strength can be obtained.
Gradient strength is normally measured in units of millitesla per meter (mT/m),
and the higher it is the better. Most clinical imaging systems can provide a maxi-
mum gradient strength of approximately 10 mT/m. The lower limit of the gradi-
ent strength required is determined by the criterion that the gradient field must be
stronger than the main field inhomogeneity.

The time interval for a gradient to ramp up to its full strength is called the rise
time; the shorter the rise time, the better the gradient system. For conventional
imaging methods, rise times of approximately 1.0 ms from O to 10 mT/m are
considered to be good. For some fast imaging methods (especially echo-planar
imaging methods to be discussed in Chapter 9), a shorter rise time is needed.

2The strength of a magnetic field is measured in the units of gauss (G) or tesla (T) with 1 T =
10 G. The earth’s magnetic field is approximately equal to 0.5 G.

3Qutside the region of interest, the By field is highly inhomogeneous. Therefore, various expres-
sions in the book are valid only within the region of interest and should be used as such.

Section 1.3 A Signal Processing Perspective

z-gradient coil

y-gradient coil

Figure 1.5 Schematic representation of the Maxwell coil
pair (z-coil segment indicated) and the y-saddle coil set used
to establish the z- and y-gradient, respectively.

1.2.3 The RF System

The RF system consists of a transmitter coil that is capa.\blg of gcncra'ling arotating
magnetic field, often referred to as the B, field, for excitation of a spin system, and
a receiver coil that converts a precessing magnetization into an electrical ggnal.
Sometimes, a single coil can be used as both a transmitter and receiver coil, thus
the name transceiver coil. Both the transmitter and receiver coils are usual?y
called RF coils because they resonate at a radio frequency, as required by spin
excitation and signal detection.

A desirable feature of the RF component is to provide a uniform B, ﬁel:ld
and high detection sensitivity. To do so, an MR system is often equipped with
RF coils of different shapes and sizes for different applications. Some common
examples are solenoidal coils, saddle coils, birdcage coils, and surface coils, as
shown in Fig. 1.6. A long solenoidal coil consists of many closely spaced turns
on a cylindrical form with a diameter much less than its length. ‘It can produce
a uniform B, field in its interior. A saddle coil has a pair of coils wound ona
cylindrical surface and is able to generate a relatively homogeneous field near its
center. A birdcage coil consists of a series of identical loops connected together
and located on the surface of a cylinder giving the appearance of a birdcage. It
provides the best RF field homogeneity of all the RF coils currently in use. Su.r-
face coils come in different forms and sizes. The simplest is a loop of wire that is
useful for imaging of a limited region.

1.3 A Signal Processing Perspective

While an MRI system is rather complex, the imaging principles that such a sy.stern
implements are much less intimidating. Especially when viewed fro.m a signal
processing standpoint, the imaging process essentially involves a pair of trans-
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Section 1.4 Organization of the Book

(a) (b)

(d

Figure 1.6 Some examples of RF coils: (a) solenoidal coil, (b) saddle
coil, (¢) birdcage coil, and (d) surface coil.

formations as shown in Fig. 1.7. The first transformation, often referred to as
the imaging equation, governs how the experimental data are collected, and the
second, often referred to as the image reconstruction equation, determines how
the measured data are processed for image formation. In engineering, the first
step is known as the forward problem and the second step is the so-called in-
verse problem. This book will adopt this transform-based approach to describe
the principle of MR image formation. Specifically, we will focus on how MR
signals are generated, detected, manipulated, and processed into an image. In do-
ing so, we start with the microscopic magnetic moments #Z in an object and then
trace step-by-step how they are subsequently converted to a bulk magnetization
M, a transverse magnetization sz, an electrical signal S(t), a k-space signal
S(k), and finally the desired image I (Z). Therefore, the main thread that links
the book’s materials together is

£— M — M,y — S(t) — S(F) — I(2)

As will become evident later in this book, @ — M is accomplished by
exposing the object to the By field; M —s ﬁzy is done with RF excitations;
M'xy — 5(t), known as signal detection, is based on Faraday’s law of induc-
tion; S(¢) —s S(k) is the core of MRI, which involves the use of magnetic field
gradients to encode spatial information into the transient responses of a spin sys-
tem upon RF excitations; and finally, S(k) — I(Z) is the well-known image

reconstruction problem common to many tomographic imaging modalities. This
book will focus on elucidating the underlying principles of each of these steps.

Data Space

Transform |
Spib Process,-ng

Figure 1.7 The MR imaging process viewed as two mathematical transformations.

1.4 Organization of the Book

This book is intended to be useful to upper-level undergraduate and grafjuate_stu-
dents in engineering or physical sciences as a textbook for a course on this subject,
as well as to practicing MRI scientists as a reference. I-t emphasizes _the fund_a—
mental principles and concepts underlying si gnal generation and detection, s;?atm]
information encoding, and image reconstruction. The remainder of the book is or-
ganized as follows. .

Chapter 2 reviews some of the fundamental mafhen?anf:al concepts t.hat ME
key to understanding MRI principles. A primary objective is to make this b(')o
self-contained so that the reader will not require many reference books to review
these materials. _ '

Chapter 3 covers the basic physical principles for signal generation and de-

tection. o
Chapter 4 discusses the excitation requirements and general characteristics

of transient signals of various types generated from a spin system after pulse ex-
citations.



10 Chapter 1 Introduction

Chapter 5 discusses physical and mathematical principles for spatial local-
ization of activated MR signals.

Chapter 6 discusses signal processing principles and techniques for image
reconstruction from spatially encoded signals.

Chapter 7 describes the rich mechanisms unique to MRI for manipulating
image contrast.

Chapter 8 deals with practical imaging issues such as limited resolution,
signal-to-noise ratios, and image artifacts.

Chapter 9 discusses the principles and techniques of fast-scan imaging.

Chapter 10 introduces the concept of constrained image reconstruction.

Appendix A provides a summary of some commonly used mathematical for-
mulas.

Appendix B contains a glossary of technical terms that frequently appear in
the MR literature.

Appendix C presents a partial list of mathematical symbols used in the book.

Appendix D presents a partial list of abbreviations used in the book.

Appendix E contains the definitions of several physical constants.

The bibliography provides a list of relevant references. Although MRI has a
relatively brief history, the number of publications on this subject is overwhelm-
ing. The bibliography included is by no means comprehensive. However, it
should provide the reader with some useful guidance in searching for further de-
tails on the main ideas discussed in this book.

Exercises 11

Exercises

1.1  What is the radio-frequency range?

1.2 What is roughly the strength of the earth’s magnetic field? What is the
strength of the main magnet of a clinical MR imager?

1.3 What are the main differences between emission, transmission, and diffrac-
tion tomography?

1.4  In what sense can MRI be viewed as a form of emission tomography?

1.5 MR imaging requires the use of three types of magnet fields: a strong

uniform static field, an oscillating field, and three gradient fields.

(a) Identify the hardware components in an MRI system that produce
these magnetic fields.

(b) Describe briefly the primary roles of these magnetic fields.



Chapter 2

Mathematical Fundamentals

If the only tool you have is a hammer, you tend to
treat everything as if it were a nail.

Abraham Maslow

This chapter reviews some mathematical concepts essential for understanding
MRI principles. We will begin with a brief description of vector quantities and
then review the definitions of some commonly used mathematical functions and
two integral transforms: the Fourier transform and the Radon transform.

Before we proceed, a word on the notation is in order. Throughout this
text, we will use f(z), g(z), h(z), and so on, to represent continuous-variable
functions, and f[n], g[n], h[n], or fn,gn, hn, and the like to represent discrete-
variable functions (or sequences) with the understanding that n is an integer vari-
able. In many situations when there is no confusion, we will also use f(n] or fn
to represent data samples from f(z) such that f, = f[n] = f(nAxz) for some
Az. Multivariable functions are sometimes expressed in vector notation such that
f(r) may refer to f(z,y) or f(z,y, z), depending on the context.

2.1 Vectors

Many physical quantities, such as velocity, magnetic field, and angular momen-
tum, have both magnitude and direction. These quantities, called vectors, are
represented in this book by two types of symbols: symbols with an overhead ar-
row such as A (called explicit vector notations) and boldface symbols such as A
(called implicit vector notations). To understand the subtle difference between

172
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these two notations, consider a three-dimensional vector A shown in Fig. 2.1. In
explicit form,

A=A+ AJ+ Ak .1
and in implicit form
A= (4,4 A;) (2.2)

where A;, Ay, and A, are the z-, y-, and z-components of A, and 7, 5 and
k are the unit directional vectors along the z-, y-, and z-axes, respectively. By
definition,

i~ (1,0,0)

7 ~(0,1,0) (2.3)

k ~(0,0,1)

Within a single reference frame, both types of notations uniquely specify a vector,
and we will use them interchangeably when there is no confusion. However,
when multiple reference frames are used, as is often the case in describing MRI
techniques, it is important to know which reference frame is used for vectors in
the implicit notation.

’

Figure 2.1 Graphical representation of a vector.

The magnitude and direction of A are represented by |A| and p 4, respec-
tively, such that

A=|Alp, (2.4)

where p , is the unit directional vector of A. |A| and p 4 can be determined from
the components of A using the following formulas:

|A] = (/A2 + A2 + A2 (2.5)

Section 2.1  Vectors 15

and 1

Biy=
S TRy

Alternatively, p 4 can be expressed in terms of the polar and azimuthal angles as
follows:

(Az, Ay, As) (2.6)

p4 = (sin @ cos ¢, sin fsin ¢, cos 6) 2.7
where
\/Ag + A§
# = tan™* A (2.8)
and
¢ = arctan (j—;l) (2.9)

For planar vectors, a complex notation is often used in the MR Iitc_rature.
Specifically, let A = (Az, A,). We regard A as equivalent to A if A is con-
structed as

A2 A, +iA, (2.10)
where i 2 +/—1. In the polar (or exponential) form, A can be expressed as

A =|Ale'® = |A|(cos ¢ + isin §) (2.11)

where |A| = (/A2 + A2, and ¢ is given in Eq. (2.9). Geometrically, ¢ is the

smaller angle between A and the z-axis (real axis). . '
The exponential form in Eq. (2.11) is used frequently at various places in
this book. A special example is

A(t) = Age™* (2.12)

which represents a vector of length Ag rotating counterclockwise at an angular
speed wp. ' ) .

Vector quantities can be used in various operations. The simplest one is
vector addition, which is defined as follows:

A+B2 (A, +Bs, Ay + By, A: + B) (2.13)

Vector addition can be performed graphically using the so-called parallelogr{m
rule shown in Fig. 2.2. It is obvious that vector addition obeys the commutative
and associative laws:

Commutative law: A

+B=B+A (2.14a)
Associative law: A+(B+C)

= (A+B)+C  (2.14b)
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~

r

Figure 2.2 Parallelogram rule for vector addition.

Vector multiplication exists in two forms: scalar (or dot) product and vector

(or cross) product.! The dot product of two vectors A and B, denoted by A - B, is

a scalar that is equal to the product of the magnitudes of A and B and the cosine

of the (smaller) angle between them. Let ¢ 45 be the smaller angle between A
and B. Then,

A.B2|A||B|cospap (2.15)

It is easy to see that the dot product is commutative and distributive:
Commutative law: A-B=B-A4 (2.16a)
Distributive law: A (B+C)=A4A-B+A.C (2.16b)

The associative law, however, does not apply to the dot product. Using the dis-
tributive property, one can show that

A-B=A,B,+A,B,+ A,B, (2.17)
The cross product of two vectors, A and B, is defined by
Ax B2 |A||B||sindaslias (2.18)

where i4p is determined according to the right-hand rule. That is, a4 p takes
the direction of the thumb of the right hand when the fingers rotate from Aw B
through the angle ¢4 g, as shown in Fig. 2.3.

The cross product obeys the distributive law:

Ax(B+C)=AxB+AxC (2.19)

However, L o
AxB=-BxA (2.20)

11t is important to note that while addition of planar vectors is equivalent to addition of the corre-
sponding complex numbers, vector multiplication (dot or cross product) does not correspond to com-
plex multiplication. Therefore, the complex notation of planar vectors should be used with caution.

Section 2.2 Basic Concepts of Matrix Algebra

and
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Ax(BxC)# (AxB)xC (2.21)

Therefore, the cross product is neither commutative nor associative.

Based on the distributive property, one can show that
Ax B=(AyB. — A:By)i+ (A: Bz — A.B,)] + (A«By — AyBo)k (2.22)

or in determinant form

B i K
AxB=| 4, A, A (2.23)
B, B, B
- ',IAB
AxBj 1
- S ; 3
I:]-£;|sm|p.w - )
EAB [N :. ___,"’ 2 -
= —~ +
A

(a) (b)

Figure 2.3 (a) A % B, and (b) the right-hand rule. Note that a5 is orthogonal to the
plane containing Aand B.

The following identities for the unit directiona) vectors of the z-, y- and z-
axes directly follow from the definition of dot and cross products:

7.i=7.7=k-k=1 (2.24a)
Ixi=jxj=kxk=0 (2.24b)
fo:fc', }xE:?, kxi=] (2.24¢)

2.2 Basic Concepts of Matrix Algebra
The (implicit) vector notation is often used to represent one—d:xmensional data
sequences. Specifically, a column vector containing N elements is denoted as

5]
V2

>

(2.25)
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Similarly, a row vector of size N is denoted as
v 2 [, un] (2.26)

A column vector of size IV is also called an N x 1 vector and is written as

V= {Un}le (2.27)
Likewise, a row vector of size N is called a 1 x N vector and written as
v ={va hixn (2.28)

Two-dimensional data sequences can be represented by matrices, which are
represented by boldface Roman symbols. A matrix of size M x N has M rows
and N columns and is written as

w11 w2z - uUN
Wy W22 -+ WoN

W= {Wnn}ruxn = . : . . (2.29)
Wyl Wm2 - WMN

Some basic matrix definitions are summarized as follows:

e Identity matrix: I={8(m—n)}mxm

Determinant: W] = {wmn}mxm|
e Inverse, W™ Wiw=wW =]

e Transpose: W = {wmn}rexny — WT = {Wnm}nxm

o Complex conjugate: W = {wWmntarxnv — W* = {wh trxn

e Hermitian: W = {Wmn}sxy — W = {0}, Jnxm

e Matrix addition: A +B £ {amn + bmn}rxn

o Scalar multiplication: ¢W = {cWmn}arxn

e Matrix multiplication: Cprxn = AmxrBLxN — Cmn = ZL, ameben
e Eigenvalues, A: Roots of [W — Al|

e Eigenvectors, v: Nonzero solutions of Wv = Av

e Orthogonal matrix: Wl=Wlorww? = Wiw =1

e Unitary matrix: W= WH or WWH# = wHW =1

Section 2.3 Some Commonly Used Functions 19

2.3 Some Commonly Used Functions

This section reviews the definitions of several commonly used functions.

2.3.1 Unit Step Function
The unit step function, denoted by u(-), is defined by

1 z>0
u(z) & 8 o <0 (2.30)

2.3.2 Signum Function
The signum function, denoted by sgn(-), is defined by

1 z>0 1
sgn(z) £ {_1 ol (2.31)

It can be expressed in terms of the unit step function as

sgn(z) = 2u(z) -1 (2.32)

2.3.3 Rectangular Window Function

The unit-width rectangular window function, denoted as I1(-), is defined by

)= 0 otherwise

Clearly,
y (@) =u e+ ) ~u (e~} 23
2.3.4 Triangle Window Function

The unit triangle window function, denoted by A(:), is defined by

s f1—|z| |z|£1 (2.35)
Alg)= {0 otherwise

2.3.5 Hamming Window Function

The Hamming window function is a raised cosine function defined by

s 0.54 +0.46cos(2rz) |z| <1/2 (2.36)
Biw)= {0 otherwise
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2.3.6 Gaussian Function
The Gaussian window function is defined as

1
G(ﬂ’ﬁo-)x) = \/go_e e (237)

where p and ¢ are the mean and standard deviation of the Gaussian distribution
because of the following properties:

= f zG(p, 0, z)dz (2.38)

and

gt = / (z — p)?G(p, 0, z)dz (2.39)

2.3.7 Dirac Delta Function

The Dirac delta function or impulse function, denoted by §(z), is a mathematical
abstraction for pulses that are so brief and intense that making them any briefer
and more intense does not matter as long as their integral stays the same. Mathe-
matically, 6(z) is a generalized function because we cannot define its value point
by point as with ordinary functions. A formal definition of d(z) is based on the
distribution theory. In this definition, §(z) is a functional such that

f_ " plalileyde = wlo) (2.40)

for any ¢(z) that is continuous at the origin. The definition above implies the
following properties:

(a) d(z)=0forz#0
(b) d(z) is unbounded atz =0
© [ d(z)dz=1

Pictorially, §(z) is represented by an upward arrow at the origin, as shown
in Fig. 2.4, which signifies a pulse at the origin with an unbounded amplitude and
zero duration.

In practice, §(z) is taken to be the limit of a function sequence g, (z):

8(z) = lim g,(z) (2.41)
provided that
lim ©(z)gn(z)dz = ©(0) (2.42)

n—oo f_
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&(x)

Figure 2.4 Pictorial representation of the delta function.

Many sequences with this property are available. Four well-known examples are
as follows:

1 i
= 1 —_ —_— (2.43a)
o) = &1;130 /_\zn (A:c)
1 T
— T — ] ot (2.43b)
6lz) = .f_\.lirﬂo Amsmc (Am)
T 2.43c)
o(z) = Alalsrgo f_\:cA (Ax) (
B = P (2.43d)
Az—0 AT

The impulse function §(z) and the unit step function u(z) are closely related
to each other by
dalz) . 5z) (2.44)
dz .
This relationship can be proved from the distribution definition of §(z) by noting

that
o0 - > dpe
f du(m)go(m)dﬂ: = “(m)‘p(m)l_w = / u(z) (’Z(I i

g, Uz —oo

= (o) — [ip(00) — (0)] = #(0)
The following properties of the impulse function §(z) immediately follow
from the defining integral:

(a) Scaling property: g
§(azx) = —b(z) a#0 (2.45)
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(b) Sampling property:

0(2)5(z ~ z0) = (20} (z - 20) (2.462)
[ : o(2)8(z — z0)dz = p(zo) (2.46b)

(c) Derivative property:
f " @6z  20)d = (~1)"p™(zy) (247)

2.3.8 Kronecker Delta Function

The discrete counterpart of the Dirac delta function is the Kronecker delta func-
tion, written as &(n] or simply §,,. Mathematically, it is defined as

1 n=0
= 4

iz {0 otherwise (248)
Note that d[n] is not a generalized function, but it has similar effects on dis-
crete functions as é(x) does on continuous functions. For example, similarly
to Eqgs. (2.44) and (2.46), we have

d[n] = ufn] — ufn - 1] (2.49)
and o
>~ ¢lnldn — no] = plng] (2.50)

2.3.9 Comb Function

The comb function is a periodic function consisting of a sequence of equally
spaced Dirac delta functions. A formal definition of comb(z) is

(= =]
comb(z) = Z d(z — n) (2.51)
It is easy to show that
= 1 T
Y d(z —nAz) = —comb |- (2.52)
el Az (Am)
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2.3.10 Sinc Function
The sinc function is defined by

sin(z) (2.53)
x

sinc(z) =

This function is rather popular in the imaging literature _bccausc i.t is dircc.tly tied
to the Fourier transform of a rectangular window fun.ctmn, as discussed in S'ec—
tion 2.5. Inspection of both Eq. (2.53) and the plot in Fig. 2.5 reveals the following
properties of the sinc function:

(a) Itis an even function.

(b) It has a peak value | at z = 0 by the L’Hépital rule.

(c) Its zero crossings are located at £nw. The region between z = —x and
z = w is called the main lobe, and the regions between z = —(n + 1)7 and
z = —nw or between ¢ = nw and z = (n + 1) for n > 1 are called the
side lobes.

(d) Since sinc(z) is the product of an oscillating sin(z) and a fnonotonica.][y
decreasing function 1/z, sinc(z) exhibits sinusoidal oscillations of period
2w, with amplitude decreasing continuously as 1/zx.

sinc(x)

1

N

“an —Zw—ln

Mﬂ: EE-L/ X

Figure 2.5 Pictorial representation of the sinc function.

2.3.11 Dirichlet Function

The Dirichlet function is defined as
sin(Nz)

(2.54)
sin(z)

Dir(N, z) =

It is easy to show that Dir(N, ) is a periodic function of period 7 for N odd put
2m for N even. Within the region —7/2 < z < w/2, Dir(V, z) looks like a sinc
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function in the sense that it has a main lobe spanning over the region between
T = —m/N and z = 7/N and a sequence of side lobes spanning over the regions
between z = —(n + 1)r/N and = = —nn/N or between z = nr/N and
z = (n+ 1)m/N. Two examples of Dir(N, z) are shown in Fig. 2.6.

Dir(16, 0

(a)

Dir(17,%)

ﬂAnnnAﬂ I\nuf\vf\vnvnﬂ ﬂ{\f\nnnn ﬁf\nm\nn

[P A AR AR —

(b)

Figure 2.6 Plots of Dir(N, z) for (a) N = 16 and (b) N = 17, respectively.

2.3.12 Bessel Functions

Bessel functions of the first kind of integer order n, denoted by Jn(z), are useful

for describing some imaging effects. One definition of J,(z) is given in terms of
the following integral:

™
Jo(z) = %f g'(nf-=sind) 49 (2.55)
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A special case is the zero-order Bessel function of the first kind, which, according
to Eq. (2.55), is defined by

1 ® . in@
= — rESnEdg (2.56
Jo(z) = 5~ K )
Equivalently, we have
1 o —igsin @ — i " iz cos @ e l " —i::cos&‘de
JO(I)ZQ_fr/_,,B d9—2ﬂ_'/:“e de o ‘“e
(2.57)
Some useful relations of J;,(x) are summarized below.
Jn(=z) = (-1)"Jn(z) (2.58)
J—n(x) = (_l)an(I) (2.58b)
eizsin@ = Z Jn(x)einﬂ (258C)
n=—0co
w .
eizcosﬂ - z ian(I)e;nB (2.58d)
n=—0o
[=2]
cos(zsinf) = Jy(z) + 2 Z Jan(z) cos 2nb (2.58e)
n=1
oo
sin(zsinf) = 2 Z Jan+1(z)sin(2n + 1)8 (2.58f)
n=1

Plots of Jy(z), Ji(z), and Ja(z) are given in Fig. 2.7. As can bc‘sccn,
the Bessel functions oscillate (but are not exactly periodic), and their amplitudes
decay gradually (asymptotically as 1//).

10T~ s

3yix)
1x)

Figure 2.7 Plots of Bessel functions Jo(z), Ji(z), and J2(z).
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2.4 Convolution

Convolution is an important mathematical operation between two functions. For
two continuous-variable functions g(z) and h(z), their convolution is defined as

Hz) = /00 g(T)h(z - T)dT = /mo g(z — 7)h(7)dr (2.59)

— oo —00

Symbolically, Eq. (2.59) is often written as

f(z) =g(z) * h(x) (2.60)

For discrete-variable functions (or data sequences), the integration in Eq. (2.59)

is replaced by a summation such that

[=e]

fln] = g[n] * kn] = Z g[m]h[n — m| (2.61)

m=-—o0
The following is a summary of some useful properties of convolution:

(a) Commutativity:

gxh=hxg (2.62)

(b) Associativity:
fr(g*xh)=(f*g)*h (2.63)

(c) Distriburivity:
fx(g+h)=frxg+f=*h (2.64)

(d) Differentiation property:
For continuous convolution, it is easy to show that

d dg dh

E(g*h)za;*h:g*a (2.65)
(e) Shifting property:
Ifg=h = f, then
g(z — zo) * h(z) = g(z) * h(z — zo) = f(z — z0) (2.66)

(f) Widrth property:
If g(z) and h(z) are functions of finite widths W, and W}, respectively, then
9(x) * h(z) is another finite duration function with width W, + Wj,.
The width property can be extended to discrete convolution, but it takes
a slightly different form. Suppose that g[n] and h[n] are sequences of finite
widths N, and N, respectively; then g{n| * h[n] is another finite duration
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sequence with width N, + Nj, — 1. This property can be understood by con-
sidering the simple example, where g[n] = h[n] = {1,1,1} are sequences
of width 3, while g[n] = h[n] = {1,2,3,2,1} is a sequence of width 5.

Theorem 2.1 (Central Limit Theorem) When a function h(z) is convolved
with itself n times, in the limit n — oo, the convolution product is a Gaussian
function with a variance that is n times the variance of h(z), provided the area,
mean, and variance of h(z) are finite.

One may have seen this theorem in the statistical literature. It can be inter-
preted here as saying that convolution is a smoothing process. Therefore, it is
often appropriate to say that an image obtained from a practical imaging system
is a smoothed version of the true image function.

B Example 2.1
This example evaluates the convolution of two exponential functions from
the definition.

e <]
ae~**u(z) * be P7u(z) = f ae~ " u(r)be PE"y(z — r)dr

—00

_ [ f ) e'(“_ﬂ)""ﬁ“dr] alz)

0

ab
-«

(670 — e*)u(z)

Note that both exponential functions have a step discontinuity at the
origin, but their convolution is smooth throughout the entire z-axis, as shown
in Fig. 2.8.

S S

Figure 2.8 Convolution of two exponential functions.
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Ml Example 2.2

This example calculates II(z) * II(z) using the derivative property.
First, the derivative property gives

2 0@+ 1) = [ 2110 1ie)

= [0z + 3) — 8(z - §)] * I(x)

=(z+3) -z - })

Then,
Ne) 1) = [~ [+ ) -0 - 3) ar

ﬁ{l—frl |zl <1
0 otherwise
which is a triangular pulse, as shown in Fig. 2.9. Note that the resulting

triangular pulse is wider and smoother than the rectangular pulse. This result
is to be expected from the central limit theorem.

1
-2 1”2 x -2 1”2 x -1 X

Figure 2.9 Convolution of two identical rectangular pulses yields a triangular pulse.

2.5 The Fourier Transform

The Fourier transform is of fundamental importance in MRI as will become ev-
ident in the subsequent chapters. This section reviews its definition and some of
its properties relevant to MRI. A number of excellent books provide in-depth dis-
cussions of the theory and applications of the Fourier transform. For engineering
students, Bracewell [6] and Papoulis [51] are especially suitable.
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2.5.1 Definition

The Fourier transform of a spatial function p(z), denoted by F{p(z)}, or {Fp}{k),
or simply S(k), is defined as

S(k) = F{p(z)} = Fp = /:m pz)e 2k dy (2.67)

where k is a spatial frequency variable having the unit of cycles per unit distance.

In signal processing, S(k) is called the frequency spectrum of p(x). In gen-
eral, S(k) is a complex-valued function of k£ and is often conveniently written
® S(k) = |S(k)|e®) (2.68)
where | S(k)| is the magnitude spectrum and (k) is the phase spectrum. In MRI,
S(k) are the experimental data measured in the Fourier space (often called -
space), while p(z) is the desired image function representing, for e.xample, the
spin density function. Variables z and k are termed conjugate vanablgs of t]"n:
Fourier transform. Another pair of conjugate variables frequently mentioned in
the MRI literature consists of time ¢ and spectral frequency f.

Given S(k), we can recover p(z) using the inverse Fourier transform:

p(z) = FHS(k)} = f_m S(k)e** k= gk (2.69)

The functions p(z) and S(k) are said to constitute a Fourier transform pair.

A shorthand notation “+—"" is often used to signify this pairing relationship such
that

p(z) < S(k) orsimply p(z) «— S(k) (2.70)

The definitions above can be extended to higher dimensions. In vector nota-
tion, the forward and inverse Fourier transforms can be written as

S(k) = ]Do /m p(r)e % dr (2.71)

and - -
plr) = f f S(k)e? di (272)

These formulas apply to functions of any dimensionality if k£ and r are defined
appropriately. For instance, in two dimensions, k = (kz, k) and r = (z,y); then

o0 o0 . K %
S(kz, ky) =/ [ p(z,y)e™ k=2 thay) dody (2.73)
-0 -0

and
plz,y) = f f Sk, ky)e?m k==t g gk, (2.74)
—o0 J —oo
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An important property of higher-dimensional Fourier transforms is that they
can be expressed as sequential one-dimensional transforms along each dimension.
For example, the two-dimensional forward Fourier transform can be written as

~00 —o0

{Fp}kz, ky) :[ {f p(m,y)e"ig”"=‘°dm} e 2Tk dy (2.75)

This property makes it possible to treat higher-dimensional Fourier transform
imaging problems in the one-dimensional setting. In general, the following re-
cursive relationship exists for expressing the n-dimensional Fourier transform in
terms of lower-dimensional transforms:

}-n = fmfn--m (276)

where F, is the n-dimensional Fourier transform operator. As an example, we
have Fy = FaF = FolFy = FyF1 F1F1, which means that the four-dimensional
Fourier transform can be decomposed into one three-dimensional transform cas-
caded with a one-dimensional transform, or into two cascaded two-dimensional
transforms, or into four cascaded one-dimensional transforms.

2.5.2 Properties

Some properties of the Fourier transform relevant to MRI are summarized below

for easy reference. For notational simplicity, we assume p(z) FLaW S(k) when-
ever appropriate. All the formulas listed are based on the one-dimensional Fourier
transform; extension to higher dimensions is in most cases straightforward and
left to the reader.

(a) Uniqueness:

1 (:E) = pz(I) —_ Sl (k) = Sg(k) (277)
(b) Linearity:
apy(z) + bpa(z) +— aSy(k) + bSa2(k) (2.78)
(c) Shifting thearem:
plx — zo) «— S(k)e~12mkzo (2.79a)
2™ 0= p(z) «— S(k — ko) (2.79b)

(d) Modulation:
p(z) cos(2mkoz) «— 3[S(k + ko) + S(k — ko) (2.80a)

p(z)sin(2rkox) «— 3i[S(k + ko) — S(k — ko)]  (2.80b)
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Conjugate symmetry:
(e) Conjug 5 (z) > S*(~k) 2.81)

Specifically, if p(z) is a real-valued function, that is, p(z) = p*(z), then
S(k) = S*(=k).

(f) Scaling property:

1 k
plaz) +— l—‘l—|S (E) (2.82)
(g) Parseval’s formula:
[ nstas = [ siwsiwa 283
Setting p1(z) = p2(z) = p(z) yields
f ” lp(z)|?dz = f |S(k)|2dk (2.84)

which states that energy is conserved in both the space and frequency do-
mains.

(h) Derivative property:

STk
(—i2mz)"p(z) +— ddki) (2.85a)
4o(=) , (iork)"S(K) (2.85b)
dxﬂ
(iy Convolution theorem:
pr(z) * p2(z) +— Si(k)S2(k) (2.86)
pr(z)p2(z) +— Si(k) * S2(k) (2.87)

() Analyticity: o
Functions that we deal with in imaging applications have nonzero vallues
only in a finite spatial region. Functions of this type are called spgtlal]y
support-limited, and their Fourier transform are analytic over the entire k-

space. In the one-dimensional case, this property states that

drS(k)
k™

exists for all n and k&

(k) Asymptotic property:
If p(z) and all of its derivatives up to order n exist and are bounded, then
S(k) decays as fast as 1/k"*! as k| = oco.
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2.5.3 Examples

This section presents several examples of Fourier transform calculations based on
the definition or properties.

N Example 2.3

This example analyzes the Fourier transform of a rectangular pulse with unit
width and amplitude. From the definition,

oo ; .
f H(z)e"'z’k”d3:=f e~ i2mkz g,

' 1 —i2wkz *
= 2wkt -
= sinc(wk) (2.88)

Several properties of the Fourier transform can be observed from the above
result.

(a) Analyticity: F{Il(z)} = sinc(rk) is analytic along the entire k-axis
because II(z) is support-limited.

(b) Asymptotic property: F{II(z)} decays as fast as 1 /k as |k| approaches
infinity because II(z) has zero-order discontinuities.

(c) By the scaling property,

all (Wi) — aW,II(7W,k) (2.89)

(d) Based on the Parseval formula,

[=2] o0
f sinc?(rk)dk = [ 1*(z)dz = 1 (2.90)
o i
Also of interest is that

oo o0
[ sinc(wk)dk = lim f sinc(rk)e?™ dk = I1(0) =1 (2.91)

oo
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H Example 2.4

This example illustrates the use of the properties for simplifying Fourier
transform calculations. ‘ '
Consider the unit triangular pulse A(z) defined in Section 2.3. Noting

st dA(z)

dz
and the derivative property, we have

dA(z
{FA}K) = ﬁf{—di ’}

1

T 27k

=D(+}) -0~}

F{uE+1)}-F{uE-1) @

iTk

I

sinc(z)e™ — sinc(z)e*"*]

I
127k
= sinc?(mk) (2.93)

B Example 2.5

The Gaussian function has an interesting Fourier transform relationship. For
simplicity, consider the normalized Gaussian function (z = 0 and ¢ = 1).
Its Fourier transform is given by

F {__]_'__8—12/2} (k) = /~00 _l__e—IQ/Ze—iZszdx
V2r

T -0 V2

1 (% () va+inyaR) (VIR g,

Vv 277 —00

1 —(vank)y /m -4
— e € Y
VT -0

— o~ (VIR (2.94)

which is another Gaussian pulse of variances 1/(472).
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H Example 2.6

In this example, we derive the following transform pairs:

§(z) 5 1 (2.953)
s 1

sgn(z) +— =y (2.95b)

(@)« L6(k) + 2 (2.95¢)

First, Eq. (2.95a) can easily be obtained from the definition. That is,
f 8(z)e ke dy = 1
—o0

Second, Eq. (2.95b) can be derived as follows.

o 0
f{sgn(r)} = ii_]_:;é [/D e—aze—imrk:z:dz . / eaa:e—ﬂrkzdm}
—0o

1 1
== [a+e;27rk % a—iQTrk]
1

ik

Incidentally, the preceding expression implies that sgn(z) has an unbounded
de term; in fact, {sgn(z)} = 0 for k = 0 because sgn(z) is an odd func-
tion. However, this subtlety is widely ignored in the signal processing texts.

Finally, the Fourier transform of u(z) can be derived from the forgoing
results. Specifically, noting that

u(z) = 7 + 1sgn(z)
and
F{1} = 4(k)
we have

Ful)} = F {1 + bogala)} = 2008) + 2

2wk
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B Example 2.7
In this example, we derive the Fourier transform of the comb function de-
fined in Section 2.3.

First, recognizing that comb(z) is a periodic function of period 1, we
can express it in terms of a Fourier series as

e =]
comb(z) = ) cae®™= (2.96)
where the coefficients ¢, are determined by

1 1 .
Cp = /2 comb(z)e ™™ dx = 8(z)e ™ dz = 1

1
: -4

Second, applying the Fourier transform to both sides of Eq. (2.96) yields

F{comb(z)} = i Frfptenml

n=—0co

= i §(k — n) = comb(k) (2.97)

n=-—co

Using the scaling property of the delta function and that of the Fourier trans-
form, we have the following more general result (shown in Fig. 2.10):

i §(z —nAz) I Ak Y 6(k — nAk) (2.98)

n=—oo n=—oo

where Ak = 1/Az.

ST

Figure 2.10 The Fourier transform of a delta function train.



36 Chapter 2 Mathematical Fundamentals

2.6 The Radon Transform

The Radon transform is known as the mathematical basis for tomographic imag-
ing from projection (line, plane, or hyperplane integral) data. Unlike the case
of the Fourier transform, the popularity and growth of the Radon transform have
been closely tied to tomographic imaging [16, 32). In fact, the basic Radon trans-
form theory was ignored for nearly half a century following its invention in 1917
until its first successful use for generating X-ray tomographic images in 1972. For
this reason, this transform has been reinvented several times in different forms and
in different areas. In this section, we first present its mathematical definition and
then discuss some of its fundamental properties. To bring out the concept, we
begin with the definition of the two-dimensional Radon transform. Then we will
define higher-dimensional Radon transforms and partial Radon transforms. Fi-
nally, we describe the projection-slice theorem and other properties of the Radon
transform. The inverse Radon transform is discussed in Chapter 6 in the context
of image reconstruction from projection data.

2.6.1 Two-Dimensional Radon Transforms

The two-dimensional Radon transform is simply a line integral, as shown in
Fig. 2.11. More specifically, for an arbitrary function p(z,y), its Radon trans-
form, denoted as R{p(z, y)}, or {Rp}(p, ¢), or simply P(p, ¢), is the integration
of p(z,y) along a line (ray) L,

P(p,0) = R{plz,)} = [ plz,)d 299)
L
where the integral path L is defined by

zcosg+ysing =p (2.100)

In some medical imaging literature, {Rp}(p, ¢) is called a raysum since the
line integral is accomplished physically by passing a ray through an object. For
a fixed ¢, {Rp}(p, ¢), as a function of p, is a projection of p(z,y) along L, and
¢ is referred to as the projection angle. It is important to note, however, that the
projection angle is defined as the angle between the z-axis and the line normal to
the ray path (not the orientation angle of the ray path itself).

Mathematically, R{p(z, y)} can be written in several equivalent forms. For
example, the line integral in Eq. (2.99) can be converted to a one-dimensional
integration as

(o]

{Rp}(p.0) = f p(pcos¢ — gsin ¢, psin ¢ + g cos @)dg (2.101)

—o0

Equation (2.101) is obtained by transforming the (z, y) coordinate system to the
rotated coordinate system (p, g), shown in Fig. 2.12. The required transformation
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N

3‘\&\ :

N

Figure 2.11 Two-dimensional Radon transform as line integrals.

Figure 2.12 Ray path L relative to the original and rotated coordinates.

is given by
p=1xcosd+ysing " {x:pc_osqb-—qsinqﬁ (2.102)
g=—zsing +ycosg y=psing + gcos ¢

Another more convenient form of the two-dimensional Radon transform is

(o}, 6) = f_ Z /_ Z oz, 5)b(zcosd +ysing —p)dedy  (2.103)
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The equivalence between Eqgs. (2.101) and (2.103) can be justified using the co-
ordinate transformation defined in Eq. (2.102). Specifically, upon performing the

variable substitution
T =pcos¢ — Gsing
y =psing + §cos ¢
Eq. (2.103) becomes

{Re}(p, ¢) = f[ p(pcos —§sin ¢, psin ¢+ cos ¢)6(p—p)|J|dpdg (2.105)

Equation (2.101) immediately follows by making use of the property of the delta

function and noting that

o oo
- op 04 cos¢ —sing |
P dy 0oy sing cos¢ | 1 (2.106)
84
B Example 2.8

This examples calculates {Rp}(p, 0°) for p(z,y) = II(Z£)II(¥). Based on
the definition, we have

R0 = [ [ 10(5) 1 (§) st con0* 4 yino* ~ ey
b/2 paf2
=/ f d(z — p)dzdy
—b/2J—af2

af2
= bf §(z — p)dzdy
—a/2

—[b —a/2<p<a/2
0 otherwise

-on (3

2.6.2 Higher-Dimensional Radon Transforms

The Radon transform of higher-dimensional functions can be defined by extend-
ing Eq. (2.103) to higher dimensions. First, we rewrite Eq. (2.103) in vector form

(2.104)
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with the dimension of the transform operator and the vector variables being made
explicit:

(Raphpiz) = [ | p(ra)s(p = by s)dra @.107)

where pty = (cos,sing), r2 = (z,y), and dry = dzdy. Extending Eq. (2. 107)
to n dimensions gives

{Rnp}(p,pn) = fn ) p(Tn)8(p — pp * Tn)dTn (2.108)

ichi i 1 f p(ra).
hich is called the nth-dimensional Radon transform of _ .
" To gain a better understanding of Eq. (2.108), consider the three-dimensional

case. In the spherical coordinate system,

py = (sind cos ¢, sin 8 sin ¢, cos 6) (2.109)
d -
o p.a-rs=msinBcoqu—ysin951n¢+zcos(9 (2.110)

where 8 and ¢ are the polar and azimuthal angles, respectively. Substituting
Eq. (2.110) into Eq. (2.108) yiclds

{Rap}(p; 13) = fff plz,y, z)8(z sin 0 cos ¢+ysin f sin $+z cos f—p)dzdydz
(2.111)

Noting that
i zsinfcos¢ + ysinfsing + zcostl =p (2.112)

defines a plane as shown in Fig. 2.13, it is clear that Eq. (2.111) i_s a plalne integral
in contrast to the line integral given by Eq. (2.103) for the t\..vo-dimensmnal‘case.

For n > 3, it is convenient to employ the hyperspherical polar coordinates
(61, ,0n—2,9) with

ry =rcosth
T9 = 7 8in#) cos b2

‘ (2.113)
Trn_p =78inf---sinf, _3zcosf,_o

Tno1 =rsinf ---sinf,_scos¢

r,=rsiné ---sinf,_ssing

for0 < 8y < 7,0 < ¢ < 2m, and r > 0. The unit vector in Eq. (2.108) is now
given by

u,, = (cosfy,sinfy cosfa,- -, sin® - -sinf,_2sin @) (2.114)
and the volume element is

dr = r*~1(sin ;)" *(sin f2)" "3 (sin 62)d01db3 - - - dbp—2dd  (2.115)
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\“\e“swj

od?

p

Figure 2.13 Three-dimensional Radon transform as plane integrals.

2.6.3 Partial Radon Transforms

For functions of more than two dimensions, it is sometimes useful to define a
parfz‘al-Radon transform, which is the mathematical foundati
pl’O_]'CCIIOi'l reconstruction algorithm to be described in Cha
ducing the general definition, let us first consider the thre
transform. From Egq. (2.111), we have

on for the multistage
pter 6. Before intro-
e-dimensional Radon

Rap = -[//p(:r:,y, 2)8(z cos ¢sinf + y sin ¢ sin @ + z cosf — p)dzdydz

= [/fp(:r, Y, 2)d[(z cos ¢ + ysin ¢)sinf + zcos — pldzdydz

= /]//p(z,y,z)d(qsinﬁ +zcosf — p)

d(zcosé+ ysing — q)dgdzdydz

= // [/fp(m,y, z)é(z cos ¢ + ysin ¢ — q)dxdyJ

6(gsinf + zcos b — p)dgdz (2.116)

jI‘he double integral inside the brackets is a
ing p(z, y, z) as a function of £ and
double integral can be viewed as a t

s a line integral in the (z, y)-plane. Treat-
y w@ z being a free parameter, the bracketed
wo-dimensional Radon transform and written

T
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as

(Rap}a,4:2) = [[ plo,v,0(wcosd + ysing — q)dady 2117

where p1, = (cos @, sin ¢). Substituting Eq. (2.117) into Eq. (2.116) yields

{R3p}(p, $,6) = f Rap(g, 6i2)8(gsind + zcos 6 ~p)dgdz  (2.118)

We refer to {R2p}(q, ¢; z) as a partial Radon transform of p(z, y, z) because the
function is only partially transformed (along the z- and y-directions). As with
Eq. (2.117), we also have other partial transforms such as {R2p}(g, #;z) and
{Rq p}Ha, #; y), as well as those not in the cardinal directions. In general, we
define a partial Radon transform as a lower-dimensional transform of a higher-
dimensional function. A more formal definition is as follows.

Definition 2.1 For an n-dimensional function p(r), its m-dimensional partial
Radon transform along the first m cardinal directions 71,72, ..., Tm withm <n
is defined as

RmP(P’ HmiTm+41y:- 4y ""n) — fR P(Tm; Trmtlye - 17'7!)6(? —Hm T'm)d"'m
(2.119)
where o, = (71,72, ... ,Tm) and p, is a unit directional vector in R™ defining
the projection direction.

It is clear from this definition and from Fig. 2.14 that a notable distinction
between partial and full Radon transforms is that, for a given projection angle,
the Radon transform reduces a function p(r) to a one-dimensional projection
profile, while the partial Radon transforms are planar or hyperplanar projections
of p(r). Specifically, for an n-dimensional function, its m-dimensional partial
Radon transform has (n —m) untransformed spatial dimensions which, combined
with distributions along the p-axis, form an (n — m + 1)-dimensional projection
of the function for 2 < m < n. For the special case m = n, the partial Radon
transform becomes the (full) Radon transform.

Similarly to the Fourier transform, a higher-dimensional Radon transform
can be expressed as cascaded lower-dimensional (partial) Radon transforms. This
is demonstrated by Eq. (2.118), in which the three-dimensional Radon transform
is equivalent to two cascaded two-dimensional Radon transforms. It is also easy
to visualize that a four-dimensional Radon transform can be expressed as three
cascaded two-dimensional Radon transforms, or as one two-dimensional Radon
transform followed by a three-dimensional Radon transform, or vice versa. In
general, the following recursive relationship exists for the partial Radon transform
operator:

Rn=Rn-mt1Rm 2<m<n-landn>2 @120
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Figure 2.14 Graphical representation of two-dimensional partial Radon transforms of a
three-dimensional object.

where Ry, represents the n-dimensional (partial) Radon transform operator. To
prove the decomposition in Eq. (2.120), we rewrite Eq. (2.108) as

{Rup}(p, 1t,) =L P(rn)d(P— BT = By * P )P G (2.121)

where it is assumed that

B = (p1,p2,. .., ) (2.122a)
Tm = (r1,72,...,7m) (2.122b)
Brm = (Bmids ma2s -y fin) (2.122¢)
Trnem = (Pm41,Tm42,--+37n) (2.122d)
such that
B = (B, by (2.123a)
o = (Phfaem) (2.123b)

The prime superscripts on u, and fi/,__ are used to indicate that they are not
P perscrip . m n-m ¥

unit vectors. Let ¢ = I%PT 7. Then
m

®opkosr = [ ([ ot nem)s (a- o))

m

3(p = |1tmlg — Bn—m * Frem)dgdin—m (2.124)
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¢ g s
Equation (2.120) immediately follows from Eq. (2.124) by noting that %y is a

i Ll it directional vector
unit directional vector in R™ and (|tal, 1ty ) forms a unit dire
m R,

2.6.4 Basic Properties

The Radon transform possesses many useful properties. Some of the grmgh:
forward ones for the two-dimensional case are listed below_r; other§ are @scusse
s?xbsaquently in detail. Most of them can be extended to higher dimensions. For

R
notational simplicity, we assume that p(z, y) <— P(p, ¢).

(a) Linearity:

ap1(z,y) + bpa(z,y) «— aPi(p, @) + bPa(p, ¢) (2.125)
pRE—— P(p,¢) = P(-p, ¢ £ 7) (2.126)
(c) Periodicity:

P(p,¢) = P(p, ¢ + 2nm) for integer n (2.127)

(d) Shifting property:
p(z — 20,y — Yo) +— P(p — zocos ¢ — yosin 4, ¢) (2.128)
(e) Rotation by ¢q:

p(z cos ¢o — ysin ¢, T sin ¢o + y cos $o) +— P(p,® + ¢o) (2.129)

(f) Scaling property: .
plaz,ay) «— mP(ap, @) (2.130)

(g) Energy conservation

_/-m foo p(w,y)dmdy=/ P(p, ¢)dp (2.131)

2.6.5 Sinogram

The two-dimensional Radon transform maps the splar.ial dr?main (z, y.) to the
Radon domain (p,$). This mapping exhibits some mterestl'ng pl:ope.ruerzls. For
example, each point in the Radon space con'espon'ds toa syaxght line in the spa-
tial domain; in other words, the data value at a particular point in the Rafion space
receives contributions from data points along a line in the spatial domain. On the



44 Chapter 2 Mathematical Fundamentals

other hand, a poin.t in the spatial domain is mapped to a sinusoid in the Radon
space. The first point is clear from the definition of the Radon transform. The lat-
ter point can be understood by considering a point source located at 7 = (g Vo)
with intensity A. Its Radon transform is ’

R{AS(r — 7o)} = f_: f: A (r— )i g o3}l

=Ad(p—p-ro)
= Aé(zocos¢ + ypsing — p) (2.132)

which is a sheet of impulses supported on a sinusoidal ¢ :
: urve in the (p, ¢)-
as shown in Fig. 2.15, defined by (p, ¢)-plane,

P = Zocos@ + yosin ¢ = rg cos(¢ — ¢o) (2.133)

— JSTEeY)
:;hcrc ro = \/:::9 +yg and ¢g = arctan(yo/z). For this reason, the two-
imensional functhn foF:ncd by stacking up all the projections taken sequentially
along the angular direction is called a sinogram.

Figure 2.15 Sinograms of (a) a point source and (b) a rectangular function.
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For an arbitrary function p(z,y), the sinogram may be more complicated.
Based on the sampling property of the delta function, we can rewrite p(z, y) as

plz,y) = / f p(z0, 0)8(z — o,y — yo)dzodyo (2.134)

since the Radon transform operation is linear, by superposition the sinogram for
p(z,y) is a continuous sum of sinusoidal sheets with intensity p(zo, ¥o), ampli-

tude o = /T4 + Y&, and initial phase ¢o = arctan(yo/o)-

2.6.6 The Projection-Slice Theorem

The Radon transform is closely related to the Fourier transform by the famous
projection-slice theorem, which is the theoretical basis for several image recon-
struction algorithms. This theorem actually exists in two forms, although only the
first form is popularly known. We will describe them both here. The first form
of this theorem is for the (full) Radon transform, which relates a one-dimensional
projection to a line of data in k-space, while the second form is for the partial
Radon transform, which connects planar or hyperplanar projections to the k-space
data.

Theorem 2.2 (Projection-Slice Theorem) For an n-dimensional function p(r),
the one-dimensional Fourier transform of {Rp}(p, p) along the p-axis for a fixed
projection angle i is identical to the n-dimensional Fourier transform of p(T)
evaluated along a line passing through the origin with the same orientation angle
in the Fourier space. Mathematically, this theorem can expressed as

Fo{{Re}p, w)} = {Fp}(ku) (2.135)
where F, represents one-dimensional Fourier transform along the p-axis.

This theorem can be proven easily from the definition as follows:

FARa o) = [ {Ro}ow)em¥50dp

- j;enn p(r) [/_: o(p— g+ T)"-—m’gpdp] a

= f p(r)e—ﬂvrk,u‘rd,r
reR"

= {Fp}kw)
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For a better appreciation of the theorem, we take a closer look at it for the
two- and three-dimensional cases. In two dimensions, we have p = (cos ¢,sin @)
and, consequently,

Fo{{Re}(p. 6)} = {Fp}(k cos ¢, ksin ¢) (2.136)

which is depicted in Fig. 2.16. It is clear from this example that projections of
p(z,y) correspond to slices of its Fourier transform {F, p}(kz, ky), thus the name
projection-slice theorem.

In three dimensions, i = (sin @ cos @, sin # sin ¢, cos ) and the projection-
slice theorem states that

Fi{{Rp}(p,4,0)} = {Fp}(ksin b cos ¢, k sin § sin ¢, k cos 8) (2.137)

Note that

ky = ksinfsin ¢ (2.138)

{k31 = ksinfcos¢
k; = kcos@

or equivalently,
kz _ ky _ k

sinfcos¢ sinfsing cosh

(2.139)

defines a line along the direction of g in the three-dimensional k-space.

Figure 2,16 Pictorial representation of the projection-slice theorem in two dimensions.
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@ Example 2.9 .
This example calculates the Radon transform of the object shown in Fig. 2.17.

Uniform Intensity A

Figure 2.17 Graphical representation of p(z,y).

First, we express the object function as

)= {4 <z’ +y* <R?
plz.y) = 0 otherwise

Second, noting the object has a circular symmetry, it suffices to calculate
{p}(p, ¢) for only one projection angle, say ¢ = 0°.
Third, let p(z,y) = p1(z, y) — p2(z, y), where

A 2?42 <r?

A 32 + & S R2 =
¥ P2 (mi y) 0 omcrwisc

pe,y) = {0 otherwise

By definition,

Ron},6=0) = [ " [ n@to - o)dody

R pvRI-z%

ot / / Ad(p — z)dydz
-RJ-RE=ZT
R

=[ 24+/R? — 225(p — z)dz
-R

_[2A/RP—p* -R<p<R
i ) otherwise
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Similarly, we have

{Rp2}(p, 0 =0°) = {EAV'J—P"’ —r<p<r

otherwise

Finally, based on the linearity of the Radon transform, we have

R{ip(z,y)} = {Ror }p, ¢ =0°) — {Rp2}(p, ¢ = 0°)

2A\/R? —p? —R<p<-r,r<p<R
= 2A[-\/R2—p2—\/r2—p2] —r<p<r
0 otherwise
B Example 2.10

This example calculates the Fourier transform of R{p}(p, 45°) for a square
object defined by p(z,y) = I(z/2)[(y/2). We will do so directly and by
the projection-slice theorem.

First, we evaluate {Rp}(p, 45°) for the given object. It is clear from
Fig. 2.18 that the projection is taken along the diagonal of the square. Simple
geometric analysis shows that the result is a triangular pulse. Namely,

{Rp}(p, 45°) = 2V2A (\%)

Based on the result in Example 2.4 and the scaling property of the
Fourier transform, we have

F{Rp}(p, 45°)} = f{‘z\/fA (%)} i/

We next derive the result by using the projection-slice theorem. We first
find the two-dimensional Fourier transform of p(z,y), which is

{Fp}(kz, ky) = 4sinc(2rk;)sinc(2rk,)

Then, from the projection-slice theorem, we immediately get the following
result.

Section 2.6 The Radon Transform 49

F{{Rp}(p,45°)} = {Rp}(k cos 45°, ksin45°)
= 4 sinc(V2rk)sinc(V2rk)
= 4sinc?(v/2rk)

Figure 2.18 Projection of a square object.

Theorem 2.3 (Generalized Projection-Slice Theorem) For an n-dimens{onal
function p(r), the Fourier transform of its partial Radon transform Ryp is re-
lated to its Fourier transform Fp by the following relationship:

{j:n—-m+1'Rfmp}(k: km+l: L kn) = {fp}(k“m: km+la sy kn) (2140)

where it is understood that R p is a function of (D, o Tma1s- -+ mn) such_ that
pandk, and (Zm41,- .-, Zn) and (kms1, - - -, kn) are conjugate vartai.alepatrs of
Fn—m+1- The function on the right-hand side of Eq. (2.140) should be interpreted
as {Fnp}(kr, k2, - - ., kn) evaluated at (k1 k2, . .., km) = ki,

We call Eq. (2.140) the generalized projection-slice theorem because it ir.n»
cludes the basic projection-slice theorem as a special case with m = n. Th}s
theorem can be proven following the same procedure used to prove the basic
projection-slice theorem as follows.
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{Fa-m1Rmp}(k, g1y .- -, Kn) Equation (2.141) can be obtained directly from the definition of convolution
m and the Radon transform. Specifically,
- f f U P(TmiZmsts -1 2a)0(P = B = T )drm
Y P pa(r — #)d7| 8(p — - v)dr
e—i2ﬂkpe—£21r(km+x=m+1+...+k..=:..)dpdzm+1 R o 'R{Pl * pz}(p, .u.) = /I;n L 1 (T)pz(‘r‘ 'r} 7 n
’ Rﬂ Rl\

AP mdTmiy -+ - d2p

’ [ p(8) [ [ oa(r)io = - 9) - e ald | 0

1(F){Rp2}(p — pu + F, p)df

= {Fﬂ}(k#m, km-}—ls & Fmly kﬂ)

I
“‘\.

= 7) - ) 7)d ] dv
B Example 2.11 f (7 [/ {Rp2}(p — q, 1)d(g — g - *)dg
In this example, we take a look at the generalized projection-slice theorem _ _ / Aolg— -7 df] dq
for a special case with n = 3 and m = 2. Specifically, if we choose the ~ /. Rm}{p 9 1) - P(F)o(g —p - F)
projection direction such that g, = (cos 90°,sin 90°) = (0, 1), we have
E f {Ror}g, w){Rp2}(p — ¢, )dq
(e =] o0 -
{RepHp=1y,2) = / f p(z,y, 2)6(p — y)dzdy
—o0 J —oo
= [ blep2)de
—0o0

which is a two-dimensional projection of the object along the z-axis. Based
on the foregoing result, we easily get

=] oo o0
{F2Ra2p}(ky, k2) = f [ f p(x,y, z)e” " thas) dzdyd,
=00 v —00 4 —00

= Fp(0,ky, k)

which is exactly what the generalized projection-slice theorem predicts not-
ing that ku, = (0,k) = (0, k).

2.6.7 Convolution Theorem

Another useful relationship associated with the Radon transform is the convolu-
tion theorem, which states that the Radon transform of the convolution of two
functions p;(7) and pa(r) is equal to the one-dimensional convolution of their
Radon transforms. That is,

={ [ (Foatr - ﬁ)dﬁ} = [ Roaw R0~ q. g @141
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Exercises
21 Letw=(1,-2,3). Determine |v| and y,, and graph v.

22 Let A= (1,1,0)and B = (1,2,-2).
(a) Graph A and B.
(b) Evaluate and graph A + B, A- B, and A x B.

(c) Determine the angle between A and B,
2.3 Derive Eq. (2.17) from Eq. (2.15).
24  Derive Eq. (2.22) from Eq. (2.18).

2.5  Consider the following two matrices:

171 1 V2 i
w=gh A] meow=[4 ]
(a) Determine if they are orthogonal or unitary matrices.

(b) Evaluate W{Wa.

(c) Determine W' and W; 1.

2.6  Sketch the following functions:
@@ II(%)
(b) II(2z — 10)
(©) A(2z+5)
(d) A(-2z+5)
(e) sinc(Z53)
(0 sinc(§)I(55;)
® n?{uln] - uln — 4]}
(h) ufn+ 3] —u[n - 5]
(i) u[-n+5uln+ 3]
0 ul-nlufn - 1]

; 53
Exercises

27  For the Gaussian function defined in Eq. (2.37), show that

,u=f zG(u, 0, z)dz

and oo
o? =[ (z — p)*G(u,0,z)dz

Hint: oo
[ e—{z—p)’/(?da)dx =\ 2ra

—00

2.8  Prove the following properties of the Dirichlet function Dir(V, z) defined

in Eq. (2.54):
(a) Dir(NN,z) is a periodic function of period = for V odd but 27 for N
even.

(b)

N-1

Z ¢i27% — Dir(N, z)eiV -1z

n=0
(©)

g _[2m Nodd

["DIT(N, z)dz = {0 e

2.9  Use the distribution definition to show that

/mﬂﬂﬂﬂw=ndm

—00
2.10 Justify the formula given in Eq. (2.43a).

2,11 Show that 1

'[0 6(::cos¢+ysin¢)d¢ = W

Hint: z cos ¢+ysin¢ = /% + y? cos(¢p—¢o) where ¢y = arctan(y/z).

2.12 Based on Eq. (2.55), show that

Jifz) = l[ cos(nf — z sin 8)df
0

i
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2,13 Show that
1 x s 1 T 1 *® :
— —izsind gg _ _~ izcosf g9 _ —izcosf
Jo(z) 2‘”]_”& dé 271_/_"5 de 2ﬂ_/;re dé
2.14 Show that
eT5in0 — Jo(x)+2 Z Jon () cos(2n6)+i2 Z Jan—1(z) sin[(2n—-1)6]
n=1
2.15 Show that z-comb(z/Axz) is a comb function of periodicity Az, namely,
1
A—comb (z/Az) = Z é(z — nAz)
n=-=oo
2.16 Calculate the following convolutions and sketch the resulting functions:
(a) II(z/a)*II(z/b)
(b) II(z/a) * A(z/b)
© z*z
(d) G(ﬂllalix) * G(“210211)
(e) {'..10|0'510115010‘510:”.}*{%l%’%}
2.17 Show that
fl(t)e—ih-fo: * f2(t}e—i27rfot = [.fl(t) * fz(t)le—izﬂfut
2.18 Let S(k) = F{p(z)}. Prove the following properties:
(a) Henmitian symmetry:
If p(z) is a real function, then S(k) = S*(—k)
(b) Modulation property:
1
F{p(z) cos(2mkoz)} = §[S(k + ko) + S(k — ko)]
2.19 Prove the convolution theorem, namely,
p1(z)pa(x) «— {Fpr}(k) * {Fp2} (k)
2.20 Calculate F{sinc*(waz)} based on the convolution theorem.

Exercises
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2.21 Calculate the Fourier transform of the trapezoidal pulse in the following

2.22

2.23

2.24

2.25

2.26

figure using the derivative and shift theorems.

P(x)

Y P

Calculate the Fourier transform of the following functions using the prop-
erties:

(@ TR jemtior
(b) n(:_:ﬂ 2)e—i27rf0(t'—tq/2}
1]
(c) sinc[mfu(t — to)Je 2" fot
(d) sinc[m fu(t — to))e =2 olt=to)
Show that any periodic function f(t) of period T' can be written as
1 t
f(t)= fr(t) * —comb (T)
where fr(t) is a period of f(t).
Show the following Fourier transform relationship:

1

1/1«:2+.ic2

gt

Calculate the following convolution:
sinc(wayz) * sinc(mazz) * - - - * sinc(wa,z)
where it is assumed that 0 < a1 < a2 < -+ < ag.
A function p(z) can be expressed as a sum of its even and odd components
as p(z) = pe(z) + po(z)-
(@) If p(z) is a real function, show that
pe(z) «— R{Fp(k)}
polz) — iS{Fp(k)}
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2.27

2.28

2.29

2.30

2.31

232

(b) Verify the result in (a) with p(z) = e %u(z).

Le-t S(k) be the Fourier transform of a real function p(z) with S; and S;
being thle real and imaginary parts of S, respectively. Find F~{S,(k)}
and F~*{S;(k)} and express the results in terms of p(z).

Let p(z,y) be a circularly symmetric function and let S(kz, ky) be its
Fourier transform. Show that

oo
S(kcos ¢, ksing) = 2 / p(rcos ¢, rsin @)Jo(2wkr)rdr
0

Given that

—o
f e % dr = /7

oo

find the Radon transform of e~ (= +%)

Calculate the partial Radon transform {Rap}(p, ¢; z) for the following
function:

p(z,y,2) = {z a? +y? < land |z <1
0 otherwise

Prove the properties of the Radon transform listed in Section 2.6.4.

Let S(kz, ky) be the two-dimensional Fourier transform of p(z,y) and
S(k) be a one-dimensional obtained from it by setting k; = k cos ¢ and
ky = ksingg + ko. Namely, S(k) is the value of S(k.,k,) evaluated
along the line k, = tan @k, + ko in the two-dimensional k-space, as
shown in the following figure. Find 7~*{5(k)} and express the result in
terms of p(z, y).

ky

AL
- ks

Chapter 3

gignal Generation and
Detection

The magnetic moments of nuclei in normal matter will result in a nu-
clear paramagnetic polarization upon establishment of equilibrium in
a constant magnetic field. It is shown that a radio-frequency field at
right angles to the constant field causes a forced precession of the to-
tal polarization around the constant field with decreasing latitude as
the Larmor frequency approaches adiabatically the frequency of the
r-f field. Thus there results a component of the nuclear polarization
in right angles to both the constant and the r-f field and it is shown
that under normal laboratory conditions this component can induce
observable voltages.

Felix Bloch

Having reviewed the mathematical fundamentals, we now begin to discuss the
image formation principles of MRIL This chapter focuses on the signals: what
they are, and how they are generated and detected from an object. To gain some
fundamental understanding, we will start with a description of the nuclear mag-
netic resonance (NMR) phenomenon and then gradually arrive at various signal
expressions.

As its name implies, NMR involves nuclei (of an object to be imaged), mag-
netic fields (generated by an imager), and the resonance phenomenon (arising
from the interactions of the nuclei with the magnetic fields). Therefore, to master
the mechanism underlying signal generation and detection in MRI and to un-
derstand the characteristics of the signals measured, we need, in principle, to
start from the nuclear level. As we know, subatomic particles behave quantum-

57
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mechanically, but, fortunately, MRI principles can often be accurately described
using classical vector models because MRI deals with the collective behavior of
an ensemble of a huge number of nuclei present in a macroscopic object. Specif-
ically, we will adopt a system approach for our discussions. In this approach, the
object being imaged is viewed as a linear system' (magnetized nuclear spin sys-
tem), and the signal detected is a response activated from the system by an input
radio-frequency (RF) excitation that drives the system to a state of resonance. In
the rest of the chapter, we will first describe what a magnetized spin system is,
then discuss the effects of RF excitations on a spin system, and finally characterize
the observed signals.

3.1 Magnetized Nuclear Spin Systems

To understand the NMR phenomenon, we begin with the object to be imaged. We
know from basic chemistry that a biological sample or any physical object can be
broken down successively into its constituent molecules, then to atoms, and then
to nuclei and their orbiting electrons. Nuclei have a finite radius (~ 10~ m),
a finite mass (~ 1027 kg), and a net electric charge (~ 1079 coulomb). A
fundamental property of nuclei is that those with odd atomic weights and/or odd
atomic numbers, such as the nucleus of the hydrogen atom (which has one pro-
ton), possess an angular momentum J, often called spin. Although nuclear spin
is a property characterized by quantum mechanics, in the classical vector model,
spin is visualized as a physical rotation similar to the rotation of a top about its
axis. In MRI, an ensemble of nuclei of the same type present in an object being
imaged is referred to as a (nuclear) spin system. For example, all the protons (at-
tached either to water or fat) form one spin system while the nuclei of *!P form
another spin system. One important property of a nuclear spin system is the so-
called nuclear magnetism created by placing it in an external magnetic field. This
magnetism is the physical basis of MRI. In the rest of this section we will discuss
its origin and characteristics.

3.1.1 Nuclear Magnetic Moments

Nuclear magnetism of a nuclear spin system originates from the microscopic mag-
netic field associated with a nuclear spin. A classical argument for the existence
of this magnetic field is twofold: (1) a nucleus such as a proton has electrical
charges, and (2) it rotates around its own axis if it has a nonzero spin. Like any
spinning charged object, a nucleus with a nonzero spin creates a magnetic field
around it, which is analogous to that surrounding a microscopic bar magnet, as
shown in Fig. 3.1. Physically, it is represented by a vector quantity i, which

LWhile imaging can be treated as a linear process, a spin system behaves nonlinearly during exci-
tation, as described later in this chapter.
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=)

/
C

Figure 3.1 Nuclei with nonzero i are regarded as microscopic magnets.

is called the nuclear magnetic dipole moment or magnetic moment. One funda-
mental relationship of particle physics is that the spin angular momentum and
magnetic moment vectors are related to each other by

g=~J (3.1)
where  is a physical constant known as the gyromagnetic ratio. A related con-
stant = is also widely used, which is defined as

= — (3.2)
2

Note that the value of -y or « is nucleus-dependent. For instance,7'y = 2.675 x
108 rad/s/T (s = 42.58 MHz/T) for 'H while y = 7.075 X 107 rad/s/T ( =
11.26 MH2/T) for 3'P. The 4 values of some diagnostically relevant nuclei are

listed in Table 3.1.

Table 3.1 Properties of Some NMR-Active Nuclei

Nucleus  Spin Relative Gyromagnetic Ratio

Sensitivity® + (MHZT)
H o 1/2 1.000 42.58
Be 1/2 0.016 10.71
¥R 1/2 0.870 40.05
p 1/2 0.093 11.26

2 Caleulated at constant field for an equal number of
nuclei.

Since magnetic moment is a vector quantity, we need to know both its mag-
nitude and its orientation to define it uniquely. Based on the theories of quantum
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mechanics, the magnitude of I, often denoted as || or simply u when there is no

confusion, is
p=hy/I(I1+1) (3.3)

where /i is Planck’s constant h (6.6 x 10~3% J-s) divided by 27 and I is the nuclear

spin quantum number. The spin quantum number takes integer or half-integer or

zero values such that i 58

I=0:'2"|11512|§1"' (3.4)
The value that I assumes for a particular nucleus is governed by the following
three simple rules:

(a) Nuclei with an odd mass number have half-integral spin.

(b) Nuclei with an even mass number and an even charge number have zero spin.

(c) Nuclei with an even mass number but an odd charge number have integral
spin.

For 'H, 13C, %F, and 3'P nuclei, I = 1, and such a spin system is called a spin-3
system. A nucleus is NMR-active only if I # 0.

Although the magnitude of ji is certain under any conditions (with or with-
out an external magnetic field), its direction is completely random in the absence
of an external magnetic field due to thermal random motion. This is somewhat
analogous to the situation with a collection of compass needles (analogous to the
magnetic moments) sitting on a vibrating table (analogous to thermal motion).
Therefore, at thermal equilibrium, no ner magnetic field exists around a macro-
scopic object.

To activate macroscopic magnetism from an object, it is necessary to line up
the spin vectors. This is accomplished by exposing the object to a strong external
magnetic field. Following convention, we assume that an external magnetic field
of strength By is applied in the z-direction of the laboratory frame such that

By = Bok (3.5)

Unlike a compass needle which lines up exactly with an external magnetic field,
a magnetic moment vector can assume one of a discrete set of orientations, an
essential characteristic of the quantum model. In this model, the z-component of
/£ becomes certain due to the By field and is given by

bz = ymih (3.6)

where m; is called the magnetic quantum number. For any nucleus with nonzero
spin, m; takes the following set of (2I + 1) values:

my=-1L-I1+1,...,1 3.7)
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which corresponds to (21 + 1) possible oricntationsa for /i with respect to the
direction of the external field. The angle 8 between ji and By can be calculated
using the following formula:

- (3.8)

_ Mz _
cosf = S '_-_I(I+1)

While the orientation of fi is quantized along the direction of the external field,
the direction of its transverse component iz, remains random. Specifically, let

oy = Bai + Byd (3.9)
Then, p and i can be expressed as

Hz = |ﬁ29| cos§ (3.10)
By = |fizy|sin €

where £ is a random variable uniformly distributed over [0, 27) and |z, | is given

by
|y | = V#z"#;;:'?'n\/l(l‘i'l)—mlz (3.11)

i 1 = +1 i , based on
For a spm-% system, I = 3 and m; = 3. Itis easy to show

3.11), that
Egs. (3.8) and (3.11) 0 — +54°44' (3.12)

" [ﬁ:yl = l}i (3.13)
V2

Equation (3.12) implies that in a spin-% system, any magnetic mor.ne_m vector
takes one of two possible orientations: pointing up (parallel) and pointing down
(antiparallel), as shown in Fig. 3.2. - .

We next describe the motion of ji when placed in an external magnetic field.
We will use a classical treatment by assuming that i is a classical magnetic mo-
ment vector without mutual interactions. According to cla:ssic_al mecha;mcs. the
torque that ji experiences from the external magnetic field is given py A x Bok,
which is equal to the rate of change of its angular momentum. That is,

dJ =
9 = s BT (3.14)
a BT
Since ji = ~yJ, we have .
% = '\/ﬁ X Boii; (315)

which is the equation of motion for isolated spins in the classical treatment. The
solution to Eq. (3.15) can be expressed by (see derivation in Example 3.1)
~ivB
{ pay(t) = pay(0)e ™75 (3.16)
pa(t) = p=(0)
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by, "1

Parallel

Q Antiparallel

= (®)

Figure 3.2 Nuclear magnetic moment vectors (a) pointing in random directions and (b)
aligned in the direction of an external magnetic field.

where fi.,,(0) and 1, (0) are the initial values and it is understood that

Bay = fo +ipty ~ flay = pzi + 3 (3.17)

Equation (3.16) describes a precession of 7 about the z-axis (or the By field),
which is called nuclear precession. In the classical vector model, nuclear preces-

sion is similar to the wobbling of a spinning top about the gravitational axis, as
illustrated in Fig. 3.3.

X X

Figure 3.3 Precession of a nuclear spin about an external magnetic field is similar to the
wobbling of a spinning top in a gravitational feld.
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Two important points about nuclear precession are evident from Eq. (3.16).
First, the angular frequency of nuclear precession is

wo =180 (3.18)

hich is known as the Larmor frequency. Second, preca_ession of ji abm.u Bf’ is
¢ llcwise if observed against the direction of the magnetic field. In pracl.lce., it is
o to determine the precession direction using the left-hand rule. That is, if .the
T:fstymumb points in the direction of By, nuclear precession follows the direction

fingers. '
of Oﬂ;;radd?ticn to Eq. (3.16), nuclear precession can be described by an angular

velocity vector defined as
& = —vBo = —wok (3.19)

Another common way to describe the nuclear precession is through the use of a
rotation matrix. Specifically, let

cosa sina 0
R.(a)= | —sina cosa 0 (3.20)
0 0 1

Equation (3.25) can be expressed as
u(t) = R (wot)(0) (3.21)

T
where p should be interpreted as a column vector p = (s pgatta] -

B Example 3.1

This example derives the solution to Eq. (3.15). We first rewrite Eq. (3.15)
in scalar form as
dpz
dt
Aty
dt
dp,
E 0
dt - - -
The first two equations become decoupled after additional derivatives with
respect to time. More specifically,

= yBopy = wolty

= —yBopz = —Woitz (3.22)

d’ps

—p = ~Woks (3.23)
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and 2
d:f;’ = —w2p, (3.24)

These decoupled second-order differential equations have solutions of the
general form A cos(wot)+B sin(wpt). Setting the initial conditions to y.(0),
#y(0), and p.(0), we get

Hz(t) = pz(0) cos(wot) + 4y(0) sin(wot)
py(t) = —pz(0) sin(wot) + gy (0) cos(wot) (3.25)
p=(t) = p=(0)

which yields the result in Eq. (3.16) immediately when put in complex nota-
tion.

3.1.2 Bulk Magnetization

To describe the collective behavior of a spin system, a macroscopic magnetization
vector M is introduced, which is the vector sum of all the microscopic magnetic

moments in the object. Specifically, let [, represent the magnetic moment of the
nth nuclear spin. Then,

Ny
M=) jin (3.26)
n=1
where N is the total number of spins in the object being imaged. This section

analyzes M for a spin-3 system.

Recall that M = 0 in the absence of an external magnetic field. We shall now
focus on how fi, behaves collectively when the object is placed in By. Based on
the discussion in the previous section, fi,, takes one of two possible orientations
with respect to the z-axis at a given time. Spins in different orientations have
different energy of interaction with the external magnetic field Bo. Specifically,
according to the quantum theory,

E = —ji-By = —p;Bo = ~yhm1Bo (3.27)

Hence, for pointing-up spins (m) = %'),
E; = —3~4hBy (3.28)
and for pointing-down spins (mm; = —31),

E; = %’tho (3.29)

Equations (3.28) and (3.29) indicate that the spin-up state is the lower-energy
state, while the spin-down state is the higher-energy state. The energy difference
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petween the two spin states is given by
AE = El = ET = ’)‘ﬁBo (330)

e in energy level between the two spin states is known as

ero differenc i
i henomenon and is illustrated in Fig. 3.4.

the Zeeman splitting p

E = —3vhBo

Bg off Bo on
Figure 3.4 Zeeman splitting for a spin—% system.

The spin population difference in the two spin states is relalted to their energy
According to the well-known Boltzmann relationship, we have

difference.
L E‘—bi) (3.31)
.I_V: = exp (KTS
where
Ny : number of pointing-up spins
Ny : number of pointing-down spins
T absolute temperature of the spin system
K: Boltzmann constant (1.38 x 10 *J/K)
In practice, A o
Consequently, by first-order approximation,
AE ~hBo (3.33)
— =14 =5 :
P (KTS) KT,
Therefore,
- i g4 200 (3.34)
N, KT,
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and AD
Do
- N| & Ny—+r :
Ny | & Ny KT, (3.35)

Equation (3.35) indicates that there is an excess of a very small fraction
'(%% of spins in the lower-energy state. This uneven spin distribution between
the two spin states occurs because a spin is more likely to take the lower-energy
state (with higher stability) than the higher-energy state. Although it is very small,
the population difference between the two spin states generates an observable
macroscopic magnetization vector M from a spin system. Such a spin system is
said to be magnetized. The resulting bulk magnetization, according to Eq. (3.26),
is

M = M7+ M5 + M,k
Na Ns Ny
= (Z ﬂz,n) i+ (z .uy,n) J + (z #;‘n) k (336)
n=1 n=1 n—1

where piz n, pyn and p; , are the projections of fi, along the z-, y-, and z-
axes. The first two terms of Eq. (3.36) are zero because the projection of [, onto
the transverse plane has a random phase while it precesses about the z-axis,? as
discussed in Section 3.1.1. The value of x, , is given, according to Eq. (3.6), by

{ +%7h if fi,, is pointing up
Hzn =

1 i o (3.37)
—57vh if [in is pointing down
Substituting Eq. (3.37) into Eq. (3.36) gives
Ny Ny
M= > iyh-> Lyh| k= L(Ny - N)yhk (3.38)
n=1 n=1

Therefore, the bulk magnetization vector points exactly along the positive direc-
tion of the z-axis at equilibrium. Its magnitude is

252
VO — 1 = Y P2BolN
2= Ml = e

z

(3.39)

Equation (3.39) indicates that the magnitude of M is directly proportional
to the external magnetic field strength By and the total number of spins N;. The
value of NN; is characteristic of an object being imaged and cannot be changed in
general; therefore, By and T are the only controllable parameters. For a given
spin system, one can increase the magnitude of M by increasing By or decreasing

2 According to Eq. (3.10), ZnN‘:I pzn = Moy Ef;l cosén = 0 for a random variable £,
uniformly distributed over [0, 2.
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i i ith the object being at room

ince MRI experiments are often carried out wi : :
T 2 1 mited to increasing the magnitude of the applied magnetic
zation. The optimal field strength for
3 For most clinical MRI systems, Bo

temperature, one is li ‘
field for an increase in the bulk magneti

;maging is dependent on the application.

from0.2t0 2T - .

1-angt"lilotf: that Eq. (3.39) is only valid for a spm—% system. For a spin-I system,

we have MO _ ‘TzﬁzBoN,I(I o 1) (3-40)
= 3KT;

Detailed discussion of this formula can be found in [1].

@ Example 3.2
We calculate the spin population difference in the two energy states for a

spin system consisting of protons.

According to Eq. (3.35), the fractional population difference is

NT —Nl ) ‘ﬂiBo i "tho
N, 2K1,  9KT,

Substituting in the following values:

4 = 42.58 x 10° H2/T

h = 66x1073Js

T, = 300K (room temperature)
K = 1.38x1072JK
By = 1T

we have

N; - N,  42.58 X 108 x 6.6 x 103 s 1
N, | 2x1.38x1072% x300

i i i illion protons in an object can
This means that, effectively, about three in a million p! :
be “activated” for generation of NMR signals. This is why NMR is known

as a low-sensitive technique.

ith i i . but there is a dramatic
3The penetration depth of an RF field decreases with mcrcasmg'freqlueng?
increase in detection sensitivity with field strength, roughly proportional to 5y"
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3.1.3 More on the Larmor Frequency

Let us restate that the precession frequency of { experiencing a By field is given
by
wo =7Bo (3.41)

This relation, popularly known as the Larmor equation, is an important equation
because the Larmor frequency is the natural resonance frequency of a spin system.

Equation (3.41) shows that the resonance frequency of a spin system is lin-
early dependent on both the strength of the external magnetic field By and the
value of the gyromagnetic ratio . This simple relationship is the physical basis
for achieving nucleus specificity. As a case in point, nuclei of *H and !P in an
object resonate at 42.58 MHz and 11.26 MHz, respectively, when the object is
placed in By = 1 T; this difference in resonance frequency enables us to selec-
tively image one of them without “disturbing” the other.

In practice, a specific spin system (say, protons) may have a range of res-
onance frequencies. In this case, we call each group of nuclear spins that share
the same resonance frequency an isochromat. There are two main reasons for a
magnetized spin system to have multiple isochromats: (a) the existence of inho-
mogeneities in the By field, and (b) the chemical shift effect.

It is obvious from Eq. (3.41) that when By is not homogeneous, spins with
the same -y value will have different Larmor frequencies at different spatial loca-
tions. It is easy to derive the frequency distribution of a spin system if the inhomo-
geneity of a given By is known. The chemical shift effect is due to the fact that nu-
clei in a spin system are attached to different chemical environments (molecules)
in a chemically heterogeneous object. Since each nucleus of a molecule is sur-
rounded by orbiting electrons, these orbiting electrons produce their own weak
magnetic fields, which “shield” the nucleus to varying degrees depending on the
position of the nucleus in the molecule. As a result, the effective magnetic field
that a nucleus “sees” is )

By = By(1 - 4) (3.42)

where § is a shielding constant taking on either positive or negative values. Based
on the Larmor relationship, the resonance frequency for the nucleus is

tI)Q =wp — Aw = LuJo(l - 5) (343)

Equation (3.43) indicates that spins in different chemical environments will have
relative shifts in their resonance frequency even when By is perfectly homoge-
neous.

Clearly, the frequency shift Aw is dependent on both the strength of the
external field By and the shielding constant 6. The value of § is very small,
usually on the order of a few parts per million (ppm) and is dependent on the local
chemical environment in which the nucleus is situated. A well-known example
is that “fat” (CH2) protons in biological objects display about a 3.35 ppm shift in
Larmor frequency from “water” (H,O) protons.
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For biological objects, a large range of § values could exist, 'g“;mﬁ' fr:se;
: } .

many resonance frequencies. Assuming that the maximum chemlc;:; ai i

t:: /2, the resonance frequency range of a spin system can be express

|w —wol € wp /2 (3.44)

here wy is called the (chemical shift) frequency bandwidth of Lhe_spln s-)rr\s;cer:;
: wledge of these chemical shift frequencies and t}?c corresponding spi e
K':::s is of great importance for determining the chemical structures of an object,
si

which is the subject of NMR spectroscopy.

32 RF Excitations

. H a
We have thus far discussed two aspects of an NMR phenomenon: n;clltzl %ndcm
static magnetic field. The macroscopic effect of an external rrfnagnegc eab]e gmk
i wi ins i i an observ
th nonzero spins is the generation O :
an ensemble of nuclei wi : e ge T
izati M pointing along the direction of Bo.

R eaiE . i ent vector, the trans-
i i ent for each magnetic mom s :
microscopic transverse compon eact T e i

i at equilibrium because the p
verse component of M is zero - M e
indicated by Eq. (3.16). A snap
moments have random phases, as 1 ek Dy s
ins (I = 3) will be a set of vecto p
semble of a large number of spi z) will e o0
i i illustrated in Fig. 3.5. Establishm
the two precessing cones, as 1 : 3.5 : :
lcr:)hercncc fmong these “randomly” precessing spins in a magnetized spin system

is referred to as resonance.

3.2.1 Resonance Condition

Before we state the resonance conditior;l,. llgt us' 10(1):3(2:,1:]:1 gc;l;::l::h :;:I:,i : ::;lh
ogy. Suppose that a row of swings at a children’s p e e cikeen
(thus, each swing-child complex he?s the same natural rccllu . yh.i e
do not begin swinging at the same time, a'random phas-c relationship S
ings; is. at a given time, the children are at different points of the swing

:l::: irvé.n%f)'rtr:c: lssv,v?ngsgto reach phase coherence, exlc‘rnal forces {nu:;f bzaiiu:c;
at the natural frequency of the swings. For ea‘tample, if all the sw1:dg; ::\tr1 gn‘; v
in unison at the natural frequency of the swing by 2 parent plac fe -
swing, the children will soon swing in phase, exerting a coherent force
suspefr:l;:o: rl:;rlgnctized spin system, the exfem_al .fon?c (energy) COH:?S gm;cla;
oscillating magnetic field denoted as Bi(t) in dlsn‘ncn.on from the static J me.
The resonance condition based on classical physics 1s that B, (t)_ rotale; in .
same manner as the precessing spins. A more rigor'ou_s argument is base cmn.h:S
quantum model. In this model, electromagnetic radiation of frequency wys Ca

energy (Planck’s law):
o Ere = huwyt (3.45)
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Figure 3.5 Distribution of nuclear magnetic moments observed at an
arbitrary time instant. The excess of vectors pointing along the external
field is greatly exaggerated.

To induce a coherent transition of spins from one energy state to another, the
radiation energy must be equal to the energy difference AE between the adjacent
spin states. That is,

ﬁLx)rf =AFE = "}fﬁBo (3.46)

or
Wrf = Wo (3.47)

Equation (3.47) is known as the resonance condition. In the following, we first
describe what an RF pulse is and then discuss in detail the effect of RF excitations

under on- and off-resonance conditions. "

3.2.2 Characteristics of an RF Pulse

RF pulse is a synonym of the B, field, so called because the B, field is short-
lived and oscillates in the radio-frequency range. Specifically, the B, field is
normally turned on for a few microseconds or milliseconds Also, in contrast to
the static magnetic field By, the B field is much weaker (e.g., By = 50 mT while
By =15T).
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A typical By field takes the following form:

Bi(t) = 2B5(t) cos(wist + 9)1 (3.48)
where Bs(t) pulse envelope function
Wef : excitation carrier frequency
p: initial phase angle

This field is said to be linearly polarized because it oscillates linearly .along the
z-axis. Mathematically, it can be decomposed into two circularly polarized fields
rotating in opposite directions, that is,

By(t) = BE(t)[cos (weet + )i — sin (west + ¢)7)

+ B (t)[cos (wret + 9)i + sin (wert + @) (3.49)
where the first bracketed term rotates clockwise and the second rotates counter-
clockwise, as illustrated in Fig. 3.6. Since the counterclockwise component ro-
tates in the opposite direction of the precessing spins, it exerts negligible effects

on a spin system if wyy is near the Larmor frequency.* Therefore, the effective
By (t) field that needs to be considered here is

Bi(t) = B5(t)[cos(wist + )i — sin(weet + ©)7) (3.50)
which has an z-component as

B, . = B;(t) cos(wiit + ) (3.51)

and a y-component as
By, = —Bi(t) sin(wrt + ©) (3.52)

Many modern NMR systems use so-called quadrature RF transmitter coils
to generate this circularly polarized field directly, with the advantage of ret_iuccd
RF power deposition. Unless specified otherwise, the B, (t) field }lsed in ltlle
remainder of this book will be assumed to be in this form. For brevity, we will

also adopt the following complex notation:
Bi(t) = Bi1o(t) + iByy(t) = Bf(t)e~ Wrrtte) (3.53)

In summary, an RF pulse generates an oscillating B, (t) field perpendicular
to the By field. The main parameters characterizing an RF pulse include {fa)‘t.he
envelope function B£(t), (b) the excitation carrier frequency wys, and (c) the initial

4The main effect of this off-resonance component is a very slight s_hil‘t of the observed resonance
line, which is known as the Bloch-Siegert shift. This frequency shift disappears when the B, field is
turned on.



72

(2]

2Bcoswi
B

Figure 3.6 A linearly polarized field represented as two
counter-rotating circularly polarized fields.

phase angle . The initial phase . if it is a constant, has no significant effect on
the excitation result and is assumed to be zero for the present discussion. The
excitation frequency wyy is a constant for most RE pulses’ and is determined by
the resonance condition. The envelope function B (¢) is the heart of an RF pulse.
It uniquely specifies the shape and duration of an RE pulse, and thus its excitation
property. In fact, many RF pulses are named based purely on the characteristics of
this function. For example, the envelope function of the widely used rectangular
pulse (shown in Fig. 3.7a), is defined as

t—7,/2 B 0<t<r
Bil)=BII| —E= | ={51 USism .
i(t) = By ( T ) 0  otherwise (3.54)

where 7, is the pulse width. Another popular pulse, called the sinc pulse (Fig. 3.7b),

uses the following envelope function:
S Blsinc{vrfw(t—fpﬂ)], Dt
Brld)= {O, otherwise (355

Before describing the effect of such a pulse on a spin system, we next introduce
two mathematical tools: the rotating reference frame and the Bloch equation.

3.2.3 Rotating Frame of Reference

A rotating frame is a coordinate system whose transverse plane is rotating clock-
wise at an angular frequency w. To distinguish it from the conventional stationary
frame, we use z’, y', and 2’ to denote the three orthogonal axes of this frame,
and correspondingly, 7', f’, and &' as their unit directional vectors. Mathemati-
cally, this frame is related to the stationary (laboratory) frame by the following

5 For some special pulses, such as adiabatic pulses, w,¢ can be a function of time.
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() (®)

Figure 3.7 RF pulses with (a) a rectangular envelope function, and (b) a
sinc envelope function.

sformation: 5 5
fran ! £ cos(wt)i — sin(wt)j

sin(wt)7 + cos(wt)j (3.56)

7
jf
Ea

Two special rotating frames are in use, which correspond to w = wg and
W = wit, respectively. In the first case, the (z', y')-plane precesses at the Larmor
frequency of the spin system, and we call it the Larmor-rotating fran?e. In the
second case, the (z’, y’)-plane rotates as the B (t) field, and we call it the RF-
rotating frame. When w,s = 7By, both rotating frames are the same. Therefqre,
when there is no confusion, we use the generic term, rotating frame or w-rotating
frame, to refer to either, depending on the context. _ .

The advantage of introducing the rotating frame lies in the conce.ptual sim-
plicity it affords in describing the excitation effect of an RF pulse, as will becc.)me
evident later in this chapter. In the sequel, we will present several useful relation-
ships associated with this transformation. _

First, the time derivatives of the unit directional vectors of the rotating frame

are given by

> Ii> e

X
C;_tt =@ X1
i _ (3.57)
—— =@ X
dt
M)
% =g xk
where & can be arbitrary but is equal to —wk for the transformation specified by
Eq. (3.56).
Second, let

M 2 M7+ M, + MR (3.58)
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and
Moy & M7 + My 3" + MR (3.59)

Setting M = M, yields

Mo+ coswt —sinwt 0 M.
M, | = | sinwt coswt 0 M, (3.60)
M. 0 0 1 M,
Similarly, let . . "
By £ By i+ By 7 (3.61)
and B
Birot 2 Biad + By yj’ (3.62)
We then have
Byg | _ | coswt —sinwt Bi
[ By, ] - [ sin wt cos wt ] [ By, o3

Equations (3.60) and (3.63) specify how to convert the magnetization vector and
B, vector between the laboratory and rotating frames. The transformation rules
can also be succinctly written in complex notation. Specifically,

leyl = zyeiwt (3_64)

where Mzy = M, +iMy and M1y = Myr + iM,,. Similarly,

B rot(t) = By (t)e™* (3.65)
where B; = Bl.‘-‘ + ’I:B[.y and Bl,rot - Bl.z:‘ + iBl'yr.
Third, let
dﬂl} A dM - dMy-: sz 1
— = 3.66
dt @ttt gk i:b58)
Moy n dMyi  dMy -,  dM, -
B Rt R SHEY
Then, . .
dM M, o
E- = Bt E + W X Mrog (3'67)
Clearly, based on the definitions in Eq. (3.66), ‘%Z—’ is the rate of change of M

as observed in the laboratory frame, while 8—“5’;“ is the rate of change of M as
observed in the rotating frame. Therefore,

dM _ dMo,
dt ~  dt

OM,os

#Bt

(3.68)
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@ Example 3.3 f -
i ipi : ith respect to the transform in
rove the first relationship in Eq. (3.57) wi ect i :
inr I()3.56). Taking the time derivative of the first equation in Eq. (3.56) gives
ﬁ = —wsinwti — wcos wtj"

dt

Replacing 7 and 7 with i and j' according to the transformation rule in
Eq. (3.56), we obtain

i —wsinwt(coswti + sin wtj') — wcoswt(— sin wti' + coswty')

dt .
= —w(cos® wt + sin® wt);’

—,

= —wj'

Noting that j'= F' x 7 and & = —wk', we immediately obtain

i 7 -
di:—w(l?x?)=(—wk')x?=ux

dt

7

B Example 3.4 o .
We derive the result in Eq. (3.67). Taking the first-order derivative with

respect to time on both sides of Eq. (3.59) yields

2 ; di' dj' d¥’
dM dMgr 5 | dMy | dMy ’) My — + My —— + Mo —
-d—t=(dt:1+dt'7+dtk il e dt

oM, di dj - dF
) a;"at +(M:’-EE+M”’ d‘t -‘—ﬂd’z dt

Making use of Eq. (3.57), we have

- w ot - = - Vi
M. :£+My’§l"+M2'% =X (Mz’? + My §' + Myk') = @ X Mrot
= dt dt

Combining the two foregoing equations yields

E_Ai = —-—-—aM’Ot + @ x Mrot
dt at
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B Example 3.5
Given that .
Bi(t) = By coswisti — By sinwt]
we determine the RF field as observed in the wi¢-rotating frame.

Since
By, | _ By coswist
By, 7| =B sinwgt
the B, field observed in the wis-rotating frame, according to Eq. (3.63), is
given by

5]
Bl,y'

In vector notation,

coswel  — sinwst B cos wiyt
sin wst COS wyft — B sin w¢t

By
0
El,rot (t) = Bl'?

Therefore, the given RF field becomes a stationary field pointing along the
z'-axis in the w,¢-rotating frame.

3.2.4 The Bloch Equation

The time-dependent behavior of M in the presence of an applied magnetic field

B (t) is described quantitatively by the Bloch equation. In the context of MRI,
the Bloch equation takes the following general form:®

-

A _ 5o Meit MG (M. - M)k

dt T, T (3:69)

where MY is the thermal equilibrium value for M in the presence of By only,
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Under this assumption, the Bloch equation takes a simpler form:

.
=

¥ M xB (3.70)
dt
i i ion is identical to the equation of motion
ognize that this Bloch equation is 1d.=:nuca .
o I;Zi?:ingin Egq. (3.15) if M is replaced by fi. We next express the equation
for;c rotating frame. Substituting Eq. (3.67) into Eq. (3.70), we get
in

'qﬁ'é?i = 'Yﬁrol. X émt — WX Mmg
—~ = A

= YMior X (Bm + ;) 3.7D)
We may rewrite Eq. (3 1) as

aﬂ;—;m L 'YMrot X B.eﬂ' (3.72)
where ) ) r -

Beﬂ" = Brot S N
5

is the effective magnetic field that the bulk magnetization vector “cx_pfaricngeid
in the rotating frame. The second term in Eq. (3.73? represents a ﬁctmgui ; 2
component for simplified behavior of M;ot. To see this more clearly, let B = Bg
and & = ——7}305. Then,

Bug = Brot — 1Bok _ gk — Bok =0 (3.74)
v

Therefore, the apparent longitudinal field vanishes and M, appears to be sta-

ti in the rotating frame. o
Ona;{ailowing the same analysis, the general Bloch equation in Eq. (3.69) can be

expressed in the rotating frame as

which can be calculated from Eq. (3.39) or (3.40); T} and T% are time constants
characterizing the relaxation process of a spin system after it has been disturbed
from its thermal equilibrium state, a topic to be further discussed in Section 3.3
and in Chapter 7. For the present discussion, we drop the last two terms in
Egq. (3.69) because we are interested only in the behavior of M during the RF
excitation period. This treatment is acceptable if the duration of an RF pulse is
short compared to T} and T, as is often the case in practice.

Mo+ MyJ (M = MO)K
Ty Tl

aﬂrot
ot

‘g 5 5
= A Myor x Bt — Wt

3.2.5 On-Resonance Excitations

We now look into the effects of an RF pulse on a spin sy§tem by examining ;he
time-dependent behavior of M during the excita.ticm p.ernod. We first consi :
the simple case in which a spin system has a single 159c:_h}"omat resona;mg ,
wg = ~yBy. For simplicity, we further assume that the initial phase angle ¢

A more general form of the Bloch equation was given by Torrey [256).
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zero for the generic RF pulse defined in Eq. (3.50). Using the transformation rule
specified by Eqg. (3.63), we have

By ot = Bi(t)7 (3.76)
The effective field that the nuclear spins see in the rotating frame is

Beg = Bok' + BS(8)7 + %—f

= (Bg - %1) K + BL(t)? (3.77)
Invoking the on-resonance excitation condition that

wrf = wp = 7By (3.78)

we immediately get .

Beg = BS(t)7 (3.79)
Substituting the above result into the Bloch equation in Eq. (3.72) yields the fol-
lowing equation of motion for the bulk magnetization vector M:

aMl’Qt

= YM,or x BE(2)T (3.80)
In scalar form, we have
Mz _
dt
dz’?' =yB{(t) M,/ (3.81)
dM,, .
B = VB (M,

A closed-form solution to Eq. (3.81) under the initial conditions M, (0) =
My (0) = 0 and M,/ (0) = M2 is as follows:

M (8) =0
My () = MOsin ( /0 t 7Bf(ﬂdt")
M, (t) = M2 cos ([at 7Bf(f)df)

0<t< (3.82)

These equations indicate that the effect of the on-resonance excitation B, field,
as observed in the RF-rotating frame, is a precession of the bulk magnetization
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about the z'-axis. This is not surprising since the effective field Beg points along
the z'-axis. As an example, consider the case where

—7p/2
B{(t) = BiIl (i—/) (383
Tp
Then, Eq. (3.82) becomes
M (t) =0
My(t) = M{sin(wit) 0<t<m (3.84)

M:(t) = M? cos(wit)

where wy = yBi. It is now apparent that the bulk magnetization vector precesses
about the z'-axis with angular velocity

gy =i (3.85)

as shown in Fig. 3.8. The precession of M about the B, field is callec? forcgd
precession. Equation (3.85) can be derived directly from the La'rmor_._xr-elauonsh:p,
since the effective field that the spins see in the rotating frame is Byt'.

?Z

E

B (1)

(a) (b)

Figure 3.8 Motion of the bulk magnetization vector in the presence of a rotating RF field
as observed in (a) the RF-rotating frame, and (b) the laboratory frame.

3.2.5.1 Flip Angle

As a result of the forced precession, the bulk magnetization is tipped away from
the z'-axis, creating a measurable transverse component Mz+y:. The flip angle



G e )

e e

a—

80 Chapter 3 Signal Generation and Detection

a is defined as the smaller angle between M and the z-axis. Clearly, based on
Eq. (3.82), the value of « at the end of an RF pulse is given by

T T
o= / wy(t)dt = f yB5(t)dt (3.86)
0 0
In the case of a rectangular pulse,
a=uwT, =yB17p (3.87)

As a numerical example, let 7, = 0.1 ms and B; = 0.6 G. We then have a = T
for protons.

It is obvious from Egs. (3.86) and (3.87) that the flip angle depends on both
the magnitude of the 5, (t) field and the duration of exposure. Normally, the pulse
width is chosen based on the frequency selectivity desired, and we can adjust the
excitation power to vary the flip angle. For example, for a given 7, increasing
the pulse intensity by a factor of 2 (namely, setting B, to 2B;), will double the
flip angle according to Eq. (3.87). Another important point to note here is that
the shape and form of the pulse envelope function are unimportant as long as
the area under B(%) is the same. In other words, for different B(t), M travels
in different trajectories during the excitation period but will end up in the same
spatial location if the area under B§(t) is the same.

3.2.5.2 Calculation of M after an o Pulse

Before we describe how to calculate the effect of an RF pulse through the use of
a rotation operator, it is useful to make clear several notations.

(a) If an RF pulse rotates M about the B, field in the rotating frame by an angle
a, we commonly call the pulse an o pulse. Clearly, a 90° or ¥ pulse rotates
M by 90°; likewise, a 180° or 7 pulse rotates M by 180°. Sometimes, it
is necessary to make the axis of rotation explicit. Assume that the B, field
in the rotating frame points in a direction specified by (g, 8), as shown in
Fig. 3.9; we call the corresponding B, field an o(,,0) Pulse. In practice, it
is usually assumed that § = 0 and the pulse is simply written as a,. Two
popular choices of ¢ are 0 or 90°, corresponding to a a, pulse and a oy
pulse, respectively.

(b) Weuset = 0_ and ¢ = 0, to represent the time instants immediately before
and after a pulse, respectively.

(c) We will use — as a general spin processing operator. For example,
M(0-) == M (0y) (3.88)

means that an ¢ pulse transforms M+ (0_) to Mz(04).
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Figure 3.9 A tilted RF field with an initial phase angle  and a tilt angle 6.

With these clarifications, let us first consider the effect of an o, pulse. Based

on Eq. (3.82), we have -
My (04) = Msina (3.89)
M, (04) = M2 cosax

if the spin system was at thermal equilibrium b.efm:c tl?c p'ulse. Under a more

general prepulse condition, the postpulse magnetization is given by

Mo (04) = Mar(0-) |
My (04) = My (0-)cosa + My (0-)sina (3.90)
M, (04) = —My(0-)sina + M,/ (0-)coscx

Similarly to Eq. (3.20), we define a rotation operator about the z'-, y'-, and
z'-axis, respectively, as
1 0 0 ]

Ru(a)=| 0 cosa sina (391)
0 —sina cosa |

[ cosa 0 —sinc |
R, (o) = 0 1 0 (3.92)
L sina 0 cosc

and : i
cosa sine 0
R.(a)= | —sina cosa 0 (3.93)
0 0 1]
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As illustrated in Fig. 3.10, Rz, Ry, and R, specify a clockwise rotation as
observed against the z'-, y'-, and z'-axis, respectively.

’ 7 5

Z z z

z ’
i (a) % (b) * (©)
Figure 3.10 Graphical representation of (a) R.-, (b) Ry, and (c) R...

With the matrix operators defined in Eqgs. (3.91), (3.92), and (3.93), the effect
of an e pulse applied along the z'- or y’-axis can be calculated as follows:

drot(0+) s RZ’(QJMmt(O—) (3.94a)
Miot(04) 5 R_zi(0) Myot(0-) = Ryr(—a) Mioe (0_)  (3.94b)
Mrot(04) =% Ryr(a)Mror(0-) (3.94¢)

—

Meot(04) =% Roy(@)Mroe(0_) = Ry () Mioe (0_)  (3.94d)
where it is understood that ﬁm = [My, My, M,_:]T.

The effect of an o, pulse can be represented by three cascaded spin rotations:
— g0z 2. Orin terms of the rotation matrices, we have’
Mrﬂt (O+) =R, (‘P)RI’(O‘)R-*-’ (_‘P)Mmt (0—) (3.95)

which gives the following postpulse magnetizations:

M. (04) = M, (0_)(cosasin® ¢ + cos® ) + M,(0_) sin® % sin 2¢

—M,(0_)sinsin (3.96a)
My (04) = Mg (0_)sin® % sin 2 + My (0_)(cos a cos® p + sin® @)

+M,:(0_)sinacosy (3.96b)
M, (04+) = M (0_)sinasing — My (0_)sina cosp

+M,(0_)cosa (3.96¢)

"Note that the operator precedence is from right to left.
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The effect of an oy ) pulse can be calculated in an analogous manner.
Specifically, it can be shown that

th (O+) = RZ’(W)Ry’ (é)Rz’(o‘)Ry' (—é)R,:(—Lp)Mmt(O_) (3-97)
where 6 = —% + 6. The resulting magnetization is given by

. 2
M(04) = M (0-)[cos a(sin® p + cos® p cos” 8) + cos” i sin? 6]
+M,(0_)[sin? % sin 2 sin®  + sin o cos 6]

+M,:(0_)[sin® % sin 26 cos {p — sin asin g sin 6] (3.98a)

It

§ (& . .- 0 5
My(04) = My (0-)[sin® 5 sin 2¢p sin® § — sin o cos )] y
+M,:(0_)[cos a(cos? p + sin® ¢ cos® §) + sin® @ sin” 0]
+M,: ((L)[sin2 % sin 26 sin ¢ + sin a cos g sin ] (3.98b)
0_)[sin e sin g sin § + sin® 2 cos psin 26]
M.(04) = Ma(0_)sinasing =
@ . z
+My (0-)[—sinacospsinf + sin® 5 sinpsin 26)
+M,(0_)[cos asin § + cos” 6] (3.98¢c)

The postpulse magnetization can also be expressed in the laboratory frame.
According to Eqg. (3.60), we have

M_(04) coswgTp sinwpTy 0 M. (04)
M,(04) | = | —sinworp coswoer, 0 My (04) (3.99)
M,(04) 0 0 1 M. (04)

by noting that

-1 i
cosweTp —sinwgTp 0 coswoTp SinweTp, 0
sinweT, COSWoTp 0 = | —sinwer, coswpT, 0 (3.100)
0 0 1 0 1

where 7, is the pulse duration and it is assumed that the rotating reference frame
was set in motion immediately before the pulse is applied.

3.2.5.3 Examples

Through the next three examples, we show how to use the formulas in the preced-
ing section for calculating the excitation effects.
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B Example 3.6

Assqme that a spin system was at thermal equilibrium when an RF pulse was
applied. Calculate the resulting magnetization if the RF pulse is (a) a 90,
pulse and (b) a 45, pulse. ’

The prepulse magnetization value is

M_—,I(O_) 0
[Mv'(o—) ] = [ 0 ]
M, (0_) MP

After a 90, pulse, we have

sz(0+) sz(ﬂ_)
My(04) | =Re(90°) [ M, (0-)
M. (0+) )
0
0

Similarly, the magnetization after a 45, pulse is given by

Mz (04) Mz (0-) i
le(0+) = Ryf (450) Mﬂ" (0_)
M:(0+) M(0-) |
fo 4],
5 P 0]
M7
[ —4M
= 0
| M
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B Example 3.7
In this example, we derive the following relationship:

My =5 M2 e (3.101)
which describes the effect of a 180, pulse.
According to Eq. (3.95), we have
R, (r) = Rar(p)Rar ()R (—)

For simplicity, consider only the transverse ma gnetization. Then, we have

ol cosg sing 1 0 cosyp —sing
Ry (m) = [ —sing coszp] [ 0 -1 ] [ singp  cosy ]

. cost sing cosp —sing
~ | —singp cosy —singp —cose

_ [ cos?e— sin® p —2cospsing
= | —2cospsing sin®yp—cos®yp

A cos2p —sin2p
= [ —sin2p —cos2p ] 40

This equation implies that
M,(04) = Mz(0-) cos 2 — M (0-) sin 2¢0
My (04) = —M;:(0-)sin 2p — M, (0-) cos2¢
Therefore,

Moy (04) = M (04) + iMy (04)
= M_/(0_) cos2¢p — M,(0-)sin2¢p
— iM,+(0-) sin 2 — iM,, (0-) cos 2¢
= [Mg(0-) — iMy (0-)](cos 2¢p — isin 2p)
=M}, (0_)e~*2¢ (3.103)

which proves Eq. (3.101). Based on the result, it is easy to show

Moy =5 My, (3.104a)
Moy 25 —MZy, (3.104b)

noting that = 0 and /2, respectively, for 7+ and 7.
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H Example 3.8

Assume a spin system has two isochromats at thermal equilibrium condition

with resonance frequency wy and wy + dwg. We calculate the effect of the
excitation sequence 902, — 7 — 905, with 7 = § 51—

Ignoring any off-resonance effect (to be discussed in Section 3.2.6), we
find that the effect of the first 903, on both isochromats is the same, resulting
in

Ml’:' =0 MZ,:’ =0
Ml,-y: = Mlt.],z and M‘Z,y’ = Mg’z
Mlﬁgl =0 Mz.z, =0

During the time delay, M, stays the same (ignoring any relaxation ef-
fects), but M, precesses at an angular frequency of dwy in the rotating frame.
As a result, M, takes the following value immediately before the second
pulse:

My,zr = sin(wor)M§, = sin FMP, = 2MJ,

My, = cos(Swor) M5, = cos TMY, = YZMJ,
MZ,:’ =
The second pulse is applied along the y’-axis and, therefore, has no

effect on the first isochromat because it has been lying along the y'-axis since
the first pulse. Consequently, the final value for M; after the two pulses is

Ml,z’ (0+) 0
My (U-i-) I M{J,z
Ml)z‘ (0+) 0

For the second isochromat, the magnetization vector will be flipped 90°
around the y’-axis, giving rise to the following postpulse value:

) V2 \f0
My 4:(04) c0s90° 0 —sin90° =
My (04) | = 0 1 0 LMy,
M; . (04) | sin90° 0 cos90° 4
0
= %Mg.z
[ M,
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32.6 Off-Resonance Excitations

Most excitations are assumed to be on-resonance. However, in pra‘ct}ce. if mag-

ic field inhomogeneities and chemical-shift effects are not negligible, C-XClllﬂ-
qetl rarely are exactly on-resonance for all the isochromats. When the excitation
;"::lndsis off-resonance for a certain isochromat, the effective magnetic field that the

isochromat sees in the rotating frame is

Beg = (BD - ﬁ) K+ Bs(t)?
b
_ Awop By (3.105)
i3
f off-resonance.
here Awp = wp — wyf measures the degree of -

e Equa:.)ion (3.105)rsuggests that the effective field has two components: the
usual B, component pointing along the '-axis and a residual component Awo /Y
pointing along the z'-axis, as shown in Fig. 3.11a. Intwitively, based on lht? above
discussion one can predict a precession of Mot abm.u Beg- A more n-gorOus
analysis can be obtained by directly solving the following Bloch equation:

dM,
d: = Awo My
DMy o AuoMy + YBI(OM: (3.106)
dM,:
2 = —yBf(t) My
dt yBi(t)My

which governs the motion of M during the RF pulse. Unfortunz'ucly. a closed-
form solution to the above equations is not available for an arbitrary envelope
function B¢ (t). To illustrate the difference between on-resonance and off-resonance

excitations, we consider a simple case with a rectangular pulse for which Bf{ ) =

By l'[(’—_—'?—’—z). For this pulse, a closed-form solution to the Bloch equation indeed
Tp A

exists, which is given by

M, (t) = M2 sin @ cos 61 — cos(went)]
M,:(t) = M? sin 8 sin(wegt)
M, (t) = MP[cos? 8 + sin® 6 cos(west)]

0Kt (3.107)

where
wef = |/ Aw? + w? (3.108)
and "
@ = arctan (—1—) (3.109)
Wo
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The magnetization components along each axis immediately after the pulse
are given by
Mz(04) = Moi(75) = M0 sinf cos8(1 — cosa)
My (04+) = My (15) = MOsin@sina (3.110)
M. (04) = M.:(7p) = M2(cos? 8 + sin® § cos )

where & = weq 7, is now the flip angle about the axis of the effective magnetic
field.

Note that the transverse magnetization immediately after the pulse is no
longer along the y'-axis as in the case of on-resonance excitation but has a phase
shift @o from the y'-axis toward the z'-axis, which is given by

M.(04) sinfcosf(1 - cosa)

t = =
AP0 = 31 0y) sin Osin a
_ (1 - cosa) Awg =tan2AwD G111
sina  weg 2 weg '

It is evident from Eq. (3.111) that the phase shift ¢p increases almost linearly
with the frequency shift Awg. This phase shift can be problematic for some MRI
applications. In addition, the magnitude of the transverse magnetization given by

My (04) = /M2(04) + MZ(0,)

= M?sin6y/sin® @ + (1 — cosa)? cos? 6 (3.112)

decreases as the frequency offset increases.

3.2.7 Frequency Selectivity of an RF Pulse

From the discussion in Section 3.2.6, we know that for a spin system with more
than one resonance frequency, an RF pulse of the form Bye ™"t for 0 < ¢ < Tp
will excite not only M (wrf) but other isochromats as well. An important question
that one often encounters is: How will a pulse of the general form B (t)e~ "t
affect the various isochromats of a spin system? To give an exact answer to this
question, we need to resort to the Bloch equation. However, a closed-form so-
lution to the Bloch equation is not available under this general situation. In this
section, we describe an approximate approach based on Fourier analysis.

It is well known that Fourier analysis of a time function reveals its spectral
content. Specifically, let

{FBiHw) = f_m Bi(t)e™'dt = F~1{Bi(t)} (3.113)

T "
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(a) (b)

Figure 3.11 Off-resonance excitation: (a) effective field in the rotating frame,
and (b) precession of Mo about the effective field.

We have ) )
Bi(H) = o [ {FBS}(w)e ™" dw 3:114)
2 27 J_ oo

and o0 :
By(t) = o f (FBg}(w)e “remntdu (3.115)
20 s

is interpreted as the frequency spectrum
insightful here to view it as the am-
fied by (@@t In other words,

In signal processing, {FBf }(w)

of the pulse envelope function. It is more
litude of a clockwise rotating vector spect _ ! : h
[E,q (3.115) decomposes B (t) into a continuum of clockwise-rotating microvec

tors with amplitudes {F B }(w)dw in the complex Plape. Similarly, we can de-
compose the bulk magnetization vectors in terms of its isochromats as

M= fm M (w)dw (3.116)

To establish a link between the isochromats and. the micro-le vectors, we
further assume that the spin system behaves like a hnear_ sytr.tem; namely: 1dh_e
excitation effect of B (t) is equal to the sum of the excitation effif(ti f‘f,:; i-
vidual component {FB§ }(w)dwe™H(“+<0)t. Since {FBf Hw)dwe ™™ d:s
a fictitious pulse of infinite length but of infinitesimal strength, it will, in steady

8The linear system assumplion is not valid for a nuclear spin system during excitation. Therefore,
the excitation property of an RF pulse derived from Fourier analysis is not accurate.
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;:éttz.c:l;c;e.only thi on-resonance isochromat M (w + wye) if the relaxation ef
S fOrme gg:]((;red_.iw'rlr‘??refore, the frequency excitation property of an RF pulse
Fourier analy;is.)?ro be rilsoitllsb;zg?f;ia?;z;g}b(y gdef}(l[: e et
o n _ » W B jlw)aw is the excitation field thay
rewr;[):i;ﬂ:' S(a{: ;—Bu:}f(};;)s_mce }_{};Bf }(w)z 1(5 a complex-valued function, we can
e 11 (w) = {FBg}(w)|eie), Therefore, the on-resonance mag.

at each isochromat sees has a phase shift p(w) from the z'-axis 10 A%s

a result, there is a phase dis i
persal among the isochro i
the transverse plane, as expected fro i

T
a(0) = £
(0) 7/0‘ Bi(r)dr (3.117)
Based on the linearity assumption, the flip angle for other isochromats is given by
{Z B }(w)|
a(w) = == LW/
)= 7B e et

Knowing a(w) and p(w), we can calculate the resultin
for each isochromat according to Eq. (3.96).

As an example, let us examine the excitation propert
whose envelope function is Bi(t) = BIII(:;E‘-/—Z) Fro
ple 2.3, we have = =

8 postpulse magnetization

y of a rectangular pulse
m the results in Exam-

{FBf}{(w) = B, 7psine (jwry,) e™me/2 (3.119)
Therefore, the frequenc excitati i i
cqpatiens eq Y excitation property is characterized by the following
g(w_) = si 1
a0) = sine (3wmp) (3.120a)
plw) = %wrp (3.120b)

Note that we allow flip angle & to take neg
180°. Clearly, the two ways are equivale

Before concluding this section, an
der. If we treat the sinc function to be ze

ative values instead of advancing ¢ by
nt for describing the spin motion.

observation from Eq. (3.120a) is in or-
ro beyond the first zero crossing on both

®This is a valid assumption if the duration of Be(
For those pulses, the Fourier prediction is rather acc::r
less accurate because the relaxation effects cannot be
be treated as a linear system due to spin interactions.

t) is short relative to the spin relaxation times.
ate. For longer pulses, the Fourier prediction is
lgnored; consequently, the spin system cannot

10g; ¥
Since ¢(0) = 0, M (wre) will always flip around the z’-axis.
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sides, a rectangular pulse of the above form will excite nuclear spins resonating
over a frequency range |w — wy¢| < 2m /7. Therefore, a short rectangular pulse
of 7, = 1 us will excite nuclei resonating over a frequency bandwidth of 10% kHz
centered around the excitation frequency w¢. These short rectangular pulses (ap-
proximating a 4-function) are called hard or nonselective pulses, since they are
designed to excite “everything” in the spin system. On the other hand, a rectan-
gular RF pulse of 7, = 10 ms will produce excitation over a narrow frequency
bandwidth of 100 Hz. Such long pulses are called selective pulses because they
selectively excite nuclei resonating in the selected frequency range. In practice,
based on the asymptotic property of the Fourier transform, better frequency selec-
tivity can be achieved by utilizing smoother pulses, such as the Gaussian or sinc
pulses, rather than the rectangular pulse. For this reason, long selective pulses are
often called soft pulses. The design of an RF pulse with good frequency selectiv-
ity is an important subject of MRI and is still an active area of research. We will
return to this topic when we discuss the signal localization in Chapter 5.

3.3 Free Precession and Relaxation

After a magnetized spin system has been perturbed from its thermal equilibrium
state by an RF pulse, it will, according to the laws of thermodynamics, return
to this state, provided the external force is removed and sufficient time is given.
This process is characterized by a precession of M about the By field, called free
precession; a recovery of the longitudinal magnetization M, called longitudinal
relaxation; and the destruction of the transverse magnetization M, called trans-
verse relaxation. Both relaxation processes are often ascribed to the existence of
time-dependent microscopic magnetic fields that surround a nucleus as a result
of the random thermal motions present in an object. But the exact mechanisms
by which these relaxation events occur for an arbitrary spin system are far too di-
verse and complex to be properly covered here. The interested reader is referred
to the text by Abragam [1]. In this section, we give only a phenomenological
description of the relaxation process using the Bloch equation. The effect of spin
relaxations on image appearance (contrast) is dependent on the excitation scheme
used for data acquisition, an important topic to be discussed in Chapter 7.
Phenomenologically, the transverse and longitudinal relaxations are described

by a first-order process. Specifically, in the Larmor-rotating frame, we have

szr _ _Mz' - Mg

dt Ty
3.121
sz,y, _ _M=Iyl ( )
a = 0

These equations are directly derived from the rotating frame Bloch equation in
Eq. (3.75) in which the first term drops out because Beg = (Bp — wo/v)k’ = 0.
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Solving Eq. (3.121), we obtain the following time evolution for the transverse and
longitudinal magnetization components:

My (t) = Moy (04 )e™ /T2 3.122

Mzt(t) . Mf (1 = e-t/T1) + Mz,(0+)e—t/T| 3. )
where M, (04) and M., (0,) are the magnetizations on the transverse plane
and along the z-axis immediately after an RF pulse, and MY is, as before, the
longitudinal magnetization at thermal equilibrium.

An important point about this phenomenological description is that both the
decay of the transverse magnetization and the recovery of the longitudinal mag-
netization after an RF perturbation follow an exponential function. This expo-
nential description, especially for the transverse relaxation, applies only to spin
systems with weak spin-spin interactions, as is the case with spins residing in
liquid state molecules. For solids and macromolecules, the mechanisms for trans-
verse relaxation are more complicated. For many biological applications of MRI,
however, we deal almost exclusively with “slowly” relaxing spins for which the
phenomenological description is often appropriate. . "

Another point worth noting is that Ty and T are not defined as the times
at which longitudinal and transverse relaxations are completed. To see this point
more clearly, consider the T} and T relaxations after a 90° pulse, which produces
M1y (04) = M2 and M,/(04) = 0. By some simple arithmetic, we can easily
verify, based on Eq. (3.122), that

M, (Ty) ~ 63%MP°
{ (1) R3RM, (3.123)

Moy (Ta) = 37%Miry (04)

Therefore, M, will regain 63% of its thermal equilibrium value after a time in-
terval Ty, but M.+ will lose 63% of its initial value after a time interval Ty, as
illustrated in Fig. 3.12. The values of T} and T3 depend on the tissue composi-
tion, structure, and surroundings. For a given spin system, T3 is always longer
than T5. As an example, T} is about 300 to 2000 ms, and T is about 30 to 150 ms
in biological tissues. s

The combined effect of free precession and relaxation can be seen by putting
the magnetization vector back to the laboratory frame. Specifically, applying the
transformation rule in Eq. (3.64) to Eq. (3.122), we obtain

Mgy (t) = Myy(04)e t/T2g™iwat (3.124a)
M,(@t) = MP (1~ e-*/“) + M, (0, )e~t/T: (3.124b)

where ]
My (04) = Mary (04 )e~ 07> (3.125)
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pM,,0=M, @2

37%M,,(0)

(a)

M,(0)

(®)

Figure 3.12 Relaxation curves.

is the “initial” transverse magnetization observed in tht(:i 1Sbgratory framli :):: ;:Z
i i is included because we
:onal detection system. The time delay term is in .
:ilric 1o zero at the end of the pulse (£ = Tp) 1O describe tl}e re]axaufm .effectfs.h y
Equation (3.124) gives an “exact” phenomenologxcal description 0 o0
wransverse and longitudinal magnetization evolves after an Rﬁ p;ll;e ast ot;ym;rg; -
i it i . (3.124a) that in the labora
ses. Specifically, it is clear from Eq. ( | r '
ﬁrl:sevolutigz of the transverse magnetization is chargctsnzcd by an cx;;o}rllenfu:é
decay e~*/T2 and a precession about the By field e‘""f’ : T?n: 1&1..'lgth 0 } e ron
precession period is dependent on the T2 value. For biological gssges.l zd :s‘ng
illi i bles detection of MR signals dur
the order of tens of milliseconds, which enables detec s
i i i i ile M spirals back to the z-axis,
this period. It is also worth noting that whi A . .
magﬁitude is not preserved because of the relaxation pr_ocesses, as ;ll.ustratc(ii 0:;1
Fig. 3.13. This behavior is different from that of M dunflg thehexc:tahon period,
when M spirals down from the z-axis with a fixed magnitude.

11 Relaxation is normally ignored during the excitation period for most RF pulses.
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Py

X

Figure 3.13 The trajectory of the tip of M during the relax-
ation period as observed in the laboratory frame.

3.4 Signal Detection

We kriow from the foregoing discussion that by placing an object in an exter-
nal magnetic field B, and stimulating it with another alternating or oscillating
magnetic field B, (t), we can induce a macroscopic magnetism in the form of a
rotating magnetization in the object. This is the so-called NMR phenomenon.
The next question is how to detect this magnetism, or more specifically, how to
convert this rotating magnetization to electrical signals. We address this question
in this section. We begin with a brief review of the basic physical principles of
signal detection and then describe the concept of signal demodulation and quadra-
ture detection. Emphasis is placed on deriving mathematical expressions of the

activated signal in terms of various variables characterizing the spin system and
the excitation conditions.

3.4.1 Basic Detection Principles

MR signal detection is based on the well-known Faraday law of electromagnetic
induction and the principle of reciprocity. The Faraday law of induction states
that time-varying magnetic flux through a conducting loop (a receiver coil) will
induce in the coil an electromagnetic force (or voltage) that is equal to the rate at
which the magnetic flux through the coil is changing. There are many daily-life
examples of this law in action. That the power generators convert mechanical
rotation of a permanent magnet into household electricity is one such example.
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In MRI, the bulk magnetization is precessing at a radio freque_ncy anq any
conducting loop resonating at the frequency_ can be used asa receiver c:mlc.l fIn
fact, in many circumstances, the same RF conl' used ff)r.exc:tauor} is also useh ;lar
detection. The detection sensitivity of a receiver coil is q’etenn}ncd thrn:)ug the
principle of reciprocity [13). Specifically, assume that B_, (r) is lh:c la oratory[
frame magnetic field at location r produced by a hypothenf:al unit dlrect.cur'rcn
flowing in the coil. Then, the magnetic flux through the coil by M (7, t) is given

by ) )
B(t) = f B.(r) - M(r, t)dr (3.126)
object

Then, according to the Faraday law of induction, the voltage V(t) induced in the

coil is

_oe) _ 8
ot ot

f B.(r) - M(r,t)dr (3.127)
object

The voltage V(t) induced in the receiver coil.is often regarded as the raw NMR
signal. Therefore, Eq. (3.127) is the most basic formula of_ MR signal de_.tecu?n.
which embodies the Faraday law of induction and the pfmcnple of rlccnproc;ty.
From this formula we can quantitatively determine how various faF:tors inan NMR
experiment affect the received MR signal. In the ensuing section, we use this
formula to derive some commonly used signal expressions.

3.4.2 Signal Expressions

The term signal can mean various things in MRL It rcfers. sometimes to tht_a trans-
verse magnetization, sometimes to the induced voltage.s1gnal, and sometimes to
the induced voltage after some processing. This section shows what form the
signal takes at different stages of the signal detection module.

Let us begin by rewriting Eq. (3.127) in scalar form as

0

s [Br «(T)Mz(r,t) + Br.y(T)My (T? t)
ot object '

V()=
+ B, (r)M(r, t)|dr (3.128)
where the following vector decomposition is assumed:

B, = Bryi+ Byyj + Br 2k (3.129)

Since M,(r,t) is a slowly varying function compared to the fljee preccs§ion- of
the M, and M, components, the last term in Eq. (3.128) can be ignored, yielding

M, (r,t)
V(t) = —/ [B,,,(r)%ggr’—t)- + B,'y(r)—yé(g—] dr  (3.130)
object
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Equation (3.130) indicates that the induced voltage is a function of only M. and

M,. This is why it is normally known that MR signals are dependent on the
transverse magnetization.

To develop this expression further, we rewrite B, ; and B, , as
{ B;z = |Bray(r)| cos ¢.(r)
Bry = |Brzy(r)|sin ¢, ()
where ¢.(r) is the reception phase angle. If the reception field at location r points
along the z-axis, then ¢,.(r) = 0. On the other hand, if the field points along the
y-axis, ¢,.(r) = w /2. For other cases, ¢, () takes a value between 0 and 2.

To evaluate the time derivative of M and M,, as required by Eq. (3.130), we
invoke the free precession equation, Eq. (3.124), from which we can obtain

My(r,t) = |Mgy(r,0)|e”t/Ts(r) cos[—w(r)t + ¢e(r)]  (3.132a)

(3.131)

My(r,t) = [Mzy(r,0)|e"T2 " sin[—w(r)t + ¢o(r)]  (3.132b)
where ¢, () is the initial phase shift introduced by RF excitation. Similarly
to ¢.(r), ¢.(r) takes a value between 0 and 27 depending on the direction
of M,,(r,0). Specifically, g.(r) = 0 if M_y(r,0) lies along the z-axis, or
be(r) = m/2if M,y (r,0) lies along the y-axis.

From Eq. (3.132), one immediately obtains

PELY ) My, O™/ sin{ ()t + ()]
‘T_;G"J'lmy(r, 0)]e™/T2") cos[~w(r)t + ge(r)]
(3.133a)
%@ = —w(r)| May(r, 0)|e™*/) cos[~w(r)t + ¢o(7)]
|

el r,0)|e~t/T2(") gin[—w(r 7
Ty Mo 0) [~w(r)t + ge(r)]

(3.133b)

For most applications, free precession is at a much faster rate than relaxation,
namely,

w(r) > 1/T(r) G:134)
Hence, the second terms in the equations above can be ignored, yielding
OM(r, ¢ = i
a(tr—) = w(r)| My (r, 0)|e™"/ T sin[—w(r)t + e (r)]
(3.135a)
—aM‘é(:’ D )My (r,0) T cosf—a(r)t + ()]

(3.135b)
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Substituting Eqgs. (3.131) and (3.135) into Eq. (3.130) with some simplifica-
tions, we obtain

V) =—- '[Ohjectw(r)|B,.'zy(r)||M:y(.,.,0)13-:/'1"2(1-)
sin[—w(r)t + ge(r) — ¢, (r)]dr (3.136)

or
V(t) B »/ubject w(r)iBr’:y(r)”MW(flO)ie—t/n{r)
cos [—w('r)t + de(r) — dp(r) + g] dr (3.137)

Equation (3.136) or (3.137) is a basic signal expression that explicitly shows the
dependence of a detected voltage signal on the laboratory frame transverse mag-
netization M, (r,0), the free precession frequency w(r), and the detection sen-
sitivity of the receiver coil By zy (7).

The voltage signal V(t) is a high-frequency signal because the transverse
magnetization vector precesses at the Larmor frequency, as obsexjvecf at th.: lap-
oratory frame. This can pose unnecessary problems for electronic circuitries in
later processing stages. In practice, V/(t) is moved to a low-frequency band using
what is known as the phase-sensitive detection (PSD) method, or signal demodu-
lation method. Signal demodulation consists of multiplying I-/(t) by a reference
sinusoidal signal and then low-pass-filtering it to remove the higl-'n-freq'uency com-
ponent. Referring to Fig. 3.14a and assuming that the reference signal is 2 cos wot,
we have

2V (t) coswot = 2 [Dbjm ()| By oy (1)|| May (7, 0) e/ T27)
cos [~w(r)t + 44(r) — 6. (r) + | coswotdr

= [, OBy My r O
cos [~w(r)t —wot + 4e(r) = 6 (r) + 5| dr

b [l Bray ()M, 0/

cos [—w(r)t + wot + ge(r) — 6¢(r) + g] dr
(3.138)

Removing the first component by low-pass filtering will result ir.1 a .low-
frequency signal, which is the output of the PSD system. Denoting this signal
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@ Input : @

Reference signal

PSD —-1
V(1)
(b) —_— 2coswol Mixer ——S5(1)
2sinwot

Figure 3.14 Phase-sensitive detection.

as Vjs4(t), we have

Visa(t) = f ()| Bray ()| | May (r, 0) e~/ T2()
object

cos [—w(r)t + wot + @e(7) — ¢r(r) + g—] dr (3.139)
It is often convenient to express w(r) as
w(r) = wp + Aw(r) (3.140)

where Aw(r) is the spatially dependent resonance frequency in the rotating frame.
Then, we have

Voud(®) = [ [0+ Au(r)l|Buiay () My r,O)fe™/ 57
object
™
cos [—Aw(r)t + e(r) = dr(r) + 5] dr (3.141)
In practice, Aw(r) < wo, and Eq. (3.141) can be further simplified to

Voua®) =0 [ |Buy ()| [My (r, 0}/ 50
object

cos [—Aw(r)t + @e(r) — () + g] dr (3.142)
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which is a general expression for signals from a single PSD. Since Aw(r) ig the
precession frequency in the rotating frame, Vpsa(t) is often regarde(.l as the 51gnz?.l
detected in the rotating frame. A notable drawback of this detecuc_m schcmf? is
that we cannot determine from the signal whether the isochromat is precessing
clockwise (Aw > 0) or counterclockwise (Aw < 0). To overcome this problem, a
second PSD system is used with reference signal 2 sin wot, which has a 90° phflsc
shift relative to the first. It is easy to show that the output from this detection

system is

Vialt) = wo f 1By ey ()| My (, 0) =/ T2P)

object

sin [——Aw(r)t + ge(r) — dr(r) + g] dr (3.143)

In this way, we are detecting the rotating magnetization with two “detectors,”
which are orthogonal to each other. This detection scheme, known as quadrature
detection, is commonly used in modern MRI systems. The two outputs from such
a system are often put in a complex form, as shown in Fig. 3.14b, with one output
being treated as the real part and the other as the imaginary part.

Specifically, let

S(t) = Se(t) +1iS1(t) (3.144)
with Sg(t) being the output from the first PSD given in Eq. (3.142) and Si(t)
being the output from the second PSD given in Eq. (3.143). Then,

SO =un [ Bray(ml|May(r,0)fe 184N 0c 0= dy
oviet (3.145)
Invoking the earlier-established complex notation that

fradrpa g (3146
we have

|Brzy(r)le™* ") = By (r) (3.1472)
| Mgy (r,0)|e**=(™) = Mgy (r,0) (3.147b)
where By _ is the complex conjugate of B zy,. With Eq. (3.147), Eq. (3.145) can

be written as
5(t) = woe™/? f Br 4y (1) My (7, 0)e =4 (Mt dr (3.148)

object

The scaling constant woe*™/? in Eq. (3.148) is often omitted, resulting in the fol-
lowing popular signal expression:

™Iy

S(2) = f B: ., (r)Myy(r,0)e 2« )dr (3.149)
object
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Furthermore, if the receiver coil has a homogeneous reception field over the

region of interest, as is often assumed, the signal expression in Eq. (3.149) can be
further simplified to

S(t) = f Mgy (r,0)e 8w (Ntgy (3.150)
object
Note that in the preceding derivation, it is implicitly assumed that the object

sees a static inhomogeneous magnetic field during the free precession period.
Expressing the field distribution as

B(r) = By + AB(r) (3.151)
we have
Aw(r) = vAB(r) (3.152)
and Eq. (3.150) becomes
S(t) = f My (r,0)e~ 728N gy (3.153)
object

If the inhomogeneous field is time-varying, that is, AB is a function of
both space and time, then all the foregoing signal expressions need to be mod-
ified accordingly. Specifically, denoting the inhomogeneous field component
as AB(r,t), Aw(r)t should be replaced by ,Yf[;' AB(r,7)dr. For example,
Eq. (3.148) should be rewritten as

5(t) = woe'™/? Bl (1) My (r,0)e™ o AB)dr g (3 154
WY Y

object

B Example 3.9

We calculate the signal generated by an « pulse in this example.
Assume that the object has a thermal equilibrium magnetization M?(r).
The transverse magnetization generated by the pulse is

May(r,t =04) = Mg(r) sin aet®=(7)
Substituting the result into Eq. (3.153) yields
5(t) =sina MO (r)eibe(r) g—irAB()t g
object

which is the desired expression for the signal generated by an arbitrary o
pulse in the presence of an inhomogeneous static field.

Exercises 101

Exercises

31  For the following nuclei, does their spin quantum number take an integral,
half-integral, or zero value? For each case, discuss whether the nucleus is

NMR-active.
@ H, g
(b) '0,'70
(C) l‘ZC‘ 13C

(d) 311)' 23Na

3.2 Inthe absence of an external magnetic field, a bulk object exhibits no net
nuclear magnetism because:

(a) Nuclear magnetic moments for all nuclei are zero.
(b) Nuclear magnetic moments cancel out each other.
(¢) The bulk magnetization vector is too small to be detected.

(d) All of the above.

3.3  What are the primary functions of the static magnetic field B inMR imag-
ing?

3.4  What is the Zeeman splitting phenomenon?

3.5 Why is MRI known as a low-sensitivity imaging technique?

3.6  What is the primary function of the oscillating B (t) field?

3.7  What is the resonance condition?

38  Why does a spin system often have more than one resonance frequency?
If you place a cup of water in a perfectly homogeneous magnetic field, do

you expect to detect more than one resonance frequency from the protons?
Why?

3.9  What is an isochromat?
3.10  Justify the last two equations in Eq. (3.57).

3.11 Given a fixed flip angle, the larger the M the stronger the B, needed be-
cause a stronger force is required to flip a larger M. True or false?
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312

3.13

3.14

3.15

3.16

3.17

3.18

3.19

3.20

Briefly discuss how one can selectively elicit the NMR phenomenon from
one spin system of a biological sample (such as protons) without affecting
the others (such as 31P)?

Justify that the two representations of nuclear precession in Eq. (3.25) and
Eq. (3.16) are equivalent.

Prove the following relationships for the rotation matrices Rz (), Ry (a),
and R, (a):

(@ R} (a)=
(b) R '(a)=

Rzn(—a) =
Ry(—a) =
(© R3'(a)=Ru(-a)=

R_.(a)
R_y(a)
R_.(a)
In which plane does the receiver coil pick up the activated MR signal?

Is the received signal dependent on the time evolution of the longitudinal
component after an RF pulse? Why?

Calculate and sketch B'l,,m(t) assuming that
B (t) = Bj cos(wyst + 7/4)i — B, sin(wt + 7/4)
The bulk magnetization of a proton spin system is flipped 90° by a rectan-
gular RF pulse of width 1.0 ms.
(a) What is the magnitude of the B, field required?

(b) How many precession cycles take place in the laboratory frame dur-
ing the pulse, assuming Bo= 0.5, 1.0, and 1.5 T, respectively.

Assume that 5, (t) = By coswyeti — By sinwyet] isa stationary vector in
the wy¢-rotating frame, namely, Bj ;0i(t) = Byi’. Derive an expression
for By (t) such that

(@) Birot(t) = B1J"
(0) Bisotlt) = Bii' + ByJ’

Derive the closed-form solution given in Eq. (3.82) for the Bloch equation
for on-resonance excitation with an arbitrary pulse.

Calculate and depict the bulk magnetization vector of a spin system rel-
ative to the prepulse reference frame after a 903, pulse. Assume that the

Exercises

321

322

323

3.24

3.25
326

3.27
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Larmor frequency of the spin system is 10 MHz, the pulse lasts 1.0 ms, al;d
the prepulse condition is M:(0-) = My(0-) = 0 and M,(0_) = M;.

Calculate the resulting magnetization in the laboratory frame immediately
after a 902, pulse with duration of 7 and 2, respectively.

Assume that a spin system with a single resonance component was at ther-
mal equilibrium. Calculate the transverse magnetization resulting from the
following excitation sequences:

(a) 90,903,

(b) 902, — 7 — 905,

(c) 453,905

(d) 302,(—152,)803,153,

Calculate the effects of the following excitation sequences on a spin sys-

tem with two isochromats at resonance frequencies wp and wp — dwo. It is
assumed that the spin system is at thermal equilibrium and T = %.

(a) 90%, — T — 180,

(b) 452 —7/2— 90,

Derive the closed-form solution given in Eq. (3.107) for the Bloch equation
for off-resonance excitation with a rectangular pulse.

Prove the relationships given in Eq. (3.57).
Prove the result in Eq. (3.60).

Assume that a known RF pulse B (t) = .81 cos(wot)i — Bi sin(wot)j
flips the bulk magnetization vector onto the 1/'-axis (of the rotating frame)
immediately after the pulse. Modify this B, field such that the bulk mag-
netization vector ends up in the following positions immediately after the
pulse:

(a) Lying along the —y'-axis

(b) Lying along the z'-axis

() Lying along the —z'-axis

(d) Lying along a vector 45° away from the y'-axis toward the z’ in the
transverse plane
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3.28

3.29

3.30

3.31

3.32

3.33

3.34

Specify two pulses that wi
ti\l:ly ¥ P t will convert M+, to Mg, and =M, ,, respec.

Use a vector model to schematically show the effects of a 902,, 90°

z’ -z’

90;,,_90"_9,, 1802, 1805, pulse on the bulk magnetization vector originally
pointing along the z’-axis.

The excitatioTI property of an RF pulse is derived from the inverse Fourier
ltcransgorm of its envelope function. How is it related to the forward trans-
orm?

An RF Puls:e applied along the z'-axis for 100 us flips an “on-resonance”
magnenzau{on by 90° onto the y'-axis. How much magnetization is tipped
onto the (z', y')-plane if the excitation is “off-resonance” by 10 kHz?

Describe what is meant by “hard” and “soft” pulses.

The ﬁ:cquency distribution of an RF pulse can presumably be calculated
from its F(?uncr transform. Compare the situation pertaining to Prob-
lem 3.31 with the result you expect from the Fourier transform.

A spin system has three isochromats with resonance frequencies at wq
wp + A, and wg — A, where wy =42 MHz and A = 0.25 kHz. We next as-’
sume that an RF pulse defined by B, (t) = Bf(t)e ", where the Fourier
transform of B(t) is given in the following figure, will flip the isochro-
mats by 90°, 67.5°, and 67.5°, respectively. Calculate the flip angles of all
the isochromats for the following pulses based on the Fourier theory.

(a) Bf(2t)eiwot
(b) 2B§(2t)e iwot
(€) Bf(t/2)eiwt
() FBf(t/2)e i
(e) 2Bf(2t)ei(wotA)t
() 2Bg(2t)e~tlwo-a)t
(8) 1Bi(t/2)eilwotal
(h) 1Bf(t/2)e Hwo—a)t

Exercises
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337

3.38

339

3.40
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{FB{}(f)
1

-1 kHz IkHz'

Design an RF pulse that will selectively excite a 10 kHz wide frequency
band centered at 42 MHz with 45° flip angle for a spin system of protons.

After an RF pulse, M., decays to zero and M returns to M?. During this
relaxation process, the amount of M, lost is equal to the amount of M,

that is gained. True or false?

During the excitation period, the magnitude of M (t) stays constant while
M (t) spirals down. Give an example to demonstrate that this statement is
not true during the relaxation period when M (t) spirals up.

How long does it take for the longitudinal magnetization M, of a spin
system with longitudinal relaxation time constant T, to recover 63% of its
thermal equilibrium value after (a) a 90° pulse and (b) a 75° pulse?

A spin system is excited by a 1807, — 7 — 902, sequence with 7 ~ 277.
(a) Plot the time evolution of the M, component in the T time interval.

(b) Calculate the magnitude of Mgy immediately after the 902, pulse
and plot its time evolution after this pulse.

An imaging sequence often involves a series of excitation pulses to gen-
erate signals to cover k-space. Since a 90° pulse completely rotates any
available M, component onto the transverse plane, magnetization along
the z-axis is always zero immediately after a 90° pulse in any imaging
sequence with 90° excitation pulses. True or false?

341 Why is forced precession much slower than free precession?



Chapter 4

Signal Characteristics

The great mystery of the spin echo was what made the spins
get back in phase again? Was echo a challenge to the basic
concepls of irreversibility? Was there a Maxwell demon at
work producing the refocusing?

Charles P. Slichrer

In this chapter, we examine in detail time signals observed from a nuclear spin
system after pulse excitations. We classify these signals into three major cate-
gories: free induction decays (FID), RF echoes, and gradient echoes. For each
type of signal, we describe its excitation requirements, general characteristics,
and mathematical expression.

4.1 Basic Assumptions

Let us state some general assumptions underlying the discussion throughout this
chapter.

First, we assume that an RF pulse is applied instantaneously so that the pulse
interval is treated as zero. If precise timing of the occurrence of a signal is desired,
finite pulse intervals need to be properly accounted for, but this is rarely the case
In practice.

Second, we ignore any imperfections in excitation and reception so that any
phase shift due to off-resonance effects and nonuniform B, weighting on the re-
ceived signal are omitted. Under this assumption, we can use the simplified signal
expression in Eq. (3.150). Furthermore, for notational convenience, we will re-
Place Aw by w so that w now represents the precessional frequency in the rotating

107
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frame. Consequently, Eq. (3.150) can be written as
SW)= [ Muyfr,0, )Tty @)
object

Third, for a heterogeneous spin system, we introduce a spin spectral density
function p(w) to characterize its frequency distribution. Specifically, let dM (w)
be the isochromatic bulk magnetization.! Then,

dM(w) = p(w)dw (4.2)
and .
M= f o 4.3)
Having p(w), Eq. (4.1) can be rewritten as
S(t) = / plw)e t/T2(w)g=iuwt g, (4.4)
-0

Note that p(w) is not identical to the frequency spectrum of S (t). For distinction,
we use j(w) to represent the frequency spectrum of a time signal. By definition,

S(t) = % [ Bw)e— it _—

Therefore, p(w) = 27 3(w) only when T} relaxation is omitted.
In practice, p(w) can take various forms, depending on M, (r) and B (r). We
describe two of them for later use. First, for a spin system with N isochromats at

frequency wn, the spectral density function consists of N delta functions located
at wy,. More specifically,

N
plw) = Z Mfmd(w — wy) (4.6)
n=1

where M| S,,, is the thermal equilibrium value for the bulk magnetization of res-
onance frequency w,. Second, when a sample is placed in a special inhomoge-
neous magnetic field with a Lorentzian distribution, the resulting spectral density
function takes the following form:

(vABp)?
(YABp)? + (w — wp)?

plw) = MB @7

! For notational convenience, we simply use M (w), My (w), and M (w) to denote isochromatic
magnetization components.

109

@ Example 4.1 - ' .
Determine p(w) for a simple case, in which a sample with spin concengtratlon
¢(z) = poll(z) is placed in an inhomogeneous field B(m)-= By + 2. t

We first calculate the time signal after a 90° oulse. Pick an isochroma
at an arbitrary location z. Its resonance frequency is

w(z) = v(Bo + z?)

and its magnetization is
M? = c(z)dz

The infinitesimal signal generated by this isochromat after a 90° pulse is

dS(t) = c(z)dze~/T2e ™" = c(z)e~tTee~ 1Bt gy (4.8)

The full-fledged time signal from the entire sample is

o 1/2 i 5
S(t) = f ds(t) = / / poe~ T~ Bota )t gy (4.9)
—o0 —-1/2

By variable substitution, Eq. (4.9) can be rewritten as

wo+v/4
Po
st = [

wo—y/a 24/|w —wol/v

Therefore, the spin spectral density function is

) = { 2/ Jo—wol/7
0

et/ e™ ! du (4.10)

— 4
|w — wo| </ @11

otherwise

4.2 Free Induction Decays

Free induction decays (FID) arise from the actlion otj a single pulse on afnuclear
spin system. “Free” refers to the fact that the signal is geneioted b)'r thf_ rzo pre
cession of the bulk magnetization vector about the By field; 1nduct1on in 1cgtes.
that the signal was produced based on Faraday’s lalw ot_‘ electromagnetlc mdulonc:ln,
and “decay” reflects the characteristic decrease w1'th time of the signal amplitude.
FID signals are the most basic form of transmo[ signals from a spin S);s;r};
after a pulse excitation. They are also the mother.mgnal for other{ forms o >
signals described later in this chapter. Mathematically, an FID signal resulting
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from an « pulse takes the following form:

oo
S(£) = sina[ p(w)e T2We—iwtgy,  t>0 (4.12)
—0Q
Clearly, the spectral density function p(w) determines the characteristics of
an FID signal. For example, the FID signal of a spin system with a single spectral
component resonating at frequency wg can be expressed as

S(t) = M2sinae~t/T2e 0t > (4.13)

Two basic parameters of an FID signal are its amplitude and decay rate.
Regardless of the spectral distribution of a spin system, the FID signal reaches its
maximum amplitude at ¢ = 0, whose value is given by

Af = sina f p(w)dw = M?sin (4.14)
—_—C0

Hence, the maximum amplitude of an FID signal depends on both the flip angle

and the thermal equilibrium value of the bulk magnetization.

The decay rate of an FID signal is strongly tied to the underlying spectral
distribution. In the case of a single spectral component, the FID signal bears a
characteristic T decay, as indicated in Eq. (4.13). This situation occurs when both
the sample and the magnetic field to which the sample is exposed are perfectly
homogeneous. When the magnetic field is inhomogeneous, the FID signal decays
at a much faster rate. To illustrate this point, consider two proton isochromats,
one at 1 T and the other at 1.01 T. Their precessional frequencies will be 42
and 42.42 MHz, respectively. Then, in 1 us, isochromat 1 will have made 42
turns while isochromat 2 will have made 42.42 turns. In this short time span,
the first isochromat will be almost a half (0.42) turn behind the second, or nearly
180° out of phase. If we look at a large number of isochromats, a random phase
relationship will be established in this process. As a consequence, their magnetic
moments will cancel each other, leading to a loss of the bulk magnetization or a
decay in the detected signal.

To characterize the signal decay in the presence of field inhomogeneity, a
new time constant T3 is frequently used. More specifically, if the field inhomo-
geneity lends itself to a Lorentzian distribution, as described by Eq. (4.7), the FID
signal becomes

(vABo)?

— o o 0
Sy S‘I‘“f_m M B 1 (w =)

ABp? .
Zaran MO ('7 0 —iwt g, —t/Ty —iwgt
Slna]im [ z—_('YABD)z-i-w.H?e e €

e—t/Tge—iutdw

= 7 M2yA By sin ag~ 78 Bot gt/ T2 g—iwot

= 7MPyABy sin ot/ T3 g ~iwot t>0 (4.15)
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where 1 1
T3 T
Although Eq. (4.16) is widely used in the MR literature, it is valid only restric-
tively for Lorentzian spectral density functions. .For oth_er types of spectral deln—
sity function, the envelope function of an FID sngpal \.wll not be an exponential
function, and T3 should be interpreted as the effective time constant of an approx-
imating exponential. To illustrate the effect of different spcctr?l dlistnbuuons on
the characteristics of an FID signal, some examples are shown in Fig. 4.1.
To summarize, an FID signal is the transient response of a spin system after
a pulse excitation. The magnitude of the signal is dcpender.lt on a number of pa-
rameters, in particular, the flip angle, the total number of spmrf in the §ample, and
the magnetic field strength. How long an FID signal persists in practice dependf.
mainly on the degree of field inhomogeneity, which is characterized by the T3

decay.

+vABp (4.16)

) ﬂ!\ atpa A A o AAAAA A

UU vV \JVUUUV A

© Mﬂﬂﬂ!\nﬁ; .
i ,

Figure 4.1 Simulated FID signals from a spin system with (a) one isochromat,
(b) three isochromats, and (c) a continuum of isochromats. Note that the decaying
pattern of the signals changes for different spectral distributions.
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B Example 4.2

In this example, we take a close look at the frequency spectrum of an FID
signal. First, consider the case of a single spectral component. According to
Eq. (4.13), the FID signal can be written as

S(t) = de~t/Tagmiwnt 3>

where A is a scaling constant. Its frequency spectrum is given by

o0
plw) = F{S(t)} = / Ae—H/Ts gt it g
0
AT, . AT (w + wo)

= 1+ T2 (w + wp)? 11+T22(w+wo)2

The real and imaginary parts of j(w) are called absorption-mode and
dispersion-mode components, respectively. Several notable features of j(w)
are summarized as follows:

(a) The absorption-mode spectrum given by (2) ()

AT
1+ T3 (w +wp)?

Figure 4.2 (a) FID signal of a single spectral component, (b)
absorption-mode spectrum, and (c) dispersion-mode spectrum .

R{p(w)} = (A.17)

has a Lorentzian line shape, as shown in Fig. 4.2.

(b) The full width at half-maximum (FWHM), also called the line width, of
the absorption-mode spectrum is 1/(xT5).

(c) The magnitude spectrum given by
ATy

|p(w)| = TI o0

has a non-Lorentzian line shape.

(4.18)

(d) The line width of the magnitude spectrum is v/3/(7T%). In other words,
the magnitude spectrum is a factor of v/3 broader than the absorption-
mode counterpart.

For FID signals with more than one spectral component, the absorption- i

1

i mode spectrum is a summation of Lorentzian lines whose locations and line - .
4 widths are directly related to the isochromat resonance frequencies and re- Figure4.3 Simulated **P absorption-mode spectrum.
;j laxation times, respectively. An example of such a spectrum is shown in
bl
v

Fig. 4.3.

L _ .
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4.3 RF Echoes

In this section, we discuss another form of MR signal, known as echo. A fea-
ture distinguishing an echo signal from an FID signal is the “two-sidedness™ of
an echo signal, one side of which is from the refocusing phase of a transverse
magnetization and the other side from the dephasing period. Such a two-sided
signal is essential for symmetric coverage of k-space, as will become evident in
Chapter 5.

An echo signal can be generated either by multiple RF pulses or by magnetic
field gradient reversal. Signals of the former type are called RF echoes and the
latter gradient echoes. RF echoes were discovered by Erwin L. Hahn in 1950,
Since then, the concept of realigning incoherent magnetization vectors by refo-
cusing RF pulses has been widely used in various types of NMR experiments.
This section is devoted to a description of RF echoes. However, echo phenomena
in multiple pulse excitations are extremely rich—as a popular saying goes, it is
easier to generate an echo than to ignore it in multiple-pulse MR experiments. The
ensuing discussion focuses on echoes from multiple RF pulses. Gradient echoes
are discussed in Section 4.4.

4.3.1 Two-Pulse Echo

To generate an RF echo, at least two pulses are necessary. We begin with a simple
two-pulse excitation scheme consisting of a 90° pulse followed by a time delay T
and then a 180° pulse. This excitation scheme is denoted as

7 ~7=~480° (4.19)

The echo signal thus generated is called a spin echo (SE).

To see intuitively how a spin echo is formed, we follow the action of the
applied pulses and the evolution of the transverse magnetization. For simplic-
ity, we assume that the 90° pulse is applied along the z'-axis and the 180° is
applied along the y'-axis, and further that the sample has two isochromats with
precessional frequencies wy (slow) and wy (fast) in the rotating frame. Under the
condition of negligible off-resonance effects, the 902, pulse rotates both magne-
tization vectors onto the y’-axis, as shown in Fig. 4.4a. After the pulse, these
vectors precess about the z-axis. Since one is precessing relatively faster than the
other, they progressively lose phase coherence as the free precession continues.
After a time interval 7, the two vectors fan out in the transverse plane by a phase
angle (wy — w,)7, as shown in Fig. 4.4b. At this point, the 1805, pulse flips the
two vectors over to the other side of the transverse plane, as shown in Fig. 4.4c.
As a consequence, the faster vector is now lagging behind the slower by the same
phase angle with which it was leading prior to the 180y, pulse. Since both vectors
will continue to precess clockwise at angular frequencies wy and w; (assuming
that the magnetic field inhomogeneity is time-invariant), the faster isochromat

1= 2t
mats in a spin-echo

Figure 4.4 Vector diagram illustrating the refocusing of isochro

experiment.

i e
will “catch” the slower after a time interval 7, thus rc.t?reau:g a phase coherenc
between the two vectors at time t = 27, as shown in Fig. 4.4d. NP

Although Fig. 4.4 shows the rephasing process of only two isoC ‘ 0% -
analysis can be extended to an arbitrary number of them. In fact, Eec:l::in e
i r'ence of a large number of isochromats in a real sar-nple, a total dep gwrsc
:::l occurs by the time the 1805, pulse is applied. Thls.mcans_l.hal the ;r:xt:\: s
mag:;etizarion Mgy completely vanishes and the FID signal c;llxsappi?;l - Va‘ue.
* the ma
After the 1803, pulse, My grows gradually and reaches

tt = 27, as shown in Fig. 4.5. If we ignore the T3 relaxation, the mechanism
a = s .

i ing the
responsible for the loss of the phase coherence among the isochromats during

free precession period before the 1803, is the same as that responsiblefforc tt:\;nrz-f
cove?y of the phase coherence after the pulse. Therefore, My as a Tun
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time possesses the following property:
[ Moy (7 —2)| = | My (7 + t)| 0<t<r (4.20)

which implies that | M., (t)| has a mirror symmetry about the time point ¢ = r.
With the transverse magnetization My being completely destroyed by dephas-
ing at ¢ = 7, the rebirth of My (t) fort > T isa consequence of the refocusing
power of the 180°. For this reason, My, (t) for t > 7 is frequently referred to
as the recalled (rephased) transverse magnetization, of which the rephasing part
(r <t < 27) is responsible for one side of the echo signal and the subsequent
dephasing part (¢ > 27) is responsible for the other side.

180°

Signal i

Figure 4.5 Formation of a spin echo signal by a 90° — 7 — 180° pulse
sequence. The application of a 90° pulse produces the FID, which
quickly disappears as the spins dephase. The application of a 180°

pulse at a time 7 after the 90° pulse produces an echo at a time 27
after the 90° pulse.

We next derive the echo signal in a more rigorous fashion. For generality,
we consider the following two-pulse sequence:

i (4.21)

To simplify the discussion, we assume that both pulses are applied along the y/-
axis. For pulses applied in different directions, the derivation needs to be modified
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is i forms are used in the follow-
i . This is left for the reader. Two trans : _
accord::fgs First, the effect of an a-pulse is calculated using the following
ing an " d
ansform: ’ -
tr ﬁz, ‘_’1‘) M, cos aM ’ _—
f y
Mz: Mg sina+ M, coso
Second, the effect of a 7 delay is described by
s —7/T2
’ (M coswt + My sinwr)e
%za [ (—]\;,- sinwt + My coswr)e” /T2 (4.23)
My: M1 - e~ /Ty + M,e~™/T

i i in the rotating frame. .
w is the precessional frequency 1 fram _
Whlarf:‘c:msidc-:r :‘n arbitrary isochromat of frequency w initially at the thermal equi

jibrium state. We have after the a; pulse
Mgi(w,04) = —M2(w) sina,
My (w, 04)=0
My (w,04) = M2(w) cosay

After the T delay, the magnetization components take the following set of values:

My (w,7) = —M2(w)sinay coswre™ /T2 (4.24a)
My(w,7) = MZ(w)sinay sin wre™ /T (4.24b)
—7/T)
M, (w,7) = MJ(w)(1 —e /M) 4+ M2 (w)cos e /T
z H)
= M%(w)[1 - (1 —cos ay)e” /M) (4.24¢)

'
The a has no effect on the y'-component but transforms the z'- and z’-components
to the following set of values:

—/T.
My (w,74) = —Mj(w)sina; cosag coswre /T

~MO(w)[1 — (1 - cosa)e” /] sinaz (4.25a)

My (w,m4) = MJ(w)[1— (1 —cos ay)e” /T cos az
—M?(w) sin @; sin arp cos wre” /T2 (4.25b)

The z'-component in Eq. (4.25a) can be rewritten as

2 —71/T2

: ag
Mg (w,74) = — M2 (w)sina, cos - coswre

a2 —1/T2
d i in? —= coswre
+ M, (w) sin a; sin 5 ¢

— M%(w)[1 - (1 —cos ay)e” /M sinay (4.26)
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Similarly, the y'-component in Eq. (4.24b) can be rewritten as
My (w,7q) = M2(w) sin o cos? % sinwre™™/T2
+ M?(w) sin a; sin? % sinwre™ /T2

Consequently, the transverse magnetization immediatel
can be written as

i .2 2 az -
Moy (w, ) = MY(w)sina, (sm2 L cos? 7&“‘”) e~ T/T

- M2(w)[1 - (1 - cos a1)e” /T sinay (4.28)

Free precession of this vector about the z'-axis after the pulse is described by
Mxly‘ (wl t) = M:r’y' (UJ, T+)E_(:_T)/Tze—"“’(t_"')
oy " _
= Mf(w) sin ay (— cos? '—2-33““" -+ sin? %?.e'wf) e—t/Tze—zw(:—r)

- M2(w)[1 - (1 = cos a1)e” ™M sin ape~ (4T T2 g—iw(t~1)
= M?(w) sin o, sin® %e"/Tze““‘(‘_zfl
— M2 (w) sin oy cos? 2236“”"28"'“"

= M2(w)[1 - (1 - cos a1)e” ™M1 sin @pe (t=7)/Ts g=iw(t-7) (4.29)

for t > 7. For an ensemble of a large number of isochromats, the second and
third terms in Eq. (4.29) represent a purely dephasing component because the
phase angle among the isochromats becomes larger as time progresses. These
two components contribute to the FID signal formed from the second pulse. On
the contrary, spins in the first term are rephasing gradually and achieve complete

phase coherence at t = 2r. Therefore, this component will produce an echo
signal, which can be expressed as

o0
5(t) = sin a; sin? % f p(w)e™tT2(w) g=iw(t-Te) g, (4.30)

for |t — Ti| < Tucq/2, where

Te=2r: echo time
Tacy : data acquisition interval

It is clear from Eq. (4.30) that the echo peaks at ¢ = T, and its value is given by

o0
Ag = sin a; sin® _C;_zf plw)eTe/Tzlw) g, (4.31)
—c0
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(4.27)

y after the second pulse
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Jgnoring the frequency dependence of T3, we get

az _
Ag = M°sin a, sin® ?ze Te/Ts (4.32)

hich explicitly shows the T,-weighting on the echo aamphtude.—Cllgzrol.y,Tﬁii
¥ i} imum value M%~Te/T2 when ¢y = 90° and a2 = b
re.achB.S o max; rzror of e~ Te/ T smaller than the maximum valge of the initia
e 'Sll]'l :a]aloss occurs because the loss of phase coherence in the magne;:c
fnlfﬁ:nht;sr:sgulting from random field fluctuations cannot be recovered by a refo-

cusinlgnltfﬂiz]'-::; an echo signal is formed as a result of the refocusing of a large

i W
ber of dephased isochromats; it peaks when t}}c 1soc_:hromats Teafch 2;23 Y
- herence. Typically, an echo signal is a two-sided signal consisting nda
Eha_sc czd“ FIDs. Although each side of an echo carries a T;-dcf:ay. the amp 1h[ed
rfmr;r:irn echo is T,-weighted. This feature is useful for generating a To-weig
ofa .
image contrast, as discussed in Chapter 7.

B Example 4.3 . |
We calculate the echo signal from the following sequences:

(a) 90!‘:r -7 — 90;,

(b) 90;; v = 180::

(¢) 903, —7 — 180 .

For the first and second sequences, we can obtain the echo signal ex-

pression from Eq. (4.30) by simply setting ; and a; to the given values.
Specifically, in the first case, a1 = a2 = 90°, and therefore

1 ™ —t/T —iw(t—Tg) 4.33)
Sit)=3 f_w plw)e™ T e dw :

In the second case, setting a; = 90° and ap = 180° gives

8a(t) = [ - plw)e /T2 e=(t=Tel gy (4.34)
2 —00
Equations (4.33) and (4.34) indicate that the echlo signalstge:\c';z;::da l-bn;,r
| identi he scaling constant. -
a) and (b) are identical apart from t :
m::l?:; .é’l)(t) is reduced by half compared to S2(t) because the refocusing
90° pulse only partially rephased the spins.



120 Chapter4  Signal Characteristicg

The echo signal generated by the third sequence is different from S, ()
b?calfse the magnetization is refocused along the positive direction of the
Y -axis, as shown in Fig, 4.4. Noting that S,(¢) represents an echo signal
formed along the positive direction of the z'-direction, we can obtain the
echo expression of the third sequence by phase-shifting Sy (t) by %- That is,

oo
S3(t) =i f pw)e™t/Ta(w)g=iw(t-Te) g , (4.35)

4.3.2 Three-Pulse Echoes
In this section we analyze echoes from a three-pulse sequence denoted as

Q1 —T1— a3 —T; — a3 (4.36)
In gencfal, up t'o five echoes can be generated by a three-pulse sequence: three
conventional spin echoes (SE), one secondary spin echo, and one stimulated echo

(STE), as shown in Fig. 4.6.

) a, a5

|

Figure 4.6 A train of three RF pulses generates three primary spin
echoes, one secondary spin echo, and one stimulated echo.

The three conventional SEs are

. produced by each possible pair of RF .
Specifically, the FID generated by th : ihes i

e first pulse is refocused by the second pulse
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to produce the first SE at ¢ = 27, and by the third pulse to produce the third SE
att = 2(m1 + 72), while the FID generated by the second pulse is refocused by
the third pulse to produce the second SE att = 7 + 275. Simply put, SE; results
from the action of pulses c; and ay, SE; from the action of pulses a; and a3, and
SEs from the action of pulses a; and as. Under the assumption that 7 > 273,
SE, takes place between the second and the third pulses, and it is “mirrored” by
the third pulse to yield a secondary echo signal at ¢ = 273 (or 7, — 7y after the
third pulse). The echo that arises from the combined effect of all three pulses is
called a stimulated echo.

To clearly understand the occurrence of the stimulated echo, let us temporar-
ily set a; = ap = az = 90°. After the first pulse, the equilibrium magnetization
M? is flipped entirely onto the transverse plane. If 7y is on the order of T3 or
less, we will have appreciable transverse magnetization at the time ;. Conse-
quently, the second 90° pulse, in addition to inducing the first SE, will produce
a longitudinal magnetization. For the duration of 7, after the second pulse, this
magnetization is “stored” along the 2’-axis while it is going through the longitu-
dinal relaxation process. The third 90° pulse, which comes at the end of the 7
interval, simply rotates this stored longitudinal magnetization back to the trans-
verse plane. Since the intrinsic properties of the isochromats have not been altered
by the magnetization gymnastics, they will precess at the same speed and direc-
tion following the third pulse as they did prior to the second pulse. In addition,
this magnetization was influenced by the inhomogeneous field only during the 7
interval. Therefore, the constructive interference among these isochromat vectors
will reach the maximum at ¢ = 7; after the third pulse, and thus the stimulated
echo is formed.

Next, we analytically derive the five echoes from the generic three-pulse
sequence in Eq. (4.36). For simplicity, we again assume that all the pulses are
applied along the y'-axis. Making use of the results of a two-pulse sequence
obtained in Section 4.3.1, particularly in Egs. (4.29) and (4.25a), we have after
the ap-pulse

M::"y' (w, tJ = M:'y' (wl Tl+)e_iwu_ﬁ)
= M?(w)sinx (_COSZ 28—ty | gind 9‘23811.,*.) gt g -t~
—M2(w)[1 - (1 - cosay)e™™/T | sin age™ =)/ T2 gmiwlt=m)
= M%(w) sin a; sin® %e“/T’e_i”('_zr‘)

. Q2 __4/T, i
~M?(w) sin a; cos® 5t t/T2 g =it

~M2(w)[1 - (1 — cosay)e™™/T1] sin age ™t~ T1)/T2g=iw(t=T1) (4 374)
M (w,t)
= M2(w)[1 - (1 - cosaz)e™*~™)/Tt _ (1 - cosa;) cos aze™t/T]
—M?(w) sin o sin ap coswry e~/ T2 g (t=m1)/Th (4.37b)
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for ¢ > 7;. As discussed in Section 4.3.1, the first term in Eq. (4.37a) produces
the first echo of the sequence. Based on Eq. (4.37), we have at the end of the 7,

delay
Mz (w, 71 + 72)

< Q2 -
= —M?(w) sin a; cos® 5 COSWTL CoSWTe (r1+72)/T2

2 &2
+ M?(w) sin o sin® - CoswT CoswTze —(T1+72)/T;
= Mf

w)[1 = (1 = cos a; )e~ /M| sin oy cos wrpe =2/ T2

(w)
(w)

+ M?2(w) sina; cos % sinwr sin wrge (1 +72)/T2
( ) —(T1+72)/T2

g2 02
+ M?(w)sin o sin® sinwm sinwme

2

; a
= —M?(w) sin o cos ?2 cosw(my + 7p)e” (Mt72)/T2

; .2 02 -
+ MP(w) sin ay sin? - cos w(ry — 1y )e(mtm2)/T2

== M:? (W)Il = (1 — COs CEI)E_TI/TI] sin (¥g COS sze—TZ/Tz

My (w, T + 72)

= M?(w) sin o; cos?

Qg . -
~ Coswr sinwmse (r+72)/ T2
. .2 02 . -
— M?(w) sin o sin? 5 €0S wTy 5in wrpe (M +72)/ T2
+ M2(w)[1 = (1 — cos a1 )e "™/ T1] sin ap sin wrye ™™/ T2

+ MB(W) sin @y cos® C;—z sin wry cos UJTze_(Tl +72) /T2
+ MP(w) sin @, sin® % sinwr coswre ™ (M+72)/T2
= M?%(w) sin a; cos? % sinw(m + 7)e (2N T2
— M?(w) sin o sin® % sinw(ry — 1 )e" (Mt T
+ M2(w)[1 — (1 - cosay )e™™/T1| sin oy sinwrpe” /T2
and

M (w, 71+ 72)

(4.38)

(4.39)

= M2(w)[1 — (1 - cosaz)e™™/Tt — (1 — cosay) cos age™ (M +72)/Th)

~ M2(w) sin a; sin arg cos wr e~/ T2~ 72/Th

(4.40)

The a3 pulse has no effect on the y’-component, and the resulting 2'- and 2’

components are as follows:
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+ M?(w) sin e sin
— M%(w)[1 - (1 —cos ay)e” /7] sin arp cos a3 cos wrae
- M%w)[1 - (1 - cosaz)e /T

+ M?(w) sin o sin o sin oz cos wTie

— M2 (w)siney cos? = ? cos®

M [w, (11 + 72) 4]
o
= —M?(w) sin a; cos® —;— cos az cosw(m + T)e

=(m1+72)/T2

2 ~(Ti+72)/T2

o
?2 cos a3 cosw(m — T1)e

—12/T2

— (1 - cosay)cos age"(“‘”ﬂ/T‘] sin a3
~71/T2g=Ta/ Ty (4.41)

M [w, (1 + 72)+]
= M2(w)[1 — (1 — cosaz)e" /T

- T
— (1 — cosay) cos age™ (M +72)/Th] cos g
— M%(w)sin o sin @ sin oz coswre T/ T2g=m2/Th

2 =(m1+72)/T2

g .
+ M®(w)sin o cos ?2 sin a3 cosw(my + T2)e

. 2 Q2 —(ritra)/T
— M?(w) sin a; sin? ~ sinos cosw(ry — m)e (FT2)/Te
—72/T>

(4.42)

+ M°(w)[1 — (1 — cos a1 )e” /T3] sin ap sin @3 cos wTze

Combining the z'- and y'-components in complex form yields

Maylw, (11 + 72)+]
= My (w, (11 + T2)+ )+iM (@, (114 72)4)

O3 —iw(ritra) o= (nt72)/Ts

Qg o w(T —(m1+T
+ M?(w) sin o cos® ?sz 23 ghlritm) g=lrtmn)iT

2 2 _3€—iw(‘f'2—1"1)e“(‘1'1+1'2)/T:

a2
— COS

2
o - T
— M?(w) sin o sin® %2-5111 236“"("2_"1)3 (ritma)/T2

+ M?(w) sin e sin

+ %Mf(w) sin @y sin oy sin age "9 e~/ T2 g2/ T

+ 2 M2(w) sin a; sin a2 sin aze™™ e~/ T2g2/Th

a3 e —
— M®(w)[1 - (1 - cosaz)e™™/T"] sin a5 cos® Zgmiwmrgma/Ta

Q3 -
+ MP(w)[1 — (1 — cos ay)e” /1] sin o sin® ?36“""6 /T2

— M2(w)[L = (1 — cos ap)e~ /Tt —

(1 — cosay)cosaz e~ (n+72)/Ti) gin ay (4.43)
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1 g p S i
Duf n the hee récession pel lod Eﬂtel the Ull!‘d pU]SE, the IlallS VEIse Illagnetlza

My (@,8) = May [, (1 + 1)y Je~Cmimma)/Bagmivtt-nm) 44)

fort > n + T2 Substitu'ting Eq. (4.43) into Eq. (4.44), we can see that the
se;:]ond., fourth, _sucth, and m.gl.‘llh components in Eq. (4.43) will each produce ap
:c‘ 0 sdlg;al, while the remaining five components form an FID signal. The echo
ormed between the second and third ulses and the f :

third pulses are as follows: ’ o echoes formed aferthe

{=o]
5,(t) = Alf p(w)e"‘/T’(“‘)e""“‘(‘_ZT"dw (4.45a)
Ay
Sa(t) = A, / plw)e™tTalw)g—iw(t—21) 4 , (4.45b)
53(t) - As/ p(w)e—:/Tz(u)e-iw(t—zrg)dw (4.45¢)

Sa(t) = A, / p(w)e™t/Talw)g=iwlt—(rit2m)] 4 (4.45d)

Ss(t) = A; fm plw e~/ Ta(w) —iwft—2(r +73)]
- () = dw (4.45¢)

where
A = gl 4 2?_2
1 sin o sin 3 (4.46a)
1 . - 2
Ay = 5 sinag sin ag sin aze~"2/T (4.46b)
Ay = ~sinay in? % 2 88
3 aj sin 5 sin 5 (4.46¢)
Ag = [1-(1-cos ay)e” " ’T‘]Sin  sin? -02—3 (4.464)
2 205

Asg sin & cos 2 sin (4.46¢)

2

The preceding signal expressions indicate t
along the z'-axis except for echo 3, which is formcg aalltloar:lg :E: j:’]j;:?s al;c f?:;‘;:d
baFk the pathway for the formation of each echo, it is easy to see that' ec)f/m lis -
spin echo formed as a result of the action of pulses 1 and 2; echo 2 is a slimulazeg
echo formed from the combined effect of all three pulses; echo 3 is a secondar
echo formed as a result of the action of pulse 3 on the first echo; and echoes 31(
a.nd 5 are also spin echoes formed as a result of the action of puls;s 3 on the FID
signals from pulses 2 and 1, respectively.

It is often convenient to write an echo signal in the following general form:

= <]
S(t) = AE_/ plw)e T g=iw(t=Ts) y 4.47)
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The amplitude and echo time of the five echoes generated by the three-pulse se-
quence are summarized in Table 4.1.

Table 4.1 Echoes from a Three-Pulse Sequence

Echo Type Echo Time Echo Amplitude?
Primary 2n sin a sin® e~ 21/ 7T2

. % F = = T
Stimulated 211 + T2 é sin o sin ag sinage ™2/ T1 g2/ T2

—sinay sin® %2 sin® Ze~?72/T2

Secondary 27,
SE m+2r  [1-(1-cosa)e” /T |sin s sin® E,fe_(""*ha)”"
SE 2(m1 + 72) sin o cos® f sin® 9213_2("' +7a)/Tz

 pf0 is normalized to 1.

H Example 4.4

Stimulated echoes find many useful applications in imaging and localized
spectroscopy. This example takes a closer look at the stimulated echo of the
three-pulse sequence in Fig. 4.6.

Following the echo pathway, one can see that the stimulated echo comes
from the z-component, —MJ? sin a; sin o coswre~ /T2, in Eq. (4.27).
This magnetization was previously in the transverse plane and then stored
as a longitudinal magnetization by the a, pulse. During the subsequent 7
delay, the magnetization retains its earlier phase evolution history accumu-
lated while it was in the transverse plane. This phenomenon is called phase
memory. When this magnetization is converted back to a transverse magne-
tization by the a3 pulse, this phase memory will be rewound, which leads to

the formation of the stimulated echo.
As shown in Table 4.1, a stimulated echo bears both T} and T; weight-

ings. To generate a maximum stimulated echo signal, one should set a; =
az = a3 = 90°. In this case, Age = 3 ML.

4.3.3 Extended Phase Graphs

Although the Bloch equation is a useful tool for analyzing echoes from multiple
excitation pulses, it is rather tedious and not very intuitive. In this section, we
describe another formalism called extended phase graphs.
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Consider an o pulse applied along the y’-axis. The magnetizations MZE,
M}, and M immediately after the pulse are given by

M} = M, cosa — M, sina
M} = M, (4.48)
M}, = My sina + M, cosa

Using the complex notation M,y = M,/ + iM,, and Mz = My —iMy, we
get

M}, = My coszg ~ M}, sin? g ~Mysing  (4.49)

MF

1
M, cosax + E(Mmryf + Mz ,)sine (4.49b)

The decomposition above, originally due to Woessner [268], offers an interesting
interpretation of the effect of a pulse with an arbitrary flip angle. This interpreta-
tion provides an intuitive insight into how an echo signal is formed. Specifically,
with this decomposition, a pulse separates the rotating (transverse) magnetization
into two parts. One part is proportional to the prepulse value (Myry), and the
other part is proportional to its complex conjugate (M,,). Noting that

Moy % My, (4.50a)
180°,
My —% M2, (4.50b)

the decomposition in Eq. (4.49a) can be interpreted as saying that the fraction of
the prepulse magnetization that experiences a 180°-like pulse is sin? 2, and the
fraction remaining unchanged is cos? 2. The phase reversal introduced by the
180°-like pulse allows that portion of the spins to regain phase coherence and
form a spin echo. Another echo formation mechanism occurs through the action
of the pulse on M. According to Eq. (4.49b), the M, after a pulse also includes
a term proportional to M+, and a term proportional to M3, .. When these terms
are flipped back onto the transverse plane, the M., term will rephase and form
what is known as the stimulated echo.

An extended phase graph, in essence, is a graphical representation of both the
Woessner decomposition and the subsequent phase evolution of the magnetization
components, so that each echo formation mechanism can be revealed pictorially.
To see how to construct such a phase graph, first recall that the free precession of
a transverse magnetization is described by e~*(%o+t); thys, its phase evolution
can be represented by a tilted line corresponding to ¢ = ¢ + wt, as shown in
Fig 4.7a. On the other hand, a longitudinal component is stationary during the free
precession period (ignoring T} relaxation) and its phase evolution is a horizontal
line (¢ = ¢o), as shown in Fig. 4.7b, where ¢y is the prepulse phase.
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Figure 4.7 Phase plots during a free precession period for (a) a trans-
verse magnetization, and (b) a longitudinal magnetization.

Second, to incorporate the Woessner decomposition int.o the ppase graph, we
represent an RF pulse simply by a vertical line at which pou.n of time a magneu-
zation is split into several magnetization components. Specifically, accqrdmg to
Eq. (4.49), a transverse magnetization is split into four branches as described by

2
M;y, = My, cos® §
+ o _A* 2 @
& Mg, = —Mg . sin® 3 451)
Mxryf — + 1 i (4.
Mz' = EMI'!J' sin &
= L * .
M, = 3M;, , sina
and a longitudinal component is split into two branches corresponding to
MY = -M,sina
T * (4.52)
M :I = M, cosa

Equations (4.51) and (4.52), called the branching rules of an extended phase
graph, are shown pictorially in Fig. 4.8.

To construct an extended phase graph, we also need to know where to start.
Let us assume that a spin system is at the thermal equilibrium state initially, v.vhen
a pulse sequence is applied. Then, an extended phase graph will start \yxth a
point in the origin and generate various branches and subbranches, according to
the above branching rule. However, one can generate an extended pha_se .grap.h
from any set of initial conditions for My and M, using the same pr.mcxple if
the values of M+, and M+ are known. In practice, the former case is usgally
assumed; therefore, an extended phase graph is a tree rooted at the origin with a
number of tilted and horizontal branches.

In an extended phase graph, all the connecting branches from the root to an
end point form a path of phase evolution. An echo is said to occur whenever a
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¢ RF pulse

%

(2) (b)

Figure 4.8 Branching rule of an extended phase graph. (a) A transverse magnetization is
split into four branches, and (b) a longitudinal magnetization is split into two branches.

phase path crosses the zero line (horizontal axis) during a free precession period.
To see this more clearly, we construct an extended phase graph for a three-pulse
sequence discussed earlier in Section 4.3.2. The result is shown in Fig. 4.9, where
to differentiate rotating (transverse) components from static (longitudinal) com-

ponents, tilted branches are drawn in solid lines and horizontal branches in dashed -

lines. Note also that the relaxation effects as well as the weighting coefficients for
the different branches resulting from the Woessner decomposition in Eq. (4.49)
are not included in an extended phase graph. If the amplitude of an echo signal
is desired, it is necessary to introduce those weighting factors into the phase path,
which is left as an exercise for the reader.

Based on the extended phase graph, one can easily calculate the maximum
number of echo signals that can be generated by a number of pulses. Let T}, be the
total number of tilted branches and H,, be the total number of horizontal branches
after the nth pulse. According to the branching rule described earlier, one can

derive that
Tn = 2Tn—l b H‘n—l
Hyp,=2Tq 1+ Hpy

with initial conditions T3 = 1 and H; = 1. These recursions can be simplified to

n>1 (4.53)

Th=3Th (4.54)

whose solution is
T, =3m"! (4.55)

Based on the tree structure of an extended phase graph, one can see that the
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total number of echoes generated by T5, is

T.—1_3'-1 (456)
2 2

Note that Ng given in Eq. (4.56) represents the maximum numb.er.of echo
signals that can be created after the nth pulse, and it is useful fo_r Predsctmg how
many signals can be detected at the end of the sequence. But it is not the total
number of echoes generated by the sequence. For cxaljnple. forn = 3, Ng = 4,
which is the number of echoes that emerge after the third pulse; .the total r_mmber
of echoes generated by the entire sequence is‘actually 5, as discussed in Sec-
tion 4.3.2. If it is necessary to calculate the mammurp total number of echoes that
can be generated by a sequence of N pulses, we simply sum up all N g(n) for

Ng(n) =

[ T

jJ— 1 —l=—m —=]

oy

Lo

! ——— T 2T

e 2 | .
i

Figure 4.9 Extended phase graph for a three-pulse sequence.
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n=1,2,...,N. Namely,

N
1 /3% 1

E Ng(n) = 5 (3 5 —N) (4.57)

n=1

4.3.4 The CPMG Echo Train

When a spin system is excited by a 90° pulse followed by a sequence of 180°
pulses, a train of spin echoes will be generated. Suppose that the 90° pulse is
applied at ¢ = 0 and the 180° pulses at (2n — 1)7 for n = 1,2,...,N. A train of
N echoes will be formed at ¢ = 2n7, and the echo amplitudes are weighted by

By = e~/ (4.58)

Formation of these echoes can be predicted easily using the extended phase
graph as shown in Fig. 4.10. One can easily see from the phase graph that all the
later echoes formed at t = 2nr forn > 1 are secondary echoes of the primary
echo at ¢ = 27. In other words, any echo except for the first in the echo train is an
echo of the preceding echo. Because of the simple relationship for the echo am-

plitudes in Eq. (4.58), this multiple-echo sequence is an efficient way to measure
T, values.

(b)

(©

Figure 4.10 Formation of a train of spin echoes by multiple 180° pulses: (a) pulse se-
quence, (b) extended phase graph, and (c) resulting echo signals.
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In the original excitation sequence proposec.i by Carr and Purcell‘in 1954,

all the RF pulses were applied along the same axis. To reduce mfmulanve pha§e
ors from any imperfection in the repetitive 180° pulses, Mclbqom a'nd (_31[1
= osed a modification in 1958 that applied the refocusing pulses in a direction
pr?[fogonal to that of the excitation pulse. For example, if the 90° pulse is applied
::ong the z'-axis, the 180° would be applied along the iy’—axis: This sequence,
subsequently known as the CPMG (Can‘—PPrcel!—Me:bpom—lGl1!) s;qucnce, is
widely used in practice. One of its applications in fast imaging is discussed in

Chapter 9.

4.4 Gradient Echoes

Another form of echo signal frequently used in MRI is generated l:ISing time-
varying gradient magnetic fields. Such an echo is referred to as a gradient echc.) to
distinguish it from a spin echo or a stimulated echo. The key concept undcrl.ymg
gradient-echo formation is that a gradient field can deghase and rephase a signal
in a controlled fashion so that one or multiple echo s:gnals can be created. To
grasp this mechanism, let us first formally define a gradient field.

4.4.1 Gradient Fields

A gradient field EG in the context of MRI is a special kind of inhomogeneous ﬁcld
whose z-component varies linearly along a specific direction called the gradient
direction. Specifically, By is called an z-gradient field if

Bg,. = G.z (4.59)
and G is called the z-gradient. Similarly, Bg is called a y-gradient field if
Bg,. =Gy (4.60)

or a z-gradient field if
Bg,.=0G.z (4.61)

As discussed in Section 1.2.2, the gradient system consists of three gradi-
ent coils referred to as the z-gradient, y-gradient, and z-gradient coils, respec-
tively, which in the ideal case produce an z-gradient field, a y-gradient ﬁclld, and
a z-gradient field. It is important to note that for each case, lhe. magnetic field
produced by a gradient coil also has components in the z-direction (Bg ;) and
y-direction (Bg,,). However, these components are often ignored 'bccause the By
field is so strong in the z-direction. For this reason, Bg . itself is often loosely
referred to as the gradient field,2 and B¢, and B are used interchangeably when
there is no confusion.

2Such a gradient field does not exist according to the Maxwell equations.
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With this understanding, the overall magnetic field in the presence of a gra.
dient field in the region of interest can be expressed as

B = (Bo & BG,z)k (4.62)

where Bg . is as defined in Eq. (4.59), Eq. (4.60), or Eq. (4.61) when one gradient
coil is turned on. When all three gradient coils are turned on simultaneously,

Bg,: = Gz + Gy + G,z (4.63)
and consequently . .
B = (Bo+ Gz + Gyy + G.2)k (4.64)

The three gradients are often grouped into a gradient vector G such that
G =(Gz,G,y,G.) = Goi+ GJ + G,k (4.65)

and the direction of G is called the gradient direction of EG or B. In this vector
notation, Eq. (4.63) can be rewritten as

Be.=G-r (4.66)

It is important to note here the difference between the gradient direction of
Bg,, and the direction of the gradient field itself. Although G can be made to
point along the z-, y-, 2-, or an arbitrary direction by turning on G, Gy, and
G individually or simultaneously, the direction of Bg is usually unknown and

irrelevant. To illustrate this point, let us consider an inhomogeneous field defined
by

ﬁc(x,y, z) = (=3z+y +22)i + (z — 2y —32)] + (2z — 3y + 5z)E
Clearly, as a vector quantity, Bg points in different directions at different spatial
locations. The z-component of MRI importance is
Bg . =2z -3y+5z
and its gradients along the three Cartesian directions are given by

a-BG,z
oz
8BG,z
By
__0Bg,:
T Oz

The overall gradient of the “field” variation is

G, = =2
Gy = =-3

G, =5

G =VBg,.=G.i+G,j+G.k=2% —37+5k
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hich points in the direction of a vector defined by v = (2, —3,‘5), as shown in
;'g 4.11. That is to say, Bg,z(z, y, z) varies linearly along the direction of v.
1g. = 2 1

Note also that G is, in general, a function of time. If Gisa constan? in the
. e interval of interest, we call the gradient field a static field. Otlherw1se, \Ye
::::ze a time-varying gradient field. Both types of gradient field are widely used in

various MRI applications.

3

Figure 4.11 Direction of G = 2i — 35 + 5k.

4.4.2 TFormation of Gradient Echoes

For simplicity, we consider the pulse sequence in Fig. 4 12. Achr tpe ap;_)hcauolr;
of an a-degree RF pulse (a gradient echo is often used in c_:omtl)manon with sma

flip angle excitation for fast imaging), a negat.ive x.-gradhent is tumeq on. Asba
result, spins in different z-positions will acquire different phases, which can be

expressed in the rotating frame as
t
o(z,t) = «,f —Gpzdt = —yG,xt 0<t<T (4.67)
0

Equation (4.67) indicates that the loss of spin phase coherence becgmcs.pro-l
gressively worse as time elapses after the excitation pulse. ThE*resultmg signa
decay is sometimes characterized by another time. co‘nstant 5. Aﬂer a time
7 > 3T*, the signal decays to zero. At this point in time, holwc\:'cr. if a positive
gradient of the same strength is applied, the transverse _magnenzat?on componen_ts
will gradually rephase, resulting in a regrowth of the signal. Specifically, the spin
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RF I

Gradient —I

Signal

Figure 4.12 Gradient-echo pulse sequence. After the application of
a small-flip-angle pulse, a negative z-gradient is turned on to dephase
the spins, which are then rephased by a subsequent positive z-gradient.

phase angle in the rotating frame is now given by

t
¢(z,t) = —yGrzT +'yf G zdi
= —Gzzr + vGz(t — 7) T<t<L2r (4.68)

As shown in the phase plot in Fig. 4.13, the phase dispersal introduced by the neg-
ative gradient is gradually reduced over time after the positive gradient is turned
on at t = 7. After a time 7, the spin phase ¢ is zero for any x value, which means
that all the spins have rephased, and therefore an echo signal is formed. This anal-
ysis can be extended to the case of unequal dephase and rephase gradients. The
echo time in the case may not be equal to 27.

¢
1
1
'
o
1
i M 4
]’Qr-r/ : T
dephase ' rephase  echo

Figure 4.13 Phase progression of spins at z = —x;, 0, and ;.
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In the preceding discussion, we have assume:d. that the 1_30 ﬁt‘:ld is perfectly
homogeneous. In the presence of By inhomogeneities, the spins w1'11 not be com-
pletely rephased by the gradient reversal. Consequenllly, t.he ampl'ltu_de of a gra-
dient echo carries a T -weighting (instead of a T-weighting). This is one of the
key differences between a gradient echo and an RF echo.

As the CPMG echo train, a gradient-echo train can also be created from one
FID signal by repetitive gradient switching as shown in Fig. 4.14. Thc nur_nbe.r of
echoes that can be created is limited by T3 and by the speed of_ gradmm- switching.
Modern MR scanners permit up to 64 such echoes to be obta_lncd. which enables
the formation of a two-dimensional image with single excitation.

Figure 4.14 Echo train formed using switching gradients.
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Exercises

4.1  AnFID signal lasts as long as the transverse magnetization. True or false?

4.2 Find a mathematical expression for an FID signal with NV spectral compo.
nents.

4.3

4.4

4.5

4.6

4.7

An FID signal of a single spectral component can be expressed as
S(t) = Ae™t/Tzg=iwot 45

(a) Show that the line width of the absorption-mode spectrum and the

magnitude-mode spectrum is 1/(xT,) and v/3/(nT}), respectively,
(b) Evaluate the area under the absorption-mode spectrum. That is,

et AT
[ B

oo 14+ T3 (w + wg)

A hypothetical two-sided FID signal of a single spectral component can
be expressed as

S(t) = Ae~t/T2g—iwnt

(a) Find the absorption-mode, dispersion-mode, and magnitude-mode

spectra of this signal.

(b) Compare the line width of the absorption-mode and magnitude-mode
spectra.

(c) Compare the line width and area of the absorption-mode spectrum to
those of a one-sided FID signal defined in Problem 4.3.

Calculate the effective FID signal from a sample with a constant spin den-
sity function under the following condition:

(a) The magnetic field inhomogeneity has a Gaussian distribution. For
example, the histogram of the field distribution can be expressed as
. (E—B?P
230

€

(b)  The magnetic field is described by B(z) = ByzII(z).

Use a vector diagram to show how a spin echo is formed bya 802, — T —
902, sequence.

What is the echo time for the gradient echo pulse sequence in Fig. 4.12

if the amplitudes of the negative and positive gradients are G, and Gz/3.
respectively?

o

~d .
" Exerclses

48

4.9

4.10

4.11

4.12

413
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NMR signals from a macroscopic sample decay faster in an inhomoge-
neous magnetic field than in a homogeneous field because of

(a) Phase incoherence of the microscopic signals from different loca-
tions.

(b) Frequency differences of the microscopic signals from different lo-
cations.

(c) Both of the above.

Select your answer and discuss why it is applicable.

Assume that an a+ pulse generates an FID si gnall described by S;(t) .rWha(;
are the resulting signals if the same pulse is applied along the -z'-, y'-, an
-y -axes, respectively?

A sample with a spin concentration function c(z) is placgd in an inhom;)-
geneous field B(z). Calculate the spectral density function p(w) for the

following cases:

(@) c(z) = poll(z) and B(z) = Bo+ T

(b) c(z) = pol(z) and B(z) = Bo + 2z

(©) clz) = poA(z) and B(z) = By + z?

A spin system with a single isochro.mat at thermal equilibrium is excited
by a 902,- and a 90, pulse, respectively.

(a) Calculate and sketch the bulk magnetization i-nllm‘ediately after the
pulse for each case in terms of the thermal equilibrium value.

(b) Let Sy(t) and Sz(t) denote the FID signals generated by the two
pulses. How is Sy (t) related to S (t)?

Derive and compare the echo signals for each pair of excitation sequences:
(a) 902, — 7 — 1803 and 903, — 7 — 1803,
(b) 903 — 7 — 905, and 907, — 7 — 902,

Find the mathematical expressions for the three FID signals generated by
the following sequence:

) —Tp — Gy —Tp — Tz — Q3



138

Chapter 4  Signal Characteristicg

4.14

4.15

4.16

4.17

4.18

4.19

Show that the effect of an a,+ pulse can be expressed as
g o 2 & . o 3 T
Mz,y, = Mgy cOs 3 -I-Mz‘,y. sin 3 + 1M, sina
e! . g "
M;'I = M, cos® 7 M, sin® o My sina

Calculate the locations and amplitudes of all the echoes generated by the
following sequence:

903, — 7 — 1805, — 27 — 1805, — 37 — 1805,
Draw an extended phase graph for the following excitation sequences, and
for each case discuss how many echoes are generated.
(a) 90° —7—90° - 27 —90°
(b) 90° — 7 —90° — 1.57 — 90°
(c) 90° —7—90°—0.57 — 90°
(d) 45° —7—90° - 27 —90°
(e) 45° — 7 —180° — 27 — 180°

Consider a four-pulse sequence a; — 1 — g — 79 — a3 — 73 — ay.
(a) Whatis the maximum number of echo signals that can be generated?
(b) What is the minimum number of echo signals that can be generated?

(c) Derive the condition for (a) and (b) to occur.

Let Bo(z,y, z) = (20 — 2z + 3y + 2).
(a) Sketch the iso-field surface corresponding to By = 10.

(b) Calculate the field strength and field gradients along the z-, y-, and
z-directions at point (5, 0, 10).

For the B, (z, y, z) given below, calculate V B, and discuss which of them
are linear gradient field.

(a) Bz(l‘, Y, z) =3-2z
(b) B.(z,y,z) =3 — 2z + z?

(C) Bz(:z,y,z)=5—.’c—y—z

" Cercises
B

t the gradients of Bg,z along the three axes are: G: = 1

ssume tha & ;
420 A — 2. What is the overall Bg .7 What is the value of

Gy =3, and G;
B . at spatial location (3,1,0)?

Use a vector diagram to illustrate the refocusing of isochromats in a gradient-

i echo experiment and compare the result to Fig. 4.4.

hted

422 Briefly (in one or two sentences) explain why a spin echo is Tp-weig
““* but a gradient echo is Tj weighted.
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—Sfignal Localization

Zeugmatography
P. C. Lauterbur

Based on the discussion in Chapters 3 and 4, we now know how to activate an
MR signal from an object. In fact, the experimental protocol is rather simple:
we place the object in a main, uniform magnetic field and then excite it with
another oscillating magnetic field at the resonance frequency. The signal thus
generated, however, is a sum of “local” signals from all parts of the object. For
a spatially homogeneous object, this signal is all that we need, since the local
signals are the same regardless of their spatial origins. In practice, the objects
we deal with are heterogeneous, and it becomes necessary to differentiate local
signals from different parts of a given object. This chapter is concerned with
spatial localization of these signals.

There are basically two types of spatial localization method: selective excita-
tion (or reception') and spatial encoding. Central to localization methods of both
types is the use of a gradient field. Modern MRI systems provide three orthogo-
nal gradients whose shapes and forms can be adjusted independently. To facilitate
the understanding of the role of RF pulses and gradient fields in a general imaging
scheme, this chapter first describes the basic concepts of slice-selective excitation
and spatial information encoding, and then goes on to discuss multidimensional
imaging using a popular mathematical formalism known as k-space. Starting in
this chapter and continuing in the rest of the book, we will make use of a graphic
tool called pulse sequence diagram, which details the timing of RF pulses and
gradient waveforms in an imaging scheme.

! Signal localization using surface coils is not covered in this chapter.
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5.1 Slice Selection

Sllge sFIection is perhaps the simplest but also the most popular form of select;

exc:_tanon used in MRI. To selectively excite spins in a slice, two things are cve
sentllal: a gradient field and a shaped RF pulse. We discuss both of them in thfh
section. Before we do that, let us first describe the parameters used to characterj .
an arbitrary slice in a three-dimensional object. "

5.1.1 Slice Equation

Mathematically, a slice in a three-dimensi ject i
' N \ ~ onal object is defined i
oy j by the following
s - 7 — 50| < As/2 (5.1)
where p, speciﬁes,_ the slice (or slice-selection) orientation, As is the slice thick-
r;:zss as measured in t.he c.iircc:tion of p, and s is the distance of the slice from
the origin, as shown in Flg. _5.1. Bear in mind that the slice direction is defined
here as_the onhqgonal direction of the slice. Sometimes, when it is not necessary
to specify the thickness explicitly, one can express the slice equation simply as

BeT =50 (52)

X

Figure 5.1 Parameters characterizing a slice of arbitrary orientation.

" gection 5.1 Slice Selection .

Three special cases of slice selection excite slices along the z-, y-, and z-
directions, which are illustrated in Fig. 5.2. The corresponding slice equations are

given, respectively, by

|z — zo| < Az/2 or T =1z (5.3a)
lv — %ol < Ay/2 o y=y (5.3b)
|z — zo| < Az/2 or z=12z (5.3¢)
z z z
- Wi e L
s | e
)I’_’ _________ r ¥ I 7 '/ y L B¢
x X X
(a) (b) (c)

Figure 5.2 Slices selected along the (a) z-direction, (b) y-direction, and (c) z-direction,
which are called sagittal, coronal, and transverse slices, respectively.

5.1.2 Slice-Selective Gradients

The need to turn on a gradient field during the excitation period for slice selection
is obvious because an RF pulse can only be frequency-selective, and spins at
different spatial locations will be excited in the same way if they resonate at the
same frequency. Therefore, to make an RF pulse spatially selective, it is necessary
to make the spin resonance frequency position-dependent, or most desirably, to
vary linearly along the slice-select direction (). A simple yet effective way to
accomplish this is to augment the homogeneous By field with a linear gradient
field during the excitation period. Such a gradient field is called a slice-selection
gradient in order to distinguish it from a phase-encoding gradient or frequency-
encoding gradient to be introduced later in this chapter.

We next discuss how to design a slice-selection gradient so as to select a slice
as shown in Fig. 5.1. Recall from Section 4.4 that a linear gradient field is by
definition a magnetic field that points along the z-direction but has an amplitude
varying linearly along a particular gradient direction tt;. Denote the desired
slice-selection gradient as

Gss = (Gz: Gy: Gz) = Gssﬂrc (54)
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-iZalion
where Gss = |/GZ + GZ + G? is the overall gradient strength. To render the

spin resonance frequency to linearly vary along p,, we need to match Hgtop,
That is,

Be = K (5.5)
Expressing p in terms of the slice orientation angles (¢, 8) as

s = (sin @ cos ¢, sin @ sin ¢, cos @) (5.6)

we immediately have

Gy = Ggssinfsing 5.7
G, =Ggcosl
Equation (5.7) specifies the necessary gradient vector for selecting a slice in an
arbitrary direction. Note that the gradient magnitude G, is not defined in this
equation. In principle, any nonzero value for G is adequate for discriminating
spins along the gradient direction. In practice, however, G, has to be sufficiently

large to select a thin slice. We discuss this topic later in this section in the context
of RF pulse truncation.

{ Gz = Ggssinfcos ¢

H Example 5.1

In this example, we determine an appropriate gradient field for slice selection
along the -, y-, and z-directions.

Consider first the selection of a slice along the z-axis. In this case,

K5 = 1, and consequently, # = 90° and ¢ = 0°. According to Eq. (5.7), the
desired gradient function is

Gy = (Gz,0,0)

In other words, a nonzero gradient field along the z-direction will enable the
selection of a slice orthogonal to the z-axis. Following the same analysis,

one can conclude that the desired gradient functions for slice selection along
the y- and z-directions are, respectively,

G = (0,Gy,0)

and
Gss o (0: 0, G:)
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i i i hosen, the next step is to translate
the slice-selection gradient has been ¢ » U : ‘
Aftei;'csired frequency selectivity established by the slice-selection gradient o the
. ral waveform of an RF pulse. Recall from Chapter 3 that an amplitude-
w?dpl_?lated RF pulse is characterized by an excitation frequency wrs and an enve-
m

function Bf(t) as® ot
lope 1 Bl(t) — Bf(t)e ert (5.8)

So, the question now is how to select Bf(t) and w,s. This is the topic of this
v
section.

5.1.3.1 The Fourier Transform Approach

The Fourier transform is the simplest approach for selective pulse de:s:gn. TO'll-
|ustrate the idea, consider the case shown in Fig. 5.2_(:. Basec% on the si_1ce equation
given in Eq. (5.3¢), it is convenient to define a spatial selection function as

1 |z—z| <Az/2 (59

ps(2) = 0 otherwise

which is a “boxcar” function of width Az centered at z = zg. Using the notation
introduced in Chapter 2, we can rewrite ps(z) as

Z— 2 .0

According to the result in Example 5.1, the necessary slice-selection gradient

is

G = (0,0,Gz) (5.11)
In the presence of this gradient, the Larmor frequency at position z is given by
w(z) = wo +7Gzz (5.12)
or
f(z) = fo++G:2 (5.13)
Correspondingly, the desired frequency selection function is
2rf\ _ L_—._fi) (5.14)
= (T) =1 (7
where -
fe= fU - ‘TGzZO .

2The initial phase angle of an RF pulse will not affect its frequency selectivity if it is a constant.
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and
Af =«4G,;Az (5.16)

With p(f), one can determine the necessary excitation function By (t). The
key assumption of the Fourier approach is that B, (t) is related to p(f) by the
Fourier transform. More specifically,

B (t) x f p(fle 2 ftgf (5.17)

Inserting Eq. (5.14) into Eq. (5.17) and making use of the well-known Fourier
transform relationship

sinc(mat) +— l1'[ (-{) (5.18)
a \a
we immediately get
By (t) o Afsinc(mA ft)e i<t (5.19)

Comparing Eq. (5.19) to Eq. (5.8), we find that the necessary excitation frequency
is
wrp = 27 fe = wp + ¥Gz20 (5.20)

and the pulse envelope function is
Bi(t) = Asinc(rAft) (5.21)

where A is a constant to be determined by the desired flip angle. Note that the sinc
pulse above is not physically realizable because a practical pulse will necessarily
start at (or after) t = 0 and last only for a finite period of time, say, 7,. Assume
that the pulse is symmetric about the time point ¢t = 7,/2. The pulse envelope
function given in Eq. (5.21) should be modified accordingly to give

BE(t) = Asinc [mf( —IZE)] 0<t<T, (5.22)

The resulting slice-selection profile of the above shifted and truncated pulse (tem-
porarily ignoring the pulse truncation effect) is

p(f) =1 (%f—) LRl S (523)

or
ps(z) =11 (%) ¢#1Gx(z=20)73 /2 (5:24)
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51.3.2 The Bloch Equation Approach

The Fourier method is very simple to use for designing selective pulses, but the
resulting envelope function is not accurate because spin systems behave nonlin-
early during excitation. To produce more accurate RF pulses, one has to resort
to the Bloch equation. Omitting the spin relaxation effects during the excitation
period. we can write the Bloch equation in the RF-rotating frame as

OMyoi(z, )

o = YM,ot(2,t) X Be(z,t) (5.25)
where
Beg(t) = Bf ()i + (Bg G zi— %) P (5.26)

Setting the excitation frequency w¢ to the Larmor frequency of the central slice
as described by Eq. (5.20), we have

Beg(t) = BS(t)? + G, (z — zo)k' (5.27)
Rewriting Eq. (5.25) in scalar form, we have
(2 6z — 20) My (2,)
DD 16,2 20) M) VB O M (t) (528
A2E) B OMy(2,1)

Equation (5.28) are the governing equations for designing amplitude-modulated,
slice-selective RF pulses. In general, these equations need to be solved numer-
ically, and a number of numerical algorithms have been proposed for this task.
Here, we consider a special case in which a closed-form solution for Bf(t) is
available. The result will also provide some theoretical justification for the Fourier
approach described in the preceding section.

Assume that M, (z,t) = M?(z) during the excitation, which is true when
the tip angle is small. Then, Eq. (5.28) becomes

AMyi (2, t |
% =G, (2 — 20) My (2, t)

WD) - 16,z - )M ) B OMO() (529
sz, (Z,t)
dt
Combining the first two equations in complex form yields
szuya (z, t) o dMIJ (z, t) idMyf (Z, f)
dt T dt dt
= —iyG;(z — 20) Mz (2, t) + ivBy (£) M2 (2) (5.30)

=0
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The solution to Eq. (5.30) under the initial condition M,(2,0) = 0 is®
t
Mgy (z,t) = i7Mf(z)e_i7G‘("‘°)'f Bl(f)eivcx(z—zn)fdf (5.31)
0

Invoking the earlier assumption that Bf(t) is symmetric about t = 75, /2, we
find that the transverse magnetization immediately after the pulse is

/2
T Bf (t 1 IB) e,'-,(;,(z—zu)tdt
Tol2 2

(5.32)

My (z,7p) = i’yMzD(z)e_i"G‘(z_z”JT*'/z/

Noting that

2
[T’/ By (t+ ) ero-tmmitar = 71 { g (14 2 }|
/2 2 2 f:.-z-";G,(z-—zg}

(5.33)
we can rewrite Eq. (5.32) as
_"'iMx’y‘(z!TP) i7G:(z—20)7p/2 _ T— e |
— ¥l pEZF Bi{t+ — 5.34
yMO(z) { ( } f=3LG,(z—2) B

The left-hand-side term of Eq. (5.34) corresponds to a phase-shifted slice-selection
profile. Hence, Eq. (5.34) can be interpreted as saying that the pulse envelope
function Bf(t) can be determined from the Fourier transform of the desired slice-
selection profile. To see this point more clearly, consider exciting a slice defined
by |z — zp| < Az/2. The postpulse transverse magnetization can be expressed as

z vy (2 Tp) o Mo(z)n ( AZZD) (5-35)

Substituting this result into Eq. (5.34) yields

Since Eq. (5.36) is derived under the small-tip-angle assumption, we expect
the Fourier transform relationship to break down for large-tip-angle excitations.
In this regime, direct solution of the Bloch equation may be in order. Nonetheless,
experimental results indicate that in many applications the accuracy of the Fourier
analysis method remains acceptable for flip angles up to 90°.

3 Applying the Laplace wansform to both sides of Eq. (5.30) gives
sMyiy (2,8) = —ivGa(z — 20)Myry (2,8) +iv By (s)M2(z)
Rearrangement yields
1y B1(s) M7 (z)
s+ 1yG:(z — za)
whose inverse Laplace transform gives the time-domain solution in Eq. (5.31).

Mgryi(z,8) =
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5.1.4 Some Practical Considerations
5.1.4.1 Post-Excitation Rephasing

According to both Eq. (5.24) and Eq. (5.34), a linear phase shift ¢*7C=(2~20)7s/2
is introduced across the slice thickness by the slice-selective gradient. If not cor-
rected, this phase shift can lead to an undesirable signal loss. Since the phase shift
is a linear function of z, it can be removed by applying a refocusing z-gradient.
This procedure is called post-excitation rephasing.

Let the rephasing gradient be G, ;. The phase angle during the rephasing
period is

#(2,8) = 1Ga(z — 20)

Let 7 be the length of the rephasing period. Then

+ G2 (2z — 20)(t — 1) t2 (5.37)

é(z,t =75+ 77) = ¥G,(z — z;) ; + 4Gy (z — 20)7 (5.38)
Setting ¢(z,t = 7, + 7+) = 0 yields
1
Gramr = —5Gamp (5.39)

Therefore, fixing 7., one can determine G, , or vice versa. For instance, if
we want the rephasing period to be half the length of the excitation pulse, namely,
Tp

Tr=0—Tp=—

2 (5.40)

then, we have
G,.=-G, (541)

As shown in Fig. 5.3, the rephasing gradient pulse has the opposite polarity of the
slice-selection gradient and lasts only half as long for this example.

In general, if Gss = (Gz, Gy, G.) is used for slice selection, the refocusing
gradient G = (G, z, G-y, Gr,:) satisfies the following equation:

Glae = —%G’z'r,,
GryTr = —3GyTp (5.42)
Grafiy = —:1,-G,,‘1‘jIJ

The relations in Eq. (5.42) are graphically shown in Fig. 5.4,

Note that the rephasing conditions stated in Eqs. (5.39) and (5.42) are not
exact, since the amount of spin dephasing during the excitation period was calcu-
lated using the Fourier method. In general, the amount of spin dephasing during
the excitation period is dependent on the details of the RF pulse and should be
calculated from the Bloch equation in order to be precise. Then, the amount of
rephasing necessary can be calculated using the same principle discussed above.
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Spins rephased here

. N ¥ /

Tp ; Tpl2—=

Figure 5.3 Shaped slice-selective RF pulse and the associated gradi-
ent waveform for slice selection and refocusing.

Tp e Tp

Figure 5.4 Gradient waveforms for slice selection and spin rephasing in general.
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5.1.4.2 Pulse Truncation Effects

Equation (5.21) implies that to have a perfect rectangular excitation profile, we
need a pulse of infinite length. In practice, the pulse has to be truncated to a finite
duration to be useful. As a result, the actual slice profile will deviate from the
desired one. Pulse truncation can be characterized mathematically by the multi-
plication of an infinite pulse with a rectangular window function. For example,
corresponding to Eq. (5.22), the truncated sinc pulse can be expressed as

BE(t) = Asinc [m f(t- 323)] I (*“—T:"/—Q) (5.43)

Omitting the previously discussed phase-shift term, we have the frequency selec-
tion profile of the truncated sinc pulse:

#(f)=1I ( A_ffc) * sinc[m(f — fo)7p) (5.44)

Therefore, to a reasonable approximation, the pulse truncation effect is described
by the convolution of the ideal selection profile with a sinc function. From the
example shown in Fig. 5.5, one can see that pulse truncation results not only in
a nonuniform excitation profile across the slice thickness but also in excitation of
spins in the neighboring slices to a varying degree. The latter effect is known as
the cross-talk artifact.

To minimize the pulse truncation effects, it is necessary to pack as many
sidelobes into the pulse as possible. If one assumes that n sidelobes on each side

(a)

(b) e s Vst

Figure 5.5 Pulse truncation effects: (a) a sinc pulse and the corresponding frequency
selection profile, and (b) a truncated sinc pulse and the resulting frequency selection profile.
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of the sinc function are kept, it is easy to show that the effective pulse length Tp is
related to the slice-selection gradient G, and slice thickness Az by

4nw

"= vG Az

(5.45)
Equation (5.45) shows that for a given pulse length 7, if the number of sidelobeg
in the pulse is increased to reduce the cross-talk artifact, G, must be increased
accordingly so as to maintain the same slice thickness Az. For a given pulse,
the effect of different gradient strengths is shown graphically in Fig. 5.6. It is
evident from Eq. (5.45) that the thinnest slice that can be selected is limited by
the available gradient strength and the allowable pulse length.

Y I 23 24

Figure 5.6 Illustration of different gradient strengths mapping the same pulse to slices
of different thicknesses. Note that B (t) selectively excites spins in z; < z < 2z in the
presence of G 1, but spins in z3 < z < z4 in the presence of G 3.

5.1.4.3 Other Slice-Selective Pulses

Many slice-selective pulses in practical use yield better selection profiles than the
popular sinc pulse. A simple example is the Gaussian pulse defined by

B§(t) = Ae~o(t=7/2)° (5.46)

which has reduced sidelobe amplitudes compared to the sinc pulse. Another more
complicated example is the hyperbolic secant pulse in the general form

B§(t) = Bysech(Bt)1# (5.47)

This pulse is insensitive to B; inhomogeneities, often encountered in practice,
and is particularly useful for slice-selective spin inversion. Detailed discussion of
these and other selective pulses are beyond the scope of this book. The interested
reader is referred to [19] for more information.
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5.2 Spatial Information Encoding

After a signal has been activated by a selective or nonselective pulse, spatial infor-
mation can be encoded into the signal during the free precession period. Since an
activated MR signal is in the form of a complex exponential, we have essentially
two ways to encode spatial information: frequency encoding and phase encoding.

5.2.1 Frequency Encoding

Frequency encoding, as the name implies, makes the oscillation frequency of
an activated MR signal linearly dependent on its spatial origin. The physical
principle used to realize this is rather simple. Consider first an idealized one-
dimensional object with spin distribution p(z). If the magnetic field that the
object experiences after an excitation is the homogeneous By field plus another
linear gradient field (G, x), the Larmor frequency at position z is

w(z) = wp + Gz (5.48)

Correspondingly, the FID signal generated locally from spins in an infinitesimal
interval dz at point z, with the omission of the transverse relaxation effect, is

dS(z,t) x p(z)dze *1(BatCe)t (5.49)

where the constant of proportionality is dependent on the flip angle (a), main
magnetic field strength (Bp), and so on. For notational convenience, we shall
neglect this scaling constant and rewrite Eq. (5.49) as

dS(z,t) = p(zx)dze *1(BotGaa)t (5.50)

The signal in Eq. (5.50) is said to be frequency-encoded because its oscilla-
tion frequency w(z) = y{Bo+G.x) is linearly related to the spatial location. For
the same reason, G is called a frequency-encoding gradient. The signal received
from the entire object in the presence of this gradient is

5(t) =f dS(z,t) =f p(E)e_i7{BQ+G,$)td$
object

—co
o . .
= U p(z)e-”0=“dz] gt (5.51)
—o0
After demodulation (i.e., removal of the carrier signal e~ wot) we have
S(t) = / p(z)e 7%=t dg (5.52)
—o0
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The effect of G on the frequency of the local MR signals is illustrated in
Fig. 5.7. As can be seen from this example, the frequency-encoding gradient
field, by assigning local signals to different frequencies, gradually pushes the local
signals out of phase coherence. Therefore, the received frequency-encoded signal
is expected to decay at a faster rate than its nonencoded counterpart.

plx)

Bo+Gix (1)x

B=!
By

AL
VUV

AN
VAAVARN

Gx(n)

Figure 5.7 Localized signals from a hypothetical one-dimensional
object in the presence of a frequency-encoding gradient.

This analysis can be generalized to the general case. Specifically, one can
show that the received frequency-encoded FID signal after demodulation is, in
general, given by

S(t) = f p(r)e=1Ce Ty (5.53)
object
where G is the frequency-encoding gradient defined by

Gi = (G:, Gy, G:) (5.54)
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similarly to Eq. (5.53), a general frequency-encoded echo signal can be expressed

as
5(t) = f p(r)e YGeT(t-Te 4p (5.55)
object

An important question concerning Eqgs. (5.53) and (5.55) is: Will each spatial
point be assigned a unique frequency by turning on G, Gy, and G simultane-
ously? The answer to this question is no! To understand this point, let us examine
the frequency distribution established by these gradients. Setting the Larmor fre-
quency (o be a constant yields

sl o (5.56)

Clearly, in the two-dimensional case, Eq. (5.56) defines a family of isofrequency
lines (depending on the value of c), all perpendicular to Gy, as illustrated in
Fig. 5.8. In the three-dimensional case, Eq. (5.56) defines a family of isofrequency
planes. Therefore, for a fixed frequency-encoded gradient vector Giee, spatial
information is frequency-encoded only along the direction of Ge. In other words,
only one-dimensional spatial localization along the gradient direction is achieved.
For multidimensional localization, multiple encoded signals are necessary. Before
discussing this topic, we introduce the concept of phase encoding.

Figure 5.8 Iso-frequency lines established by the fre-
quency-encoding gradient Gre.

5.2.2 Phase Encoding

With the principle of frequency encoding in hand, it is easy to understand phase
encoding. To illustrate the idea, we again start with the one-dimensional case.
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Imagine now that, after an RF pulse, we turn on a gradient G, for a short interva|
T, and then turn it off. The local signal under the influence of this gradient is

1)e 17(Bo+Gez)t 0<t< T
a8ty = PR T 0stshe o
p(a:)e 176 2TTpe g —17 D0 Tpe <t

It is evident that during the interval 0 < t < T, the local signal is frequency-
encoded. As a result of this frequency encoding, signals from different z-positions
accumulate different phase angles after a time interval T, as demonstrated in
Fig. 5.9. Therefore, if we use the first time interval as a preparatory period, the
signal collected afterward will bear an initial phase angle

#(z) = —7G.2Tpe (5.58)

Since ¢(z) is linearly related to the signal location x, we shall call the signal
phase-encoded. For the same reason, G is referred to as the phase-encoding gra-
dient and Tj, as the phase-encoding interval to emphasize their roles of imparting
a position-dependent initial phase angle to the observed signal.

Phase encoding along an arbitrary direction can also be done for a multidi-
mensional object by turning on G, Gy, and G, simultaneously during the phase-
encoding period. Similarly to Eq. (5.54), the phase-encoding gradient in this case
is

Gpe = (G, Gy, G:) 0<t< T (5.59)

The initial phase angle is now given by
@(r) = —7Gpe - TTpe (5.60)

As in the case of frequency encoding, the received signal is the sum of all
the local phase-encoded signals and is given by

S(t) = f dS(r,t)
object
= [f p(r)e“i7GP°"Tp'dr] gt (5.61)
object

where the carrier signal e ~*°* will be removed after demodulation.

In summary, phase encoding is done by pre-frequency encoding the signal
for a short time interval. As indicated by Eq. (5.61), a phase-encoded signal has
the form of a nonencoded signal with a position-dependent initial phase angle.
This phase angle can be adjusted with a variable phase-encoding gradient strength
or phase-encoding interval. To gain a better understanding of both phase- and
frequency-encoding schemes, we next look at them from a k-space perspective.
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p(x)

Bn +Gx (i).t

B=
Bo

The

Figure 5.9 Phase-encoded signals from a one-dimensional object.
Note that phase encoding is achieved by pre-frequency encoding the
signals for a short period of time Thpe-

5.2.3 A k-Space Interpretation

This section establishes an important connection between spatial encoding (ph:ase
encoding and frequency encoding) and the Fourier transform. This connection
enables us to describe complex imaging schemes clearly using the popular k-

space notation.
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5.2.3.1 Frequency-Encoded Signals

We first consider the frequency-encoded signal given in Eq. (5.52), from which
the following Fourier transform relationship is obtained:

Stk = [ pla)emraa (562)

—o0
by making a simple variable substitution,

5 { ¥Ggt FID signals

5.
4Gz(t —Tg) echo signals (563

It is clear that the role of the frequency-encoding gradient G is to map a time
signal to a k-space signal. In the extreme case that G, = 0, this mapping is
trivial, since all the time data points are mapped to a single k-space data point
at k; = 0. If G; # O, the activated time signal will be nontrivially mapped to
k-space. In other words, the frequency-encoding gradient uniquely encodes the
spatial information in the activated signal.

When multiple gradients are used for frequency encoding, the mapping rela-
tionship between ¢t and k is given by

Gt FID signals
k= ) (5.64)
¥G(t —Tg) echo signals
and the corresponding k-space signal, according to Eq. (5.53), is
S(k) = / p(r)e 2"k dp (5.65)
object

Note that although the k-space signal in this case is in the form of a multidi-
mensional Fourier transform, S(k) is available only for a limited set of points in
k-space. The k-space coordinates of these points define the so-called sampling
trajectory of k-space. In the two-dimensional case, for example, the sampling
trajectory of an FID signal, according to Eq. (5.64), is defined by

{kx =aG,t (5.66)
ky = 4Gyt
or -
{ k: ; k:i(:-gscf (5.67)
where
k=Gt =4t /G2 + G? (5.68)
and

¢ =tan™! (%’) (5.69)

gection 5.2 _ Spatial Information Encoding 159

i i i i iginating from the k-space origin, as

tion (5.67) specifies a straight line originating frc . :
ﬁﬁ;:rlatcd in Fig. 5.10a. The orientation of the line is adjustable by selecting
different relative values for G and G For an echo signal,

{ ke = 4Gz (t — Tg) (5.70)
ky == ‘#‘Gy(t - TE)

which corresponds a straight line going through the k-space origin, as illustrated
in Fig. 5.10b.

ks ke

(@ =

Figure 5.10 K-space sampling trajectories of (a) a frequency-encoded FID sig-
nal, and (b) a frequency-encoded echo signal.

The conclusion can be extended to three dimensions. Specifically, similarly
to Eq. (5.67), we have

ky, = ksinfsin ¢ (5.71)

k, = ksinfcos¢
{k, = kcost

where

t. /G2 + G + G2 FID signals
BT (5.72a)

k=
«(t —Tg), /G2 + Gg + G2 echosignals
la2 2
P T G +Gi (5.72b)
= G,
6 = tan! (%) (5.72¢)
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Note that the k-space sampling trajectory of a frequency-encoded signal is a
straight line only if constant gradients are used for frequency encoding. If G, is
a function of time, the mapping relationship between ¢ and k should be written as

t
k(t) — cr‘/o Gfe('r)df (5.73)

where the time origin corresponds to the instant when an RF excitation pulse
is switched off. Therefore, a signal can traverse k-space linearly or nonlincarly
depending on the waveform of the frequency-encoding gradient Gy..

H Example 5.2

This example calculates the k-space sampling trajectory in the presence of
sinusoidal gradients, shown in Fig. 5.11.

1 3

@ ®)

Figure 5.11 (a) A frequency-encoding scheme using a pair of sinu-
soidal gradients and (b) the corresponding k-space sampling trajectory.

According to Fig. 5.11a, we have

G.(t) = Gcos (—21{)

Taeq

. 2wt
M=ty (qu)

(5.74)
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Substituting the above expressions into Eq. (5.73) yields

* 2nT Tacts e 212
= LA =23, 5.75
E-(t) = T[o G cos (Tuq) dr o G sin (Tacq) (5.75a)

t . [ 2nT i ( 2t )]
ku(t) = ‘r/; Gsin (Tncq) dr o G[ cos Ton ( )

for 0 < t < Taeq It is easy to see that these equations describe a circular
sampling trajectory, as shown in Fig. 5.11b.

H Example 5.3
In this example, we examine the effect of a 180° pulse on k-space trajecto-

ries.
Recall from Eq. (3.101) that

My =2 M3 6”2 (5.76)

To highlight the k-dependence, we express the prepulse transverse magneti-
zation as i

Mgy = p(r)dre 26T (5.77)
Then, according to Eq. (5.76), the postpulse transverse magnetization is

iven b
. d My = P(T)d'f'e‘(z“k'r—gw (5.78)

It is evident from Eqgs. (5.77) and (5.77) that
k=% —k (5.79)

In other words, a 180° pulse will swing the transverse magnetization to the
opposite location in k-space.

One may notice from Eq. (5.78) that a 180° pulse will also introduce
a phase shift (—2¢) to the received signal. This phase shift is related to the
direction of the pulse. For example, the phase shift is 0 for a 1802, pulse and
 for a 1803, pulse.
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H Example 5.4

This example examines the k-space sampling trajectories of a frequency-
encoded FID signal, gradient-echo signal, and spin-echo signal generated by
the excitation schemes shown in Fig. 5.12.

It is customary to set £ = 0 to be the time instant when the 90° excitation
pulse is applied. For the FID signal in Fig. 5.12a, we have

Ke=4Cit DEE< T (5.80)

Therefore, the sampling trajectory is a half-line along the k-axis, starting at
k; = 0 and ending at k; = 4G Tacq.
For the gradient-echo signal in Fig. 5.12b, we have during the prepara-
tory period that
kz = —3Gt 0<t < Tag/2 (5.81)

During the subsequent data acquisition period, we have

ke = —G;Tacq/2 + 4G (t — Tacq/2)
=Gy (t — Tacq/2)
=G (t—Tkg) [t—Tg| < Tuq/i! (5.82)

which corresponds to a symmetric line about the k-space origin, starting at
kz = —4G:Tacq/2 and ending at kz = 4G Tacq/2.
For the spin-echo signal in Fig. 5.12¢, k is given, during the prepara-
tory period, by
k, =Gyt 0<t < Theq/2 (5.83)

At the end of the preparatory period, kz = o GyTacq/2, which stays the
same until the 180° is applied. The 180° reverses the k., value, giving
ke = —4 G Thcq/2 (5.84)
Consequently, during the data acquisition period, we have
kz: = _?G::Tacq/2 e TG:: (t L Tacq/z)
=Gy (t — Tacq/2)
=7G2(t_TE) |t_TE| STacqlz (585)
which is the same as that of the gradient-echo signal. This example demon-

strates that both gradient-echo signals and spin-echo signals can cover k-
space symmetrically.
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Figure 5.12 Excitation sequences for generating a frequens:y-encoded
(a) FID signal (b) gradient-echo signal, and (c) spin-echo signal.

52.3.2 Phase-Encoded Signals

the effect of phase encoding can also be described by

i ency encoding, : ;
e i we can express the phase-encoded signal in

the Fourier transform. Specifically,

Eq. (5.61) as _
sW)= [ premerdr G56)
object

by dropping the carrier signal e~*°* and assuming
k= 4Gpelpe (5.87)

Note that S(k), as a function of k, has the same form for both freqlv.lency'and pAhas\PI
encodings, as shown in Eq. (5.86) and Eq. (5.65). However, a given time signa
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is mapped to k-space differently by phase and frequency encoding. Specifically,
k has a fixed value for a given G'pe and Ty in phase encoding, while k is always
a function of time in frequency encoding. Therefore, phase encoding influences
only the starting point but not the shape and form of the k-space trajectory for an
evolving transient MR signal.

In the general case in which G is a function of time, k is given by

Tpt
k=2 | Grelr)ar (5.88)

Therefore, if the area under the gradient pulse remains the same, the form and
shape of a phase-encoding gradient pulse are unimportant as far as k-space map-
ping is concerned. To better understand this point, consider the three gradient
waveforms shown in Fig. 5.13. In the first case,

1 2 3
ky =+ [/ TdT + [ dr + f (3- ‘r)d-r] =24 (5.89)
0 1 2

It is easy to show that k; = 2< for both the second and third cases as well.
Therefore, the three gradient waveforms have the same phase-encoding effect.
Note that all three pulses have the same peak gradient value, but the trapezoidal
and triangular pulses are smoother and longer than the rectangular pulse. During
the phase-encoding period, k. advances from k, = 0 to k, = 2+ at different
speeds for different gradient waveforms. Specifically, since

dk2(t)
g = 7G=(t) (5.90)

ks traverses from the origin to the required phase-encoding value at a constant

speed in the presence of a constant gradient but at variable speeds in all of the
other cases.

G L Gy

1|---

|
|

(a) (b) ©

Figure 5.13 Three gradient pulses used for phase encoding.

L
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5.3 Basic Imaging Methods

We discuss in this section how to use the signal localization principles“dcs:cribet:}
in the preceding section for multidimensional imaging. Althm'xgh thc. ultimate
goal of imaging is to recover the image function from the activated signal, }‘lerc
we emphasize only the relationship between the me.asurcd data and the dcs:r.cd
image function. Therefore, the discussion in this section takes us only to thc' point
of arriving at an imaging equation. Chapter 6 explains how to recover the image
function from the measured data.

5.3.1 One-Dimensional Imaging

Given a three-dimensional object, one-dimensional imaging could mean tw_o dif-
ferent things: (a) to obtain a one-dimensional projection image along a parucu{lar
direction, or (b) to obtain an image line. Both cases are coxycemed Wltl"l resolving
spatial distribution along one direction, but the resulting image function can be

very different. . S
Consider the first case. For simplicity, we assume that the projection is taken

along the z-direction. Then, the desired image function I(z) can be expressed as

I(z) = fm fw plz,y, z)dydz (5.91)

A spin-echo imaging sequence for generating this image function is shown in
Fig. 5.14. In this sequence, the object is first excited with a harf:i puls_c and then
a nonselective 180° refocusing pulse. The resulting spin-echo signal is acquired
in the presence of a frequency-encoding gradient G. Since all the pulses are
nonselective, the spin-echo signal can be expressed as

/°° /’°° /°° p(2,y, 2)e"1C="Te) dgdydz
—oo J —oo J —00

/ - I(z)e~*1C=(t-Te)dg (5.92)

—00

for |t — Tig| < Tacq/2 Substituting k; = 4G (t — Tk) yields

S(t)

I

Slid= / I(z)e ™= dg (5.93)

—00

This is regarded as the one-dimensional imaging equation. . -
We next consider imaging a line in a three-dimensional object. Again, we
assume that a line along the z-direction is desired. The image function can be

expressed as

vot+Ay/2 pze+lz/2

I{x)= f / plz,y, z)dydz (5.94)
yo—Ay/2 Jzp—02z/2
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Tacq

Figurje 5.14 Pulse sequence to generate a spin-echo signal from which
a projection image along the z-direction can be formed. Note that
Gy = G; = 0in this excitation sequence.

where. (vo, z0) specifies the line location and (Ay, Az) specifies the line widths
{\ typical .excitation scheme for generating data necessary to form this line ima e:
is shown in Fig. 5.15, in which the first pulse selects a transverse plane while u%e
se'cond excites a coronal plane. The signal generated from the two selective pulse

will be exclusively from the intersection—a line. To resolve spatial distributior?

alo”g tills hne a fl‘equellcy—CllCOdm lad]e t Gz 1 ap hcd dm n [he datﬂ
il g n

S(t) /W /qu\y/Z fZQ+Az/2
i p(z,y, z)e"7CG=(t=-Ts)
—ooJyo—-Ay/2 Jzp~Az/2 ( ¥ ) dadydz

= f I(z)e "1C=(t-Te) gy, (5.95)

lfor [t — TEI' < .Tacq /2. Therefore, the measured signal is related to the desired
image funf:uon in the same fashion as in the first case and can be put in the form
of a one-dimensional Fourier transform.

G ] | Selected by
Y the 90" pulse
G g
a—I L T 1
Selected by
the 180" pulse

Figure 5.15 Line imaging: (a) pulse sequence and (b) effects of the selective pulses.
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5.3.2 Two-Dimensional Imaging

As in one-dimensional imaging, we have the option of creating a two-dimensional
image as either a projection or a slice of a three-dimensional object, depending on
the applications. Although the outcome of the two imaging scenarios would be
drastically different, the imaging principle is very similar, except that for generat-
ing each time signal one uses a hard pulse in the first case but a slice-selective soft
pulse in the second. For the present discussion, therefore, we will ignore this sub-
tle difference and focus on the key concept of encoding two-dimensional spatial
information in the time signal. Denoting the desired image function by I(z,y),
it is easy to see that I(x, y) is related to the underlying three-dimensional object
function p(z, ¥, z), in the projective imaging case, by

I(z,y) = / p(z,y, z)dz (5.96)
=00
and in the slice-selective imaging case, by
zot+Az/2
I(z,y) = f p(z,y, z)dz (5.97)
z0—Az[2

The basic imaging equation is the two-dimensional Fourier transform
o0 o0 s
S(kz, ky) = f f I(z,y)e k= +koy) dr gy, (5.98)
—o0 J —00

Therefore, a basic task of planar imaging is to generate sufficient data to cover k-
space. A conventional strategy is to generate a set of “identical” signals {S,(¢)}
using repetitive excitations and then encode each properly so that k-space will
be covered with multiple lines. Figure 5.16 shows a classical implementation of
this strategy. As can be seen, this imaging sequence excites an object periodically
with a pair of slice-selective 90° and 180° pulses, which generate a set of spin-
echo signals. Spatial information is then encoded in the spin-echo signals by
two-dimensional frequency-encoding.
Denote the encoding gradients in the nth excitation cycle by

Gnz = Gcos¢n
{ Gny =Gsing, (5:39)

It is easy to show that the spin-echo signal is related to the desired image function
by

o0 o
Sa(t) =f f I(z, y)e-iTG(t-Ts){zco9¢n+ysin eﬁn)dzdy (5.100)
—00 v —00

for [t — Tg| < Tacq/2. where I(z,y) is defined in Eq. (5.97). Putting it in k-space
notation immediately yields the generic imaging equation in Eq. (5.98).
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180°

; Tacq

Figure 5.16 A two-dimensional imaging sequence. Note that it is custom-
ary to draw only one excitation period, in which the multiple values of G»
and G correspond to different excitation cycles. In the nth excitation cy-
cle, Gz = Gcos¢n and Gy = G'sin ¢y, are applied during both intervals:
to < t < to+ Tacq/2and |t — Tg| < Tacq/2.

We next analyze the k-space sampling pattern of this imaging scheme. Con-
sider the signal generated in the nth excitation cycle. Following the same analysis
used in Example 5.4, we have, in the interval between the 90° and 180° pulses,

{kz =G(t —tg) cospy,

ky =+G(t —to)sing, to <t < Tacq/2+ 10

(5.101)

where tg and T),q are defined in Fig. 5.16. Equation (5.101) indicates that k-space
is traversed from the origin to point A as indicated in Fig. 5.17a, where

T,
ka = 7G$(cos $n,sinéy) (5.102)
The subsequent 180° pulse swings the trajectory to point B such that
kg = —ka (5.103)
During the subsequent data acquisition interval, we have
k: =5Gcosgn(t — Tk)
{ky = +Gsingn(t — Tg) |t — Te| < Tacq/2 (5.104)
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which defines a radial line starting at kg, going through the k-space origin, and

ending at k. Since "
. = arctan "‘y)
Pl (G

one can easily change ¢, by adjusting the relative strengths of the frequency-
encoding gradients. Therefore, by varying ¢, from one excitation cycle to an-
other, k-space can be effectively covered. This method is sometimes referred to
as the Radon transform (or projection) imaging method, since the radial k-space
data are directly related to the projections of the desired image function.

(5.105)

ky ky

3 ky ky

() (b)

Figure 5.17 K -space coverage of the imaging sequence in Fig. 5.16:
(a) k-space trajectory of a single excitation cycle, and (b) k-space cov-
erage by a set of the frequency-encoded spin echoes.

To further illustrate the k-space coverage concept, let us analyze another
basic imaging scheme shown in Fig. 5.18. This scheme uses the same excita-
tion sequence as in Fig. 5.16a, but the signals generated are encoded differently.
Specifically, each spin-echo signal is first phase-encoded along the y-direction
and then acquired in the presence of a frequency-encoding gradient G.

To understand how k-space is traversed by this imaging scheme, consider
the nth excitation. During the phase-encoding interval, we have

k= ‘)‘Gg (t - to)
i to <t < Theqf2+1 5.106
{ky = ynAG,(t — to) 0 < aca/ 0 ( )
which represents a radial line from the origin to point A defined by
ka = (¥G:Tpe, ¥nAGyTpe) (5.107)

The subsequent 180° pulse swings the trajectory to point B, as shown in Fig. 5.19a,

kg = —ka (5.108)
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180°

Gx

Te

=) SpRR— -

o o

Tacq
Figure 5.18 A two-dimensional imaging sequence with phase-encoding
along the y-direction and frequency-encoding along the z-direction. Specif-
ically, in the nth excitation cycle, G, = nAG, is applied during the inter-

val 2o < t < to + Tpe to phase-encode the signal, which is then acquired in
the presence of the frequency-encoding gradient G,.

During the subsequent data acquisition interval, we have

k: =4G(t—-T,
{ k- :niGyTi) |t ~ T| < Tacq/2 (5.109)
which is a horizontal line parallel to the k,-axis, whose interception on k,-axis
is ¥nAGy Tpe. Therefore, by varying the phase-encoding strength, each line will
assume different &, locations resulting in the rectilinear sampling of k-space, as
shown in Fig. 5.19b.

In the literature, this hybrid phase- and frequency-encoding scheme is known
as the phase-encoding method because different time signals are phase-encoded
using a variable gradient.* Note that symmetric coverage of k-space is provided
by the use of spin echoes along the k,-direction and by the use of both positive and
negative phase-encoding gradients along the ky-direction. However, spin echoes
are not essential as far as k-space coverage is concemned. One can design an
imaging sequence to give the same k-space coverage with gradient echoes. This
is left to the reader.

4t is alsg possib}c to achieve the same phase-encoding effect by keeping the amplitude of the
phase-encoding gradient constant but changing its duration from one excitation to another.
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(a) (b)

Figure 5.19 K-space coverage of the imaging sequence in Fig. 5.18.
(a) k-space trajectory during a single excitation cycle, and (b) k-space
coverage by a set of phase-encoded spin-echo signals.

5.3.3 Three-Dimensional Imaging

MR excitation is inherently a three-dimensional technique in the sense that sig-
nals generated by a short pulse will come from the entire object. In other words,
it is easier to generate signals from the entire volume than from a limited region.
The challenge in three-dimensional imaging lies in sorting out all the signal com-
ponents from different spatial locations. There are many ways to accomplish this
task. The simplest is perhaps the multislice imaging method, which uses slice-
selective excitations for localization in the third dimension, leaving the other two
to be done with encoding methods. This method generally produces a stack of
two-dimensional images, each of which is acquired using the two-dimensional
localization principles discussed in Section 5.3.2.

For true three-dimensional imaging, nonselective pulses are used for sig-
nal generation, and information along all three dimensions must be encoded into
the activated signals. Because of the nature of MR signals, information along
one dimension is naturally frequency-encoded, while information along the other
two dimensions can be either phase- or frequency-encoded. Regardless of what
the encoding scheme is, the general imaging equation is in the form of a three-
dimensional Fourier transform:

o0 oo o0
S(kz, ky, kz) = _[ / [ I(z,y, z)e ¥ kezthoytka) drdydz (5.110)

Different encoding schemes will only lead to different sampling patterns of the
three-dimensional k-space. To demonstrate this point, consider the excitation se-
quence shown in Fig. 5.20, in which the z-direction is frequency-encoded while
the y- and z-directions are phase-encoded. In this case, k-space is filled by recti-
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linear lines parallel to the k. -axis as described by

k: =Gz (t —Tg)
ky =5GyTpe
k. = TGsze

where G is a constant, but G, = mAG, and G, = nAG,.

[t=Tg| < Tyq /2 (5.111)

180°

N

Tacq

[

Figure 520 Three-dimensional phase-encoding imaging sequence.

As another example, a three-dimensional frequency-encoding imaging se-
quence is shown in Fig. 5.21. In contrast to the phase-encoding case, k-space
is now filled with radial lines going through the origin. This can be understood
by noting the following k-space sampling trajectory equation for each frequency-
encoded signal:

Kosas ‘TGI(?: -— TE)

ky =%Gy(t - Tg) [t = Ty < Taeq/2 (5.112)
kz = ‘TGZ(t i TE)
where G, Gy, and G, are selected according to the following formulas:
G; = Gsinf, cos ¢,
{Gy = Gsinb, sin ¢, (5.113)
G, =Gcosb,

The foregoing discussion shows that the concept of three-dimensional imag-
ing is not very different from that of two-dimensional imaging. However, three-
dimensional imaging does present some unique practical problems because many

Section 5.4 Sampling of k-Space 173

more encodings are required to cover k-space. Chapter 8 discusses some of the
practical imaging issues related to limited data acquisition time, resolution, and
signal-to-noise ratio.

180°

Gsinf,cosg,

]
L
v
'
'
I
i
____________ -
............ [ =

Figure 5.21 Three-dimensional frequency-encoding imaging sequence.

5.4 Sampling of k-Space

The discussion in Section 5.3 indicates that the key to multidimensional imaging
lies in generating a sufficient number of signals to cover k-space. This section
describes the sampling requirements of k-space signals. We first review the basic
Shannon sampling theorem and then discuss its implications for selecting the data

acquisition parameters.

5.4.1 The Sampling Theorem
Let us first review the definitions of some bandlimited signals.

Definition 5.1 A time signal g(t) is said to be time-limited if g(t) = 0 fort > T,
where T is a finite number.

Definition 5.2 A time signal g(t) is said to be (frequency) bandlimited if its fre-
quency spectrum {Fg}(f) is zero for |f| > fmax, With fmax being the signal’s
frequency bandwidth.
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Definition 5.3 A space signal g(z) is said to be space-limited if g(z) = 0 for
|z > W.

Definition 5.4 A space signal g(z) is said to be (frequency) bandlimited if its
frequency spectrum {Fg}(k) is zero for |k| > kmax, with kmax being the signal’s
frequency bandwidth.

‘We next describe the basic sampling theorem and some of its generalizations
without proof. The reader interested in a thorough discussion of this topic is
referred to [44, 45].

5.4.1.1 Uniform Sampling

The Shannon sampling theorem states that a bandlimited function can be recon-
structed perfectly from its sampled values taken uniformly at an interval not ex-
ceeding the reciprocal of twice the signal bandwidth.

To be more specific, let g(t) be bandlimited t0 frax. The sampling theorem
requires that

1 1
At < o or f= At
which is known as the Nyquist sampling criterion. The largest sampling interval
permissible by the Nyquist criterion is At = 1/(2fmax), which is called the
Nyquist interval. Correspondingly, fs = 2 fmax is called the Nyquist frequency,
which is the minimum sampling rate required for exact recovery of g(t).
Let g(nAt) be the sampled values taken from g(t), with At satisfying the
Nyquist criterion. Then, g(t) can be reconstructed from g(nAt) using the follow-
ing well-known interpolation formula:

2 2 fmax (5.114)

o0

9(t) = > g(nAt)sinc[rfi(t — nAt)] (5.115)

n=—o

which is illustrated in Fig. 5.22. It is also easy to show that Eq. (5.115) can be
written in terms of the signal bandwidth as

(==}

g(t) = Ei}:i E g(nAt)sinc[27 frnax(t — nAt)] (5.116)

n=—oo

5.4.1.2 Interlaced Sampling

Interlaced sampling is a special case of nonuniform sampling, which finds use-
ful application in echo-planar imaging discussed in Chapter 9. As shown in
Fig. 5.23, interlaced sampling satisfies the Nyquist criterion in the average sense
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Figure 5.22 Illustration of the recovery of a continuous function from
its samples by a summation of weighted sinc functions.

if At € 1/ fmax. It has been shown [44] that g(t) can be recm-fcrcd from this set
of nonuniformly sampled values using the following interpolation formula:

g(t) = i [g(nAL)A(t — nAt) + g(nAt + )h(—t + nAt + &) G117

n=—0co

where the interpolation kernel function h(t) is given by

c08(27 frmaxt — 70 fmax) — €08(7d fmax) 5.118)
h(t) = 27 faxt Sin(?l'éfmax) :

11 g(t)

Figure 523 An example of interlaced sampling.
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5.4.1.3 Sampling of Bandlimited Periodic Functions

It is well known that periodic functions (satisfying the Dirichlet conditions) can be
expressed in terms of the Fourier series. If a periodic function is also bandlimited,
the Fourier series will have only a finite number of terms. We summarize the result
regarding the sampling of these functions here because it is useful for describing
polar sampling of k-space.

Consider the following finite Fourier series:

N
glt) = 3 epe~mnilT (5.119)
n=-N

Clearly, g(t) is periodic in ¢ with period T and bandlimited to N/T'. Since g(t) is
uniquely specified by the 2/V 4 1 coefficients, it is expected that 2V + 1 samples
taken within a single period would suffice to uniquely reconstruct g(t). Therefore,
the Nyquist sampling criterion in this case can be stated as

At <

T 2N +1

Assume that Ny > 2N + 1 samples are taken from g(t) in interval At =

T'/N;. It has been shown that g(¢) can be reconstructed from this set of samples
using the following interpolation formula:

(5.120)

~ N,—1 sin [%(2N +1)(t — nAt)]
9(t) = };0 o) — e ) o

Detailed derivation of Eq. (5.121) can be found in [45, 252].

5.4.2 Sampling Requirements of k-Space Signals

Sampling of k-space is a multidimensional sampling problem. In practice, how-
ever, one treats sampling along each dimension separately, thus reducing it to a
one-dimensional sampling problem. The resulting sampling pattern is not opti-
mal; nonetheless, it guarantees “perfect” reconstruction of the underlying contin-
uous k-space signal. We therefore adopt this conventional treatment to determine
the sampling requirements on the MRI data acquisition parameters for two pop-
ular imaging schemes: rectilinear sampling and polar sampling. Here, we con-
sider only two-dimensional imaging, since the treatment can be easily extended
to higher-dimensional cases if necessary.

We first consider the rectilinear sampling case. Assume that the object being
imaged is bounded by a rectangle of widths W, and W, as shown in Fig. 5.24.
Then, according to the sampling theorem we have

1 1

< & e
Ak, < W and Ak, < W,

(5.122)
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We further assume that frequency encoding is used along the z-direction and
phase encoding is used along the y-direction. Then,

Ak, = ¥|G.|At <123
{Aky =4 AG, T, (5.123)

re ‘ .
e G:: frequency-encoding gradient
At : readout sampling time interval
AGy : phase-encoding gradient step size
Pawcs phase-encoding interval
ky
L] . L L L] -
L] - L] L L] L
. . . - L] L
- L] - ’ . L] L]
L] - . - L] L[]
ke
L] . . - - .
L L] - - - -
- - L] - - -
St 4
- -
aks
(a) (b)

Figure 5.24 Illustration of (a) an object bounded by a rectangle of widths W
and Wy, and (b) rectilinear sampling of k-space.

Substituting Eq. (5.123) into Eq. (5.122), we immediately obtain the follow-
ing requirements on the data acquisition parameters:

27
{At < SG.We

e (5.124)
AGy < W,

We next consider the polar sampling case. In this imaging scheme, there are
two essential data acquisition parameters: Ak and A¢. To obtain the require-
ments on these parameters, the following two standard assumptions are made:

(a) Space-limitedness (Fig. 5.25a):
plz,y) =0 for /z2+y2> R, (5.125)

(b) Frequency-limitedness (Fig. 5.25b):

S(keky) =Fp=0 for |/k2+k2> R (5.126)
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The first assumption is valid because practical object functions are space
limited. The second assumption is only an approximation since a function canngt
be both space- and frequency-limited at the same time. This assumption is, hoy.

€ver, necessary to enable us to derive a minimum sampling requirement along the
¢-direction.

(a)

(b)
Figure 5.25 [llustration of (a) an object bounded by a circle of radius R: and
(b) polar sampling of k-space.

With assumption (a), the sampling requirement along the k-direction for each
@ can be found easily. Specifically, it is easy to show that

1

Ak = i s .
k=5GAt < 35 (5.127)
or
K T (5.128)
~ 7GR, ’

where G = | /G2 + G2.

Determining the minimum sampling requirement along the ¢-direction is
more complicated than determining it along the k-direction. Because Sy (k, ¢) is
periodic in ¢ for a given &, we can express it in terms of the Fourier series as

Sp(k, ) = D ca(k)eind (5.129)
where . 1
cn(k) = = f Sp(k, ¢)e™dg (5.130)

The largest angular sampling interval A¢ allowed for S,(k,¢) is determined
by the number of significant terms in the Fourier series in Eq. (5.129). For a
circularly symmetric object, Sy(k, @) is a constant over ¢ and the series will

~ ¥ gection 5.4 _Sampling of k-Space 2

¢ only a dc term. In general, the number of signiﬁcant.term_s increases w.nh
LA A well-known result concerning this problem is derived in [231], which
s:a;cs that Sp(k, ¢) is bandlimited to R321r|k‘| + 1 with respect to qﬁ.. Inl ;thz

rds, the Fourier series coefficients c,(k) in Eq. (5.129) are not significa
WO Iﬂl' > [Rz2m|k[] + 1, where the brackets represent rounding R.2w|k| to tt?e
“ t higher integer. Based on the assumption of frequency-limitedness stated in
= (5.126), ¢, can be ignored for any measured k values if [n| > [21.TRIR,€]_+ 1
f‘:;arefore, according to the results concerning sampling of Pandlimlted per‘lodlc
functions presented in Section 5.4.1, the angular sa!'npl_mg interval that satisfies
the Nyquist criterion for all of the sampled k values is given by

27
(5.131)
Ag < 2([2m Rz Re] + 1) + 1

A more insightful relationship can be derived bas.ed on Eq. (5.131), which
directly relates the number of radial lines (or projections), fienotcd by‘Nqs., to
the number of samples per line, denoted by N;. More spec1ﬁcally, taking into
account the fact that data at nA¢ and nA¢ + m are collected simultaneously, we
can express Ny as

kg
=—2]2 Ri|+1.5 (5.132)
Ny =15 > onR.Ry)
Replacing R, and Ry with :
R, = — (5.133)
7 2Ak
and %
Ry = -§£Ak (5.134)
we immediately get
i/ P (5.135)
N 2

Equation (5.135) indicates that the number of projections required is roughly the
same as the number of samples per projection. . .
Interestingly, the result in Eq. (5.135) can also be obtained by .settmg the
worst-case azimuthal resolution and the radial resolution to l:fe approxlmatel_y th_e
same. Inspection of Fig. 5.25 indicates that the worst-case azimuthal resolution is

given by
— 7 Ni
- A (5.136)
AB = A¢Ry N, 2

Setting AB ~ Ak immediately yields Eq. (5.135).



180

Chapter 5 Signal Localization

Exercises

5.1

5.2

5.3

5.4

5.5

5.6

57

5.8

59

Selection of an envelope function for an RF pulse has nothing to do with
the By field strength. True or false? Why?

Why do we need stronger frequency-encoding gradients for imaging at
higher fields?

Phase-encoded spin-echo signals should decay faster than nonencoded spin.

echo signals. True or false? Why?

What is the cross-talk artifact in slice-selective excitations? How can it be
reduced?

In slice-selective excitation, how is the width of a selected slice related
to the strength of the slice-selection gradient? Assume that G, is the de-
sired gradient strength. What is the consequence if the gradient system
malfunctions such that the effective gradient the object sees is

(@ Ger=0

(b) Gex =G./2

(€) Ges =2G;

Assume that in the presence of a z-gradient (G;) only, a given slice-
selective pulse By (t) excites a slice defined by z = zg of width Az such

that # G.zo = fo. Which slice will B;(t) excite if Gz, Gy, and G, are
turned on simultaneously during the excitation?

(a) Derive the equation describing the new slice selected.

(b) Calculate the new slice thickness in terms of Azg.

Slice-selective excitation is made possible through the use of an inhomo-
geneous magnetic field. No matter what kind of field distribution we have,
a frequency-selective pulse will always excite spins on a plane of a certain
orientation and thickness. True or false? If your answer is “false,” give an
example showing that a nonplanar slice is selected by an RF pulse.

Phase encoding of spatial information is achieved by assigning different
initial phase angles to local NMR signals. True or false?

Explain why a frequency-encoded signal decays faster than its nonencoded
counterpart.

Exercises
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510 Why do we need to use multiple phase-encoding gradient values but only

511

512

one frequency-encoding gradient value in the conventional phase-encoding
imaging excitation sequence? Discuss whether the same thing could b.e ac-
complished with a single phase-encoding gradient value but with a variable

gradient duration.

Echo signals (spin echoes or gradient echoes) are often used in MRI pri-
marily because:

(a) They are useful for symmetric k-space sampling.

(b) They are always available.

(c) They are easier to generate than FID signals.

(d) None of the above.

Select all the answers that apply.

For the excitation sequence shown in (a), the FID signals gt?ncratgd are
mapped to k-space as shown in (b). Discuss how to modify this excitation
sequence so that the FID signals will generate the k-space coverage shown

in (¢).

RF WY
6 —E8
G, e
(a)
k ky
A =k ks
(®) ©
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5.13 For the following three excitation schemes,

(a) Find the mathematical expression for the activated signal.

(b) Assuming that the signals are sampled with the same time interva]
At, sketch how the sampled data are mapped into k-space for each

case,

Scheme 1:

Scheme 2:

Scheme 3:

RF«J\/\/
&

G
I [T I S ™
-G
——={ acquirc data =—

Gy
G
G, —'——l—
0 T 2t 3t

-G

2G
G —:_‘I_
I [ T C I ™

-G
~—— acquire data F+——

B Ty ey

s ANPRTAL M et o P B
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514 Draw a gradient-echo imaging sequence with rectilinear sampling of k-

space.

515 Draw a gradient-echo imaging sequence with radial sampling of k-space.

516 AnMRIsystem is equipped with a gradient system that can provide vari-
able G and G, gradients. Design a spin-echo imaging sequence that gives
the k-space sampling trajectories shown below. Sketch the pulse sequence

and specify the necessary gradient functions.

517 Design an excitation sequence to generate the concentric k-space coverage
shown below, assuming each circle of data is from one excitation. Let
S,,(t) be the time signal generated by the nth excitation. Mark the k-space
locations of the sampled data points S, (mAt).

Aky

X

518 Design an excitation sequence that generates data mapped to the following
elliptical k-space trajectory.
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5.19  For the excitation sequences given below:

(a) Derive an expression for the FID signal.

(b) Map the time signal to k-space and sketch the sampling trajectory.

n .n
ol L
o] k]

U U
G I G

[ — '(-’512)6
G

nG

—
> I I' (312)G

(a) (b)

5.20 For a given object function p(z,y), the frequency-encoded signal mea-
sured in the presence of a gradient G is S, (t), and its largest time inter-
val permissible by the sampling theorem is At. Assume that a new signal

S3(t) is measured in the presence of a frequency-encoding gradient twice
the strength of G..

(a) How is the new measured signal S5(t) related to S; (t)?
(b)  What is the largest sampling interval allowed for S(t)?

(c) Ifthe inverse Fourier transform (with respect to ¢) of S; (t) and Sa(2)
is p1(z) and pa(z), respectively, how is 5, (z) related to j(z) and
0 p(z,y)?
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Exerc 1SES

521 Determine the frequency bandwidth of the following signals:
(a) sin(107t + 45°) + *257*
(b) sinc(mt)
(c) sinc?(xt)
() sinc(mt) + sinc®(mt)

(e) sinc(mt) cos(100~t)

522 Let g(t) be a signal with Nyquist fn':quency fs. Determine the Nyquist
frequency for each of the following signals:
@ g(t)+g(t—3)
®) %2
© ¢*(t)
(d) g(t)cos fst
523 Show that if g(t) is bandlimited to fmax, then
g(t) = g(t) * 2 fmaxSinc(27 frmaxt)
524 Derive Eq. (5.116) from Eq. (5.115).
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Image Reconstruction

One picture is worth a thousand words.

Old folk saying

Image synthesis (or reconstruction) is an important topic of tomographic imag-
ing because spatial information is encoded into the measured data during the data
acquisition step. Depending on how spatial information is encoded into the mea-
sured data, the image reconstruction technique necessary can vary considerably.
In this chapter, we single out two fundamental image reconstruction problems
for detailed discussion: (a) reconstruction from Fourier transform samples, and
(b) reconstruction from Radon transform samples. Many practical MRI data ac-
quisition schemes lend themselves naturally to one of these two reconstruction
problems. For example, if k-space is sampled rectilinearly as shown in Fig. 6.1a,
we directly have the first reconstruction problem; if k-space is sampled radially
as shown in Fig. 6.1b, we have the second reconstruction problem. For other k-
space coverage, signal interpolation is often used to regrid the measured data into
one of these two “standard” formats so that a basic reconstruction algorithm can
be applied.

This chapter is organized as follows. First, some general issues in image
reconstruction are discussed. Then, the theory and algorithms of Fourier recon-
struction are described. Finally, image reconstruction from Radon transform data
is discussed, starting with a detailed description of the inverse Radon transform,
which is followed by an exposition of various practical algorithms. Advanced
topics of image reconstruction are presented in Chapter 10.

187
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(a) (b)

Figure 6.1 Two basic k-space coverage used in MRI experiments.

6.1 General Issues of Image Reconstruction

We may formally state the image reconstruction problem as finding an image
function I that is consistent with the measured signal S according to a known
imaging equation:

S =T{1} 6.1)

where T is usually an integral transformation operator. In MRI, 7 represents any
of the spatial information encoding schemes. Equation (6.1) is often referred to
as the data-consistency constraint, and any function satisfying this constraint is

called a feasible reconstruction. A more formal definition of feasible reconstruc-
tion is as follows.

Definition 6.1 An arbitrary function is a feasible reconstruction if a physical ob-
Ject built based on this function will produce the measured data with the same
experimental procedure.

The data-consistency constraint is important because image reconstruction
does no more than convert information in the measured data into an image format.
A violation of the data-consistency constraint can mean that this conversion step
is not faithful, and a loss of valid information or a gain of spurious information
may result. Nevertheless, it should not be taken for granted that any image re-
construction technique satisfies the data-consistency constraint. In practice, data
consistency can be sacrificed in a controlled way in exchange for other more de-
sirable image properties. For example, in the windowed Fourier reconstruction
technique described later, the data-consistency constraint is purposely violated to
reduce the Gibbs ringing artifact described in Chapter 8.
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Theoretically, if 7" is invertible, a data-consistent I can be obtained from the
inverse transform such that

1=T"'{5} (62)

However, in real life T-1{S} cannot be cgmputefl because !he dala‘space_ is ofnl_v
partially sampled. Therefore, instead of d1rf:.ctly |mpler.nermng the inversion for-
mula, one focuses on finding an image function thlat satisfies }he data-consistency
constraint either by an approximate implen_lcn.tauon of the mvefsc trans_form 0;
by methods that may have nothing to do with it. Sc-ome general xssues.\fvzth suc
an image reconstruction procedure are existence, unigueness, and frabzhry. _

It is easy to understand that, given a set of measured data, an image function
I that is consistent with the data always exists sin.ce [%lc da'ta are generated from
a physical object. Whether such an image. fuqcuon is unique depends on holw
the data space is sampled. If finite sampling is used, as is always the case in
practice, there are many feasible image functions fqr the given mea.surcd data.
In this case, some optimality criterion has to be applied to sglec:t an image from
the many feasible ones, a topic discussed further in later s_ecuops. Stability of an
image reconstruction technique is related to how gerturbat_mns in the data domain
are translated to possible image errors. More s?ecxﬁc.ally, if the data are perturbed
by AS and, as a consequence, the image function is in error by AT, then

S+ AS =T{I+AI} (6.3)

An important practical question is: will AT be small fc‘)r a smz?ll AS? Thf: answer
is not necessarily yes. For example, for Fourier imaging, T is the Fourier trans-
form operator. According to the well-known Ricmanq—ubesguc !emma, we can
add a frequency component of arbitrarily large amplitude to the image function
without greatly perturbing the k-space data. For example, let

Al = Asin(2rkoz) (6.4)

Then, we have (see Problem 6.1)

w,/2

lim AS = lim Al(z)e ™ dz =0 (6.5)

ko—00 ko—roo J _w, /2

where W, is the size of the object. Equations (6.4) and (6.5) imply th_at AS can
be made negligible while AT is arbitrarily large. An operator »r.'llh lhlS. Proper!y
is called ill-conditioned. Because most imaging operators are ill-conditioned in
nature and do not have a unique solution owing to finite sampling, the recon-
struction problem is considered to be an ill-posed problem. .Conscqxllently, ob-
taining the exact true image function is theoretically impos_s1blc', wt-uch caused
some doubts about the practical usefulness of tomographic imaging in ﬂ"lf’: early
days. However, as we will find out later, if we pick the image fu_nc}aon appro-
priately,” an acceptable image can be obtained with a known deviation from the
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true image function. This deviation can be fully characterized by a point spread
function if the imaging process is linear, and it can be made negligible under cer-
tain circumstances. The rest of the chapter takes up the specifics of various image
reconstruction algorithms.

6.2 Reconstruction from Fourier Transform
Samples

6.2.1 Problem Formulation

The problem of reconstructing a function from its Fourier transform samples can
be formulated as follows:

Given  S(kn) = fI(r)e‘iz”k""dr ko, €D (6.6)

determine I(r)

where D contains the set of k-space points at which measured data are collected.
This problem occurs in many scientific disciplines and was studied long
before the birth of MRI. It is now widely known that given a set of uniformly
sampled Fourier transform samples, the discrete Fourier transform (DFT) is the
computational tool to use for image reconstruction. This section discusses the
theoretical basis and limitations of the DFT image reconstruction technique.

6.2.2 Basic Theory

To simplify our presentation, we consider only the one-dimensional case here.
This simplification is acceptable owing to the separability of the multidimensional
Fourier transform discussed in Section 2.5.

In the one-dimensional case, Eq. (6.6) can be written as

{>=]
S(kn) = f I(z)e "2k nzdg (6.7)
—ca
Furthermore, assume that k-space is uniformly sampled such that

D= {k, =nAk,n=...,-2,-1,0,1,2,...} (6.8)

The imaging equation becomes

S[n] = S(nAk) = /-00 I(z)e~t2mmaks gy (6.9)
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An important formula governing how to reconstruct I(z) from S (nAk) is

1 oo

Z S[n]eiz”"bk‘ e n=z (:r - —‘:—k) (6.10)

n=-—00 —0o0

The left-hand side of Eq. (6.10) can be viewed as a Fourier series, with Ak being
the fundamental frequency and S[n| being the series coefficient of the nth har-
monic. The right-hand side is a periodic extension of I(z) with period 1/Ak.
Equation (6.10) can be proven as follows.

First, the following equality (commonly known as the Poisson formula) holds
in a distribution sense (see Example 2.7):

i gi2mnAkz _ E];]E i 5 (:1: _ %) (6.11)

n=—0oco n=-—-o0
Next, based on the definition we have

i S[n)ei2maks = i [

n=-—oo n=—oo

oo
/ I(i)e—izmmiﬁ] gi2mnaks

Mgl

fm I(ﬁ)eianAk(z—i)dé

_ oo I(g’}) i eizrnAk(z—i)di
ST e BN
=£w1(¢)ﬁn;ma(x—z— Ec-)da:
R . omy .
kL2
il =2 n
- 2 He-x5)

which proves the result in Eq. (6.10).

H Example 6.1

This example examines the periodic extension of a support-limited function
and its Fourier series representation.
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Consider I(z) = A(z) shown in Fig. 6.2a. We construct
" o0
Ii(z) = Z Az — 2n)
n=-o0

and

I(z) = i A(z — 3n)

n=-—o0

Clearly, I; (z) and Iz(z) are periodic extensions of I(z) with period 2 and
3, respectively, as can be seen from Figs. 6.2b and 6.2c. To calculate their
Fourier series representations, we need to know the Fourier transform of
A(z). From Example 2.4, we have

FA(k) = sinc?(mk)

The fundamental frequencies of Iy () and J2(x) are Ak = £ and 1, respec-
tively. Therefore,

(==}

s 1 2
Ii(z) = 3 Z sincz{mr/2)e'“"
and -
i 1 .
Ii(z) = 3 Z sinc?(nw/3)ef2n=/3
n=—oo
&
(a) & X

I -

1 1
(C) -j 3 I 1 j = X

Figure 6.2 Illustration of A(z) and its periodic extensions.
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In the remainder of this section, we derive the Fourier reconstruction formu-
las based on Eq. (6.10). For clarity, we first discuss the infinite sampling case and
then extend the result to the practical case of finite sampling.

6.2.2.1 Infinite Sampling

In this hypothetical case of infinite sampling, S(k) is available at k € D, where
D = {nAk,—00 < n < oo} (6.12)

Therefore, there is sufficient information to define the Fourier series in Eq. (6.10).
The question now is if J(z) can be recovered from its periodic extension as de-
fined in Eq. (6.10). The answer is yes provided that Ak satisfies the Nyquist
sampling criterion discussed in Section 5.4. To illustrate this point, we first make
use of the fact that any practical I{(z) is a support-limited function. That is, there
exists a finite W such that

lz] > W, /2 (6.13)

where the region defined by |z| < W, /2 is referred to as the field of view (FOV)
in the MRI literature.
If the relationship
W: < - or Ak < - (6.14)
T Ak W ’

holds, then there is no overlap among the various periodic replicas I(z — n/Ak)
for different n. Hence, one can obtain I(z) from the Fourier series as formed in
Eq. (6.10) by chunking out any period. More specifically,

I(z) = AKIL (Aik) i S|n]ei2mnaks (6.15)

In practice, I(z) is evaluated only within the FOV; the scoping function,
II(z/Ak), is often dropped from Eq. (6.15) for notational convenience. There-
fore, the reconstruction formula is simply written as

g s (6.16)

I(z) = Ak ) S[n]e?mmake =

n=-—oo

This convention will be followed in the rest of the book whenever it is not neces-
sary to make the distinction between the support-limited image function and the
corresponding Fourier series representation.
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6.2.2.2 Finite Sampling

In many practical situations, only a finite number of k-space points are collected,
Following convention, we assume that S(k) is known for k € D, where

D = {nAk,~-N/2 <n < N/2} (6.17)

This set of data is not sufficient to define the Fourier series as required by the
reconstruction formula in Eq. (6.16). As a result, the feasible reconstruction is
not unique.

Remark 6.1 If I(z) is a feasible reconstruction, then I(z) = I(z) + e?*m&kz
is also a feasible reconstruction for any |m| > N/2

Remark 6.2 I(z) given in Eq. (6.16) is a feasible reconstruction, if the unmeq-
sured coefficients take finite arbitrary values. In other words,

Nj2-1
I(ﬂ’.‘) = Ak Z S[n]eimrn.ﬁkx £
n=—N/2

Z cneiZﬂ-nAkz (618)
n<—=N/2;n>N/2

is a feasible reconstruction for arbitrary (finite) c,,.

An important question regarding image reconstruction from finite Fourier
transform samples is: what values should we assign to the c,? Clearly, the an-
swer is application-dependent. In practice, the ¢, is often selected based on the
minimum-norm constraint.! As a result, the unmeasured Fourier series coeffi-
cients are all forced to be zero because, according to the Parseval theorem,

Ak Nj2-1

/_ M@Pa=aK Y (ShP+ Y el 619

3 n=-N/2 n<—N/2;n>N/2
which reaches the minimum when ¢,, = 0. Therefore, the minimum-norm, feasi-
ble reconstruction is in the form of a truncated Fourier series:

N/2-1
I(I) = Ak Z S[n]eiZWnAk:n
n=~N/2

1

Equation (6.20) is popularly known as the Fourier reconstruction formula.
Clearly, the Fourier reconstruction is not identical to the true image function.

In fact, as a result of the series truncation, the inherent data continuity of S(k) is

violated,” leading to the well-known Gibbs ringing artifact, further characterized

! Reconstruction using other constraints is discussed in Chapter 10.
?Note that S(k) is an analytic function from the discussion in Section 2.5.

ST S e MR

:
:

Section 6.2 Reconstruction from Fourier Transform Samples 195

in Chapter 8. A simple way to cope with this problem is to multiply the data with
a window (or filter) function w;,, that decays smoothly to zero at n = £N/2. A
variety of such filter functions are available. The most popular one is perhaps
the Hamming window function® defined in Section 2.3. After a filter function is
selected, the windowed Fourier (series) reconstruction is then given by

Nj2-1
I(.T.) = Ak Z S[n]wneﬂwndkz
n=-N/2

1
- 6.21
lz| < = (6.21)

Note that the windowed Fourier reconstruction is not data-consistent since

Ak/2 .
f I(z)e™2mAk2 4y = ), S[n) (6.22)
—Ak/2

One will see from Chapter 8 that this violation of data consistency manifests itself
as a loss of spatial resolution. For this reason, it is commonly said that windowed
Fourier reconstruction reduces Gibbs ringing at the expense of spatial resolution
(rather than data consistency).

6.2.3 Computational Algorithms

We now discuss the formation of a digital image from the continuous image func-
tion given in Eq. (6.20) or Eq. (6.21) through use of the fast Fourier transform
(FFT) algorithm. Note that in spite of the discreteness of the measured data, the
reconstructed image is a continuous function of space. Discretization of the image
function is necessitated by numerical computation and display.

6.2.3.1 DFT and FFT

Given a finite-duration sequence d,, n = 0,1,..., N — 1, its discrete Fourier
transform (DFT) is another /V-point sequence defined by

N-1
Dp= Y dae™ N =01, N-1 (6.23)
n=0 '

Given D,,,, we can recover d,, exactly using the following formula:

N-1

d, = }16 Z Dmeﬂﬁmn/N

n=0

n=0,1,...; N—1 (6.24)

3The Hamming window function needed here can be expressed as:

wp = 0.54 + 0.46 cos(2xn/N) for — N/2<n<N/2
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Equations (6.23) and (6.24) are often referred to as the forward and inverse trans-
forms, respectively. Note that as defined here, d,, and D,, are periodic sequences
of period V. Therefore, for a finite-duration sequence, its DFT representation
automatically performs a periodic extension on d,,.

Direct evaluation of the DFT is time-consuming. Inspection of Egs. (6.23)
and (6.24) reveals that direct calculation of D, or d,, requires N? multiplications
and N(N — 1) additions, assuming that e ~*2*™"/¥ is precalculated. In practice,
the DFT is computed using a so-called fast Fourier transform (FFT) algorithm.
The existence of an FFT algorithm became generally known only in the mid-
1960s through the landmark work of Cooley and Tukey [126]. In retrospect, we
now know that efficient algorithms for computing DFT had been independently
discovered many times in history, starting with Gauss in 1805.

The fundamental principle underlying all FFT algorithms is that of decom-
posing the computation of the DFT of a sequence of length /V into successively
shorter DFTs. To illustrate this principle, we consider the special case of N being
an integer power of 2. That is, N = 27 for an integer 7. Since N is an even inte-
ger, we can split d, into two N/2-point sequences consisting of the even-indexed
points and odd-indexed points in d,, respectively, such that

D, = Z dne-iZImn/N+ Z dne—l’27rmn/N (625)
n even n odd

Simple variable substitution yields

N/2-1 Nj2-1
D, = Z dzpe—i21rm2p/N + Z d2p+le-—521rm(2p+1)/N
p=0 =0
Nj2-1 N/2—1
= Z dzpe—inmp/(N/m " c—i2:rm/.N E d2p+1 e—i21rmp/(N/2)
p=0 =0
=Gm+e N, (6.26)

This decomposition is the core of the so-called decimation-in-time radix-2 FFT
algorithm. Each sum in the decomposition can be recognized as an N/2-point
DFT. Although the index m ranges over N values for D,,, G, and H,, need
only be computed for m between 0 and N/2 — 1 because they are each periodic
in m with period N/2. With N = 27 the decomposition can be applied to the
evaluation of G, and H,,, by breaking each down to two N/4-point DFTs, and
the process continues until only two-point DFTs remain. The whole process re-
quires log, IV steps of decomposition. Since calculations at each step involve N
multiplications and /N additions, the whole process requires a total of N log, N
multiplications and N log, IV additions. Therefore, this algorithm offers tremen-
dous savings in computational time over the straightforward method. For exam-
ple, with N = 1024, N? = 1,048,576, N log, N = 10, 240, and the time-saving
factor is 1,048, 576/10, 240 = 102.4.

Section 6.2 Reconstruction from Fourier Transform Samples 197

6.2.3.2 Direct FFT Reconstruction

To convert I(z) given in Eq. (6.20) or Eq. (6.21) to a digital image, the sampling
interval (or digital pixel size) has to satisfy the Nyquist criterion to avoid loss of
image information. Since I(z) is a frequency bandlimited function (because of
finite sampling) in the sense that F{I}(k) = 0 for |k| > (N/2)Ak, I(z) can be
uniquely recovered from I[m] = I(mAz) as long as Az < 1/(NAk) according
to the Nyquist criterion. Therefore, the largest acceptable pixel size for I(z) is

1
Az = ——
T (6.27)
which is called the Fourier pixel size. At this pixel size, exactly N pixels are
available within the FOV. Namely,

FOV _ 1/Ak _ "
Az - 1/NAK §e2a)
The NV pixels are determined by
N/2-1
Im]=Ak ) Sphle>™¥  _N/2<m<N/2 (6.29)
n=~N/2

Equation (6.29) is called the direct DFT (or FFT) reconstruction, which gener-
ates IV pixels by directly applying the inverse FFT to an N-point measured data
sequence.

Inspection of Eq. (6.29) reveals that given a data set {S[n|}, one can calcu-
late {I[m]} without knowing the precise value of Ak. Therefore, one can always
treat Ak = 1 and, consequently, Az = 1/N. With these normalized values for
Ak and Az, Eq. (6.29) can be rewritten as

N/2-1
Im]= Y S[nje*™™/N  _N/2<m< N/2 (6.30)
n==N/2

Another subtle point worth noting is that the standard FFT subroutine is
rewritten according to the DFT sum as defined in Eqs. (6.23) and (6.24). To use
such a routine to evaluate Eq. (6.30), some pre- and post-processing is needed.
More specifically, let 7o = m + N/2 and 4 = n + N/2. Then i and A will
each have values ranging from 0 to N — 1, and Eq. (6.30) can be converted to the
standard DFT format as follows.
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N-1
I[m] - Z S[ﬁ_ N/Q'IeiZn(ﬁ—N/Z)m/N
n=0
) N-1
— gmimm E SIﬁ - N/2]ei2nﬁ(rh—N/2)/N
n=0
) N-1
— e~imT Z Slﬁ = N/Qle—ir’zﬂ'ei?rﬁfh/h'
N#—l i
= (-1)™ ) _(-1)*S[a — N/2]ei /N (6.31)
n=0
or
N-1
Ilm = N/2] = (-1)™ Y _(-1)"S[n — N/2]e2mm/N (6.32)
n=0

Equation (6.32) suggests that we first reverse the sign of the alternate elements
in S,, then feed it to an FFT routine, and finally change the sign of the alternate
elements of the output sequence. This processing scheme is schematically shown
in Fig. 6.3.

n I[n]
= FFT |—®—~

!

(-1)" (_nm

Figure 6.3 Schematic diagram of direct FFT reconstruction from symmetric k-space data.

6.2.3.3 Zero-Filled FFT Reconstruction

Zero-filled FFT reconstruction differs from direct FFT reconstruction in that the
data sequence is padded with zeros at one or both ends before the FFT algorithm
is applied. Zero-padding is used for two main reasons. First, if V is not an integer
power of 2, padding the data set with zeros will bring its length to the next power
of two so that the radix-2 FFT algorithm can be used. For example, with IV = 96,
padding 32 zeros to the data sequence will bring its length to 128 = 27, Second,
and perhaps more frequently used, zero-padding increases the digital resolution of
the resulting image, thus generating the so-called digital zooming or interpolation
effect.
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To understand the interpolation effect, let us suppose that N > N pixels are
desired from I(z) with pixel size AZ = 1/(NAK) = 1/N with Ak = 1. Based
on Eq. (6.20), this set of pixel values is given by

Nj2-1 X ) )
Im= 5. Shle*™™/¥  -N/2<m<N/2 (6.33)
n=—N/2
These pixels cannot be directly evaluated by the FFT algorithm because {I[m]}

and {S[n]} have different lengths. To get around this problem, {S[n]} is ex-
panded to N points by adding N — N zeros. Specifically, let

—-N/2<n<N/2-1
[ = Sl ~RjEsnE N . (6.34)
0 -N/2<n<-N/2,N/2<n<N/2
Equation (6.33) can then be written as
N/2-1 X X i
Iml= 5 S8ne> /Y -N/2<m<N/2 (6.35)
na—ﬁ/Z

which can now be evaluated directly by an N-point FFT.

Note that Eq. (6.34) suggests that zeros be padded at both ends of the data
sequence. It is sometimes more convenient to pad all the zeros at one end of ic
data sequence. The resulting FFT reconstruction will have a linear phase shift,
which is inconsequential when only the magnitude image is desired.

The zooming effect of zero-filling can sometimes make the image look “bet-
ter”” but no information is gained by zero-filling the data sequence. By the same
token, zero-filling does not violate the data-consistency constraint and thus will
not introduce additional image artifacts, although some existing image artifacts
may appear more obvious in the zero-padded FFT reconstruction.

6.3 Reconstruction from Radon Transform
Samples

6.3.1 Problem Formulation

Image reconstruction from Radon transform samples is commonly known as im-
age reconstruction from projections. Let P(p, ) denote the measured projection
profiles. This problem can be formulated in general as follows:

Given P(p,u)=R{I} = fRn I(r)é(p— p-r)dr (6.36)

determine I(r)
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where (p, ) € D with D containing the set of Radon-space points at which
measured data are collected.

Although MRI does not collect Radon transform data per se, these tech-
niques are useful for image reconstruction from radially sampled k-space data, I
the following discussion, we assume that the “measured” data are directly from
the Radon space. As in the Fourier transform case, if the Radon space is fully sam-
pled, I(r) can be uniquely determined from the inverse Radon transform formula,
In practice, the Radon space is partially sampled, leading to an underdetermined
problem. Consequently, the feasible reconstruction is not unique.. Various recon-
struction techniques discussed in this section represent different ways to select a
reconstruction from the many feasible ones.

6.3.2 The Inverse Radon Transform

Before describing the practical reconstruction algorithms, we discuss the inverse
Radon transform in order to gain some theoretical insight. Let us start with the
multidimensional inverse Fourier transform in vector form

I(r)= | S(k)e>™*Tdk
Rn

(6.37)

In spherical (or hyperspherical) polar coordinates (see Section 2.6 for definitions),
Eq. (6.37) becomes

= =]
I(r)= f f Sp(kp)et2 ™ T En"1dkdy (6.38)
lp|=1 0
Extending the lower limit of the inner integral from 0 to —oco by multiplying the
integrand with a unit step function u(k) yields

o0
I(r) = f f Sp(kp) k™ Yu(k)e™ ™ # T dkdp (6.39)
|puf=1 ~o0
The inner integral can now be recognized as a one-dimensional inverse Fourier
transform along the k-axis. Therefore, Eq. (6.39) can be rewritten as

By} = Fi H{Sp(kp) k" u(k)} (- m)dps (6.40)

|ul=1

where F,~ ! denotes taking the inverse Fourier transform along the k-axis.
Based on the projection-slice theorem and the derivative property of the

' gection 6.
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Fourier transform, we have
f;l{Sp(ku)k"“‘u(k)}
e H{Sp(kp)(i2k)"™ ™ 1}« Fr {u(k)}

NG )
1 & 'P(p,p) . [-l—é(p) 1 ] (6.41)
(zzﬂ.)n 1 gpn-l 2 12mp
1 [16"'P(p,p) 1 0" 'P(p,p) | 1]
= hzﬂ)n 1 E apﬂ—1 127 6p"‘1 p

Substituting this result into Eq. (6.40), we immediately obtain the following gen-
eral inversion formula:

o /‘ 8"~ P(p,
Ir) = 2@2m) ! Sl 0P

1 = g~~'P(p, p)/8p""
- (i2m)e /|u|=1 f—m

u-r—p
The two terms in Eq. (6.42) have the following interesting properties:

dp
p=per

1
dpdp  (6.42)

(@) =
L[ TReB| gm0 neen 64D
2(2r) Jw=r 0P g
®)
ne n—1
P /O™ =0 nodd (6.44)

(‘2"'T [ul 1-[

Proof of these identities can be found in the Appendix of this chapter.
The above properties result in the following well-known inversion formulas.

For functions of odd dimensions,

per-p

-1
i . f g o ) dp (6.45)
2(2’2.,,-)11—1 ul=1 apn— p=per
For functions of even dimensions,
n—1 n—1

Ir)= _-@}‘”—)". fl#!=1 f::

Two special cases of practical interest are n = 2 and n = 3. For

1 [T [® _ 0P(p,9)/0p
I(I,‘y)—ﬁﬁfo /;ma:cos¢+ysin¢-—13

p-T—p
n=2we

have

dpde (6.47)
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and forn = 3,

27 pm 2
I(ﬂ:syvz) = rﬁ_]:_ 2 P(p“us)

e . )y Bp? sin 8df8d¢

P=par

(6.48)

where pi; = (sin 6 cos ¢, sin @ sin ¢, cos ). Equation (6.48) can be equivalently
written as [16]

1 a2 8 o2 2 pw .
I(Iﬂhz):‘*é;z“ (3425+@+5?),/0 L P(Pa"",H:s)SdeQdfﬁ

(6.49)

For n > 2, the inverse Radon transform can also be carried out in a multj-
stage fashion. Specifically, according to Eq. (2.120), we have
B =N (6.50)

As an example, Ry ! = R7'R;!, which means three-dimensional inverse trans-

forms can be implemented as two-dimensional inverse transforms carried out in
two stages.

6.3.3 Backprojection

This section defines the backprojection operator that is used in several reconstruc-
tion algorithms. Let P(p, i) be a projection profile from the Radon transform of
an arbitrary function. The backprojection operator B is defined by

B{P(p,p)} = P(p-r,p)

The term backprojection comes from fact that mapping P(p, i) to P - v, p)
is to backproject the value of P(pg, pu) along the integration path of the Radon
transform, as illustrated in Fig. 6.4.

With the general definition in Eq. (6.51), it is easy to define the backprojec-
tion operator in two and three dimensions. Specifically, in two dimensions

(6.51)

Ba{P(p,¢)} = P(zcos¢ + ysing, ¢) (6.52)

and in three dimensions

B3{P(p,0,¢)} = P(zsinfcos¢ + ysinbsing + zcosb, 6, ¢) (6.53)

The backprojection operator maps a one-dimensional profile to a multidi-
mensional function with constant values along a line (plane or hyperplane) de-
fined by p - 7 = p. This property can better be seen from the following example.

B, P I R B

E-
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4)‘

g

Figure 6.4 Illustration of backprojecting the value of a point in
a projection profile to the pixels along a particular line.

B Example 6.2
Consider two projection profiles P(p, 0°) = II(p/a) and P(p,45°) = II(p/a).
We calculate their corresponding backprojections.
According to Eq. (6.52), we have for the first case
B2 {P(p,0°)} = II[(zx cos 0° + ysin 0°)/a} =1I(z/a)
and for the second case

By{P(p,45°)} = I[(x cos 45° + ysin 45°)/a} = I[(z + y)/(v2a)]

Bo{P(p,0°)} and B, {P(p,45°)} are illustrated in Fig. 6.5.

(a) (b)

Figure 6.5 Tllustration of B2{ P(p, 0°)} and B2{P(p, 45°)} discussed in Example 6.2.
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6.3.4 Practical Reconstruction Algorithms

We now discuss some popular algorithms used for image reconstruction from
Radon transform samples. We begin with the backprojection reconstruction angd
filtered/convolution backprojection methods, which are directly motivated from
the inverse Radon transform. We then discuss two methods known as direct
Fourier reconstruction and algebraic reconstruction, which are not based on the
inverse Radon transform.

6.3.4.1 Direct Backprojection Method

The easiest, but somewhat crude, way of implementing the inverse Radon trans-
form formula is to directly backproject the measured projections, as illustrated in
Fig. 6.6. The general backprojection reconstruction formula is

1 =c|  BPEmL (654
|pz|=1

where the measured projection profiles are first backprojected and then integrated

over the unit sphere. Clearly, the scaling constant ¢ in Eq. (6.54) is unimportant

as far as image quality is concerned. In practice, c is set to 1/2 in two dimensions

and to 1/(2n) in three dimensions so that the point spread functions associated

with backprojection reconstruction become 1/4/22 + y2? and 1/4/z2 + y2 + 22,

respectively. This topic is discussed in Section 8.1.3.

y

(b)

Figure 6.6 (a) Two projection profiles from a rectangular object. (b)
Backprojection reconstruction.
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Based on the definition of the backprojection operator in Eq. (6.§2), tt}e back-
projection reconstruction formula can be written explicitly in two dimensions as

27

or

I(I’y) = /:' P(I COS¢ + ySin ¢': ¢)d¢ (656)

noting that P(p, ¢) = P(-p, ¢ + 7). Similarly, in three dimensions, we have

2T pmw )
I(z,y,2) = i/ [ P(zsinfcos¢+ysinfsing + zcosf, 8, ¢)sinddide
1y ¥ o A ! (657)

In practice, the measured projections are discretized both angularly and radi-
ally. So, the above reconstruction formulas are implemented in discretrt form§. In
wwo dimensions, we may assume that P(p, ¢) is available at the following points

p = npAp np = —Np/2y« s Npf2 =1 (6.58a)
¢ = n¢A¢r Mg -—-—0,1,...,N¢ -1 (6.58b)
Thcn‘ Ny—-1
I(z,y) = A¢ Y P(pa,nel9) (6.59)
ng=0
where it is understood that prior to the summation py, is replaced by
pn = zCOSNgAP + ysinngAd (6.60)
In three dimensions, we may assume that P(p, ¢, 8) is available for
p = npAp np=—Np/2,...,Npf2 -1 (6.61a)
8 = ngAf ng=0,1,...,Ng—1 (6.61b)
= n¢A¢ ng = 0, 1,000 Ng— 1 (6.61c)
Then,
Ng—=1 Ng—1
i i 6.62
I(z,y,2) = o Zo 2 P(pn,nglAd,ngAd)sinng (6.62)
ng=0 ng=0
where
pn = TsinngAf cosngAg + ysinngAbsin nglA¢ + zcosngAd  (6.63)
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When I(z,y) or I(z,y,z) is evaluated on the rectangular grid points, say
(z,y) = (nzAz,n,Ay) or (z,y,2) = (nAz,nyAy,n.Az), it is necessary 1o
perform one-dimensional signal interpolation along the p-axis on the measureq
projection profiles. Why do we need signal interpolation? This is because p,, as
determined by Eqs. (6.60) and (6.63) may not fall exactly on the sampling points
along the p-axis. In other words, p, # nyAp, for =N, /2 < n, < Ny /2.

A variety of signal interpolation schemes can be used to solve this problem,
The most efficient one is the nearest-neighbor interpolator, which determines the
value of P(p,, p) as follows:

P(pn, p) = P(mAp, p) (6.64)

where
m = arg min |p, — mAp| (6.65)

Higher-order interpolators are often more accurate but computationally less ef-
ficient. For example, in the linear interpolation method, we select m such that
mAp < p, < (m + 1)Ap and estimate P(p,, i) by

(m+1)Ap — pn Pn — mAp
S S P(mAp, p) + = P[(m+1)Ap,u]  (6.66)

A notable limitation of the backprojection method is that it produces blurred
images as discussed in Chapter 8 and illustrated in Fig. 6.7. This problem can

be overcome using the filtered backprojection reconstruction method discussed in
Section 6.3.4.2.

Figure 6.7 Reconstruction of a phantom image: (a) The “gold” standard, and (b) back-
projection reconstruction with 256 projections uniformly covering ¢ from 0 to 7.
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6.3.4.2 Filtered Backprojection Reconstruction

Filtered backprojection reconstruction is a dilrcct impleme.mat‘ion of the inverse
Radon transform formula. It differs from direct backprojection rec?onst;ucuon
only in that measured projections are filtered before they are backprojecte b .

Let P(p, ) be the measured projections of I(r), and !ct :S,,(kp} e the
Fourier transform of I (r) in the polar form. Filtered backprojection reconstruc-
tion is expressed in general as

I(r) = f B{P(p, n)}dn (6.67)
=1
where the filtered projections P(p, p) are given, according to Eq. (6.39), by
P(p,p) = fm S,,(kp)k“‘lu(k)e"z"kpdk (6.68)
—00
There are many ways to implement filtered backprojection reconstruction

based on variants of Eq. (6.68). In two dimensions, for example, it is more con-
venient to write the filtered backprojection reconstruction as

7r -
Hew)= [ BP9} (6:69)
0
where - .
P(p,¢) = / Sy (k, @) |k|e™*™*Pdk (6.70)
"’ - 1 0P(@,) 1 .
P(pd)=53"6p " p
Similarly, in three dimensions, we have*
Hew )= [ [ Bs{P(r,0,9)}sinodods 672
o Jo
where = .
P(p,8,9) = f Sp(k, 0, ¢)k%e > Pdk (6.73)
or based on Eq. (6.48)
D 1 sz(piel¢)
P(P: 81 ¢) = "Er_z ap2 - (674)

4The three-dimensional Radon inversion formula can be written as
oo ’
Iz, y,2) = f ¥ f A [ Sp(k, 8, $)k*e**™*P sin 6dkdde
0 J0 J—oo

noting that Sp(k, 8, ¢) = Sk(—k, 8 +m ™ — ¢),fork > 0and0 < 6,9 <
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Equations (6.70) and (6.73) are k-s i i

- : pace implementations of the filter opera-

:;_on. whereas Eqgs. -(6.7 1) and (6.74) are Radon-space implementations. If datl: ;:
xr.ectly measured in k-space, as is the case with MR], it is often more convenic;:

to m?plcment Egs. (6.70) and (6.73). Based on the preceding discussion, we m

rewrite the filtered projections in general as ‘ v

P(p, u) = F {Sp(k, u)H(k)}

;ivherc H (]f) is a one-dimensional filter function. In two dimensions, the “ideal”
Iter function, according to the inverse Radon transform formula, is given by

(6.75)

H(k) = |k| (6.76)
Eccausc this ﬁltef amplil?cs high-frequency noise, an approximate filter function
;isl gen‘erally u§ed in practice. Specifically, to limit the unbounded nature of the |k|
ilter in the high-frequency range, we can multiply it with a bandlimiting func-
tion such as the rcctz!ngular window function IT(k/W}.), where Wy, is the desired
gequency band. This gives rise to the well-known Ram-Lak filter proposed b

’ :ar}}agll:antlrea\n and Lakshminarayanan. This function is also referred to as Lhi

er because its shape resembles the character “M”. A i
used filter functions are as follows: S

e Ram-Lak filter:

_ k
H(k) = |k|II (ﬁ) (6.77)
e  Shepp—Logan filter:
; k k
H(k) = |k S K.
(k) = |k|sinc (Wk) II (Wk) (6.78)
e Low-pass cosine filter:
I k
H(k) = |k ok AE
(k) = |k| cos (Wk)ﬂ(wk) (6.79)
e  Generalized Hamming filter:
H(E) = |K] [0.54 +0.46 cos (3@)] nf L
Wi A (6.80)

These filter functions are graphically shown in Fig. 6.8
In higher dimensions, the ideal filter functi i i
her i on required by the inverse Radon
transform is diffi i i i
e s different from the |k| filter. For example, in three dimensions, we

H(k) = k* (6.81)
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0.5 k

(a) (b)

-0.5 05 k
(c) (d)

Figure 6.8 Filter functions for two-dimensional filtered backprojection reconstruction:
(a) Ram-Lak filter, (b) Shepp-Logan filter, (c) Low-pass cosine filter, and (d) Generalized
Hamming filter. Note the desired frequency band Wi is normalized to 1.

This filter can be modified to reduce its noise sensitivity in the same way as is
done to the |k| filter. Two examples of filtered backprojection reconstruction are
shown in Fig. 6.9 to illustrate the effect of different filter functions on filtered
backprojection reconstruction. As can be seen from this example, different filters

result in noticeably different reconstructions.

6.3.4.3 Direct Fourier Reconstruction

As discussed in Sections 6.3.4.1 and 6.3.4.2, direct and filtered backprojection
reconstructions are approximate implementations of the inverse Radon transform.
In this and the following subsections, we briefly describe two reconstruction
methods that bypass the inverse Radon transform: the direct Fourier reconstruc-

tion method and the algebraic reconstruction method.
The direct Fourier reconstruction method consists of three major steps:

(a) Conversion of the projection data to Fourier data by one-dimensional Fourier
transformation of each projection (projection-slice theorem)

(b) Conversion of Fourier data on a polar grid to a rectangular grid (signal inter-
polation)
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Figure 6.9 Filtered backprojection reconstructions of a phantom image using (a) the
Ram-Lak filter, and (b) the low-pass cosine filter. Note that image (b) is less noisy than (a)
because the low-pass cosine filter suppresses some of the high-frequency noise.

(c) The standard Fourier reconstruction

The first step is not necessary when Fourier data are directly measured, as is
the case in MRI. The last step detailed in Section 6.2 is straightforward. Hence,
the key step with direct Fourier reconstruction is the conversion of polar-raster
data to rectangular-raster data. Detailed discussion of this signal interpolation
problem and available algorithms is beyond the scope of this text. The interested
reader is referred to [168, 200, 212, 230, 250, 251] for more details. An important
point to bear in mind here is that the rectangular-raster data generated by signal
interpolation often contain errors. Particularly, because k-space is sparsely sam-
pled in the high-frequency range with polar sampling, the interpolation step is
prone to aliasing effects. These errors can create noticeable image artifacts when
the signal interpolator is not properly chosen.

6.3.4.4 Algebraic Reconstruction Techniques

Algebraic reconstruction techniques (ART), as the name implies, formulate the
image reconstruction problem as one of solving a set of algebraic equations [143,
158]. Although ART is not widely used in MRI, some understanding of the un-
derlying principle is useful.

To illustrate the concept, let us focus on the two-dimensional case. ART
parameterizes the desired image function I{z, y) in terms of a finite set of known

SRR R T

B3

—
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basis functions ez, y) such that

L
I(z,y) = Z ce®e(z,y) (6.82)
=1
where ce are the model coefficients (parameters). With this model, the data-
consistency constraint can be expressed as
L

P(pm: ¢n) = ZCER {¢’£($1y)} (pms ¢n) (6.83)

=1

here0 € m < Np,and0 = n < Ny assuming that there are Ny projeclioir:s,

c o ¥ - . .

y ch with IV, samplpes in the measured data set. It is evident from Eq. (6.83?; }ilit

f:c cg can btf determined uniquely by the data-consistency constraint alone if the
e .

following two conditions are met:

(a) The basis functions are well-chosen (or linearly independent).
(b) The total number of model parameters L is not greater than the total number
of data points N = Np x Ng.

A particular set of the basis functions corresponds to ¢ (z,y) being the in-
dicator function of the fth pixel. That is

Bl = |

In this case, c¢ becomes the desired image pixel value. Tt;is rf];deg aris.jf“l :?:;t
i 5 i i N, x N, = L grid and ass

we discretize the image function I(z,y)on an Ny = : .

I(z,y) is a constant within each pixel. Putting Eq. (6.82) in matrix form yields

Wec=d (6.85)

1 (z,y) € £&th pixel pixel region (6.84)

0 otherwise

where d is an N-element vector containing.all Fhe measurfsd data “1: h(pm}\frb,; )nzng
W is an N x L matrix containing the weighting coefficients. hcn and
are small, we can use conventional linear system solvers to ﬁnc:? the Sz% ; o
Eq. (6.85). However, in practice L may be as large as '65,000 é or a 2 gt
image). Assume that 128 projections are tak_en, eagh with 512 at;x gg%ﬂ S.O]Vin

N = 65,000, and W becomes a square matrix of size 65,‘536 X .6 ! 1 : A eg
such a linear system directly is highly undcsi.rablc. even if possﬂ:nlf:i;l n pr: oseci
Eq. (6.85) is solved iteratively. One popular iterative method w.as lrs.t Iitr] n? sed
by Kaczmarz {172] and later elucidated by Tanal:_)c .[2-5-4]. In thl.S a gqu t d,omo
first makes an initial guess at the solution Co- This initial gl;CSS 01; Ep;m(cg 8&:5) i

sented by the first equaticn, wy « ¢ = @1, . (6.
;?1; iyl?cgfltz?ecrleflgz been obytaincd, we take its projection® onto the hyperplane

5Note the difference between the projection of a vector onto a plane and the projection of an object
function defined by the Radon transform.
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represented by the second equation ws « ¢ = dp, which gives ca. This process
is repeated with the third hyperplane and so on, until we get ¢, the projection
onto the last hyperplane. One now iterates by again projecting ¢y on the first
hyperplane. This process continues until all the N hyperplanes have been cycled
through, resulting in Iox. The next iteration starts by projecting Iy onto the
first hyperplane again, and so on. The projection onto the jth hyperplane from
that on the (§ — 1)th hyperplane is given by

Cj_1-wj —d;
e =t it A S

CJ' = cj—l — ; (6_86)

w; - w;

It has been shown that the iteration in Eq. (6.86) converges to the right solu-
tion of the linear system if a unique solution exists. If the solution is not unique
(e.g., in the underdetermined case when N < L), the algorithm converges to one
of the feasible solutions that is closest to the initial guess, cg. On the other hand,
if the linear system is overdetermined, no unique solution exists. The algorithm
in this case will not converge to a single point; rather, it will oscillate in the neigh-
borhood of the region of the intersection of the hyperplanes. The convergence
rate of the algorithm depends on both the initial guess and the orthogonality of
the hyperplanes. In the ideal case that the hyperplanes are mutually orthogonal,
one iteration of the algorithm through all the hyperplanes is enough. On the other
hand, if the angles between the hyperplanes are very small, the convergence of
the algorithm can be very slow. This algorithm is illustrated in Fig. 6.10, where
only two variables are considered.

5

Initial estimate

Figure 6.10 [lustration of the Kaczmarz algorithm for the case of two variables.
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Soion64_Appendx
6.4 Appendix

This appendix presents 2 progf
f(p) and g() represent the in

of the results stated in Egs. (6.43) and (6.44). Let
tegrands in the two equations. Namely,

o R{I}(p, )

(6.87)
f(p)= g

p=pr

al.'\d B"FIRUHE.#!

o0
[ = ——dp (6.88)
g(p) = f_m -
We then have
6H—IR{I}(p: —[J-)
fl-n)= Jpn1
_ ' R{IY (=P )
= Bpn—l g
' R{I}(-P, u)‘
n—1
(—1) a(r_p)n-—l
8 R{I}(p, 4)
apn—l

p=—pT

p=-pT

= (=) -
= (-1)" f(w) (6.89)

and, similarly,
"' R{I}p -k
apnfl

= (-1)"9(K)

where symmetry relation R{I}(p,p) = R{I}(—p,—H)

t that is an even .
N wgﬁ?'m?liigoﬁer har{é lu‘g)(,u,) is an odd function for odd n but an even function
even n; 3

; Rl i
for even n. The results in Egs. (6.43) and (6.44) are now evident, noting that f( u)
and g(p) are integrated over the unit (hyper)sphere.

(6.90)

is used. Equations (6.89)
function for odd n but an odd function for
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Exercises
6.1  Show that if W, is a finite number, then

6.2

6.3

6.4

6.5

We/2

Asin(2rkoz)e 27 dg = 0
—W./2

lim
kg—ro0

Let
o]
S[n] 3/ I(m)e—ﬂwnakxda’
—0o0
and
1/Ak N/2-1 2
e2=/ I(z) — Ak Z S[n]wnei2wnAkz dis
—1/4k /2

A§sgme that I(z) = 0 for |z| > W,/2 and Ak < 1/W,. Show that € is
minimized when w,, is a rectangular window function. That is,

w,= {1 —N/2Sn<N/2
0 otherwise
Let I(z) be the trapezoidal pulse defined in Problem 2.21.
(a) Construct and sketch a periodic extension of I(z) with period 3b.

(b) Find the Fourier series expansion for the resulting periodic function.

Let I(z) = A(z) and I(z) = 372

n=—0oQ I(I + n)'

(a) Sketch I(z).

(b) Is I(z) a periodic function of period 1,2, - -?

(c) Find the Fourier series representation for [(z).

Show that the Fourier reconstruction is always data-consistent regardless

of the sampling interval Ak and the number of data points available. In
other words, let

N/2-1
I(g_:) = AKII (_AI_];) Z S(mAk)emeAkz
m=—N/2

Then

F{I}(mAk) = S(mAk)  for — N/2 <n < N/2and VAk

g Ginr gl

gty

e’
a2
@
W
-‘a’-“
e
|
2
5
i
&

Exercises

6.6

6.7

6.8

6.9

6.10

6.11
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holds for any Ak > 0.

Let I(z) be a feasible reconstruction consistent with the measured data
5(nAk), —N/2 < n < N/2. Show that f(z) = I(z) + e2"mA%= is also
a feasible reconstruction for any [m| > N/2.

Prove the relation in Eq. (6.19).
Assume that a k-space data set $[m, n] yields the image in (a) after a two-

dimensional FFT.

(a) Discuss how to modify § [m, n] to generate the image in (b) with the
same processing.

(b) Let S[m,n] be the k-space data for image (b). How can S[m,n] be
restored from S[m, n|?

() (b)

Prove the following equality:
2m oo
f / Sp(k?¢}ei2ﬂ'k(mcos¢+ysin¢]kdkd¢
o Jo

T poo
- f / Sp(k,¢)ei21rk(::cos¢+ysingé)lkldkdqs
0 —o0

Show that Egs. (6.48) and (6.49) are equivalent.

Discuss whether the images reconstructed using the following techniques
are data-consistent: '

(a) Direct backprojection method
(b) Filtered backprojection method
(c) Direct Fourier reconstruction method

(d) Algebraic reconstruction method
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6.12

6.13

A rectangular object function is defined by
I(:L',y‘)={A Iz](tz-and|y|<a.
0 otherwise

where a < 1 assuming FOV = 1.
(a) Sketch the object function.
(b) Calculate and plot the projection for ¢ = 0°.

(c) Calculate and plot the corresponding filtered projection defined by
the inverse Radon transform formula.

(d) Calculate and sketch the backprojection images from the projections
obtained in (b) and (c), respectively.

Let
0.6¢c; + 0.4cy = 10

0.3C1 + 0.762 =5
represent two discretized Radon transform equations.

(a) Find the “true” image pixel values (c;, c,) defined by the two equa-
tions.

(b) Calculate the reconstructed pixel values after two iterations of the
Karczmarz algorithm with initial guess ¢q = (0,0).

Chapter 7

fmage Contrast

Be different in order 1o be seen.

Common sense

We have discussed so far how to generate an MR image from an object, starting
from signal generation, through spatial information encoding, to image recon-
struction. This chapter focuses on the end result—the image. Specifically, we
examine how image contrast can be adjusted in several basic imaging schemes.

7.1 Introduction

Image contrast is an important imaging parameter because the human visual sys-
tem is not good at judging absolute illuminance values. A well-known example
is shown in Fig. 7.1, where the two smaller squares in the middle have equal
intensity but the one on the right appears brighter.

Although image contrast perception depends on a number of factors, techni-
cally, image contrast is defined in terms of differences in image intensity. Specif-
ically, let Iy and I be the image intensity of tissues A and B, and Cap be their
contrast index. We have

_ |{a — Ig|

Iret'

where I,.¢ is a normalizing reference value. It is apparent from Eq. (7.1) that to
enhance image contrast, one should maximize the differences in image intensity
among different tissues.

Can (7.1)

217
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Figure 7.1 Visual illusion: small squares in the middle have
equal intensity but do not appear equally bright.

In MRI, image intensity I is a multiparameter function of spin density p,
relaxation times T3, T, and T, diffusion coefficients D, and so on. We may,
therefore, express the image contrast as

Cas = f(p,T1, T2, T5,D,...) 72)

where the exact functional form of “f” is dependent on the data acquisition pro-
tocol. If the data acquisition parameters are chosen such that the T} effect is
dominant, then

Cap & f(Tl) (7.3)

and the resulting image is said to carry T} contrast or a T} weighting. Similarly,
we have spin density contrast if

Cap = f(p) (7.4)

and Ty contrast if
Cas = f(T2) (1.5

7.2 Saturation-Recovery Sequence

The basic saturation-recovery sequence consists of a string of equally spaced 90°
_pulses as illustrated in Fig. 7.2. The time interval hetween twn_siccessive QN°
pulses is called the repetition time (Tg). For brevity, we may write this sequence
as
(90° — Tr)y (1.6)
where NV is the number of times that the 90° pulse is applied.
To analyze the image contrast behavior of this sequence, it is necessary (o
derive an expression for the signal in terms of the sequence parameters. Let
Mz(,"}(D_) and M £7)(0+) represent the longitudinal magnetization before and
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9%° 90’ 90" 90"
Tr
My
MY(1-e"THTy)

Figure 7.2 Basic saturation-recovery pulse sequence and the re-
laxation curve for the longitudinal magnetization.

after the nth 90°-pulse, and similarly, ME‘J. (0-) and M:E?J, (04) denote the pre-

and postpulse transverse magnetization. We have, as the initial condition, that

(1) —
M’ (0-) = M? 1.7
MPoL) =0

Based on the relaxation equation in Eq. (3.122), we obtain
MM (0-) = MP (1 = e—TR/T') + MP0)e ™ n>1 (7.8)
For this excitation sequence, it is usually assumed that
M™M0)=0 n>1 1.9)
which is known as the saturation condition. This condition is met if
Ta>» T, (7.10)

Jhessatrmtinr wearditinr iZans that the décay of 'the transverse magnetization
resulting from a 90° pulse is complete before the next pulse is applied."

If TR is less than 373, the residual Mz, component is significant and will be converted to M"
by a 90° pulse. The effect of a2 90° pulse on the residual M, component depends on its location
at the time of the pulse. For example, if M.+ is perpendicular to the B, field, it will be flipped onto
the z-axis. On the other hand, if Mgy is parallel to the B field, it will not be affected. For this
reason, it is imperative that the ransverse magnetization be completely dispersed (especially in ah_e
case of T < 4T%) us)ing, for example, a spoiler gradient if necessary before the next 90° pulse is
applied. /
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With the result in Eq. (7.9), Eq. (7.8) can be written as

(n) — A0 —Ty /T
M 0_) = M? (1 — e~ Tw/ ) n>2 (7.11)
Equation (7.11) indicates that the spin system reaches a “steady state” by the time
the second 90° pulse is applied. For this reason, the first 90° pulse is sometimes
called the preparatory pulse and the corresponding signal is discarded.

From Eq. (7.11), we obtain
n>1

ME)(04) = M2 (1-e™/T:) (7.12)

and correspondingly, the amplitude of the FID signal is

Ar oc M? (1 — e"T*‘/T‘) x p (1 - e"T“’T‘) (7.13)

One can see from Eq. (7.13) that the FID signal bears a characteristic T3-
weighting factor, (1 — e~T®/T1). Since this T;-weighting factor is not affected by
the subsequent steps in spatial information encoding and image reconstruction,
the resulting image intensity will be similarly T} -weighted as

I(r) = Cp(r) [1 - e~ T/T(")] (7.14)

iy

where C is a scaling constant dependent on the encoding and image reconstruction
methods used. Equation (7.14) indicates that a saturation-recovery sequence is
capable of generating an image with either spin-density-weighted contrast or T}-
weighted contrast. Specifically, if a long Ty is used,

(1—e /Ty 51 (7.15)
and the tissue contrast will come primarily from the difference in spin density. On
the other hand, if a short Ty is used, the image will be T -weighted, and the tissue
contrast will be due mainly to the difference in the tissue T} value. For biological
samples, a Ty of less than 500 ms is considered to be short and a T greater than
1500 ms is considered to be long for sequences of this type.

B Example 7.1

Assume that we have a sample consisting of two tissues with uniform spin
density but different T3 relaxation times Tj,4 and T3 . In this example,
we calculate the optimal Ty value of a saturation—recovery sequence so that
maximum T} contrast is achieved.
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According to Eg. (7.14), we have

I o 1 —_ B—ﬂ-thl.A)
{Ig 3 ﬁi((l — e~ Tr/Tup) (7.16)
d
an Cap x [Ia—Ig|=C (e—Tn./Tx,a - E—‘I'R/TI'A) 1D

for pa = pe. The optimal value for Ty satisfies the following equation:

a_cﬂ =C _l__e-Th/Tl.A == __1._¢—Tn/T|.s) =0 (7.18)
s v Tia Tis
whose solution is o (;1.5)
TR = (7.19)
Tie  Tia

Following the same procedure, one can readily work out a solution for the
more general case with pa # pB- This is left for the reader.

7.3 Inversion—-Recovery Sequence

Inversion recovery is another popular T, -weighted imaging sequence. .As illfls-
trated in Fig. 7.3, this sequence begins with a preparatory 180° pulse (or inversion
pulse). In abbreviated form, it is written as

(180° — Ty — 90° — Tb) i (7.20)

where T} is called the inversion time and T the recovery (or delay) time.

0
180° 90° 180° 90° 180° 90

B | (.

*:TL e :

MSU -28'T| nue'Tn 'rrl)

M; ; /1/
WVmel/

Figure 7.3 The basic inversion—recovery pulse sequence and the time evolution of M.
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The image intensity as a function of the T relaxation time and the pulse
timing parameters can be shown to be (see Example 7.2)
I(r) o p(r) [1 = 27T/ 4 e-TRfT-(')] 721y
In contrast to the saturation—recovery sequence, we can now adjust two sequence
parameters, Tt and TR, for optimal T} contrast. Specifically, by properly choosing
T1 we can make some tissue components to have negative or even zero intensities,
For example, if we set 17 to the following value

Tt =[In2—1In(1+ .‘3_11“/'1‘1“)}3"10 (71.22)

we have

1 —9e~T/TY 4 e—Tn/Tf =0 (1.23)

Then, any tissue components with T; = TP will contribute no signal in the final
image. This is known as the signal-nulling effect.

Because of this property, the inversion-recovery sequence can generate greater
T; contrast than the saturation—recovery sequence and is more useful for differ-
entiation of tissues having similar spin density and T3 values but slightly different
T; values.

B Example 7.2

In this example, we derive the expression in Eq. (7.21). As in the saturation—
recovery sequence, the z magnetization in this sequence reaches a steady
state prepulse value after the first 90° pulse. Therefore, to derive the signal
expression in Eq. (7.21), we need only to calculate the 2 magnetization be-
fore the second 90° pulse.

Referring to Fig. 7.3, M, = M? att = 0. After the first 180° pulse,

M, = -—Mf

Based on the relaxation equation in Eq. (3.122), the longitudinal magnetiza-
tion at t = Tj is given by

My = M2 (1 - 2e7/m)

which is subsequently flipped onto the transverse plane by the 90° pulse
applied at ¢ = T7. Att = T, the longitudinal magnetization regains the
following value:

M, = M? (1 ik e~(n—n)/r.)

Pt i

Y e e
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After the second 180°,
My =-M2 (1- e~(M-T/T:)
z z

Finally, applying the relaxation equation again, we have, immediately before
the second 90° pulse, that

My = M? (1 — e_T‘/T') - M° (1 — e—('I‘n—T;)/Tl) e~T/Ts
=M° (1 _9e~T/Th 4 e—m/’n)

The signal expression in Eq. (7.21) results immediately.

7.4 Basic Spin-Echo Imaging

The plain saturation—recovery and inversion-recovery sequences, as d_escribed in
Sections 7.3 and 7.2, generate T} -weighted FID signals. For symmetric coverage
of k-space, echo signals are often used. In this section, we discl:uss_ the incorpora-
tion of spin echoes into these imaging sequences and the resulting image cc?ntrast.

We first study the saturation—recovery spin-echo sequence shown in Fig. 7.4.
As in the plain saturation—recovery sequence, the z magncti.zation before a 90°
pulse reaches a steady state after the first pulse, whose value is

M, (0-) = MP (1 — 9e~(Ta=Te/2)/(Ts e-TR/Tl) (7.24)
'I'hcr‘cfore, the amplitude of the spin-echo signal is
Ag = M? (1 — 9e—(Ta-Te/2)/Th 4 eﬁTn/Tn) e~ Te/T2 (7.25)
z
In practice, Tg < Tr and Eq. (7.25) can be simplified to
Ae =M (1- &I (7.26)

The signal expression in Eq. (7.26) indicates that the image intensit)_f oflthe
saturation-recovery spin-echo sequence carries a Tj-weighting, T,-weighting,
and spin-density-weighting simultaneously, in general. However, we can selec-
tively emphasize one of contrast mechanisms by properly choosing the scqgen’cl:‘e
parameters Ty and Tg. For instance, if a short Tk is used, the term e~ &/ : 2
approaches 1 and the T>-weighting factor can then be ignored. I:‘:ffects of d:f-
ferent sequence parameter values on image contrast for this excitation scheme is

summarized in Table 7.1.



224 Chapter 7 Image Contrast

90°  180°

Figure 7.4 Saturation-recovery spin-echo imaging sequence.

Table 7.1 Image Contrast of a Saturation-Recovery SE Sequence

Contrast Te Tr
T;-weighting short appropriate
T»-weighting appropriate long
p-weighting short long

We now extend the discussion to the inversion-recovery spin-echo sequence
shown in Fig. 7.5. Correspondingly to Eq. (7.25), one can derive for the inversion-

recovery sequence that

Ag = Mg (1 — 9~ T/Th + 2¢~ (Tr—Te/2)/T1 _ e—TRl'Tx) e~ Te/T2 (7.27)

Again, invoking the practical assumption that Ty < Tg, we have the following
better known formula:

Ag = M° (1 — 26T 4 ¢~TR/T1) = Te/Te (7.28)

which indicates that this sequence can generate T} -, T5-, and spin-density-weighted
contrast as the saturation-recovery spin-echo sequence does.
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Figure 7.5 Inversion—recovery spin-echo imaging sequence.

7.5 Basic Gradient-Echo Imaging

The basic idea of gradient-echo imaging is to replace the 180° rephasing RF
pulses in a spin-echo imaging sequence by gradient rephasing pulses, as shown
in Fig. 7.6. With this replacement, it becomes efficient to use smaller flip-angle
excitations for fast imaging, a topic discussed in Chapter 9.

Gradient-echo imaging sequences show a wide range of variations as com-
pared to spin-echo imaging sequences, and, as a result, the image contrast mech-
anism is also significantly richer. Specifically, gradient-echo imaging sequences
can generate images with T7-, Ty/T3-, T-, T3 -, and spin-density-weighted con-
trast with a proper selection of the Tg, Tk, and the flip angle. In this section, we
illustrate this concept by going through one specific example. More in-depth dis-
cussion of other gradient-echo imaging methods, in the context of fast imaging,
and their contrast behavior can be found in Chapter 9.

Consider the gradient-echo sequence in Fig. 7.6. We assume that Tg > T5
such that

ME)(0-)=0 (7.29)

Equation (7.29) means that the transverse magnetization from the preceding exci-
tation pulse is totally dephased.
Invoking the relaxation equation in Eq. (3.122), we obtain

M (0-) = MX(1 — e /T + MEV(0,)e /M (7.30)
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Figure 7.6 A generic gradient-echo imaging sequence.

where M™(0_) and M7V (0.) represent the z magnetization before the nth
pulse and after the (n — 1)th pulse, respectively. Making use of the fact that

MM 0,) = M™M(0_) cosa (1.31)
Equation (7.30) can be rewritten as
Mi:')(O_) = M°(1 - e To/Tr) 4 MEP1(0_) cos e~ TR/ T (7.32)
Under the dynamic equilibrium condition that
MM 0-)=MEV(0) = M2(0-) (7.33)
we have
MO(1 — e=Tn/Th)
M (D) = 2——m———r"
#ih-) 1 —cosae~TrR/T1 (.34
Consequently, the postpulse transverse magnetization is
M2(1 — e~ Tr/Th) ;
()= 22— ) ginget/T
My (t) 1 —cosre—ThIT: HOE * (7.33)
and the echo amplitude is
MO(1 — e~To/Th .
Ag = gl ) sin e~ TB/ Tz (7.36)

1 — cosae~Tr/T

B A%t v

P

i
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Equation (7.36) clearly shows that the image intensity from this gradient-
echo sequence carries both 73- and T3 -weightings. The T -weighting factor is
characteristic of a gradient-echo sequence, and it is controllable by adjusting the
echo time Tg. This is similar to the way the T% contrast is adjusted in a spin-
echo imaging sequence. Unlike the case of a spin-echo sequence, however, the
T, contrast in the gradient-echo sequence is dependent mainly on the flip angle
o instead of the repetition time Tg. Specifically, when « is small, cosa = 1
and the T)-weighting factor is eliminated. As the flip angle is increased, the
T,-weighting factor becomes more significant, and it can be further regulated by
selecting different repetition time.

7.6 Discussion

There are three primary types of contrast in MR imaging: spin density contrast,
T contrast, and T contrast. Spin density contrast is linearly proportional to the
issue spin density differences, whereas Ty and T contrasts have an exponential
dependence on the tissue T, and T, values. Normal soft tissues usually have a
small variation in spin density but have quite different T} values. Therefore, 13-
weighted imaging is an effective method to obtain images of a good anatomical
definition. Many disease states are characterized by a change of the tissue T3
value, and Ty-weighted imaging is a sensitive method for disease detection.

For a given imaging sequence, all three types of contrast can contribute to
the tissue contrast, but usually only one is emphasized. For example, in spin-echo
imaging, one can eliminate the T and T3 factors with a large Tx and a small
Tg. The resulting image will be spin-density-weighted. In practice, the minimum
value of T possible is often limited by system hardware performance, and the
maximum value of TR is constrained by imaging time and practical considera-
tions.

Although a large intensity difference is an important factor for good tissue
visibility, there are also many other contributing factors, such as image pixel size
and noise. Discussion of these topics is beyond the scope of this text.

To illustrate the concept of tissue contrast as a function of data acquisition
parameters, three set of head images are shown in Figs. 7.7, 7.8, and 7.9. The
images in Figs. 7.7 and 7.8 were acquired using a saturation—recovery spin-echo
sequence with different T3- and Tp-weightings. One can appreciate the change
in image appearance due to different acquisition parameters by noting the typical
brain tissue parameters listed in Table 7.2.

Figure 7.9. shows a set of brain images acquired using a gradient-echo se-
quence with different flip angles. As can be seen, at small flip angles, the images
show mainly the proton density distribution, with cerebrospinal fluid having the
highest intensity, followed by gray and white matters. At larger flip angles, the
images become T} -weighted.
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Figure 7.7 Tj-weighted head images obtained using a saturation-recovery
SE sequence with different Trs: (a) Tr = 250 ms, (b) T = 500 ms, (c)
T = 1000 ms, and (d) Tr = 2000 ms. The shorter T images are heavily
T;-weighted, while the long Tr image is more proton-density-weighted.

Figure 7.8 Ty-weighted head images obtained using the same sequence
as in Fig. 7.7. Two different echo times were used: (a) Tz = 20 ms and
(b) T = 80 ms, with the same Tk = 2000 ms. Image (a) is heavily
proton-density-weighted, while image (b) is T2-weighted.
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Table 7.2 Typical Brain Tissue Parameters Measured at 1.5 T

Tissue T (ms) T2 (ms) Relative p
White matter 510 67 0.6l
Gray matter 760 77 0.69

Cerebrospinal fluid 2650 280 1.00

Figure 7.9 Brain images acquired using a gradient-echo sequence (TR = 25 ms,
Ty = 4.75 ms) with different flip angles: (2) & = 2°, (b)a = 5° () o = 10°, (d)
a=20°, (e) & = 40°, and (f) @ = 60°. Note that at small flip angles, the images show the
characteristics of proton-density-weighting, whereas at larger fiip angles, the Ty -weighting
becomes dominant. Each of these images is acquired from a three-dimensional data set
with N, =512, N, = 512, N, = 80, FOV; = 256 mm, FOV, = 256 mm, and
FOV, = 160 mm. The image in (a) was obtained by averaging two slices to improve the
signal-to-noise ratio.
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Exercises

7.1  Design a two-dimensional imaging pulse sequence that can be used to gen-
erate a T map from a slice of an object and outline the signal processing
steps required.

7.2 Designatwo-dimensional imaging pulse sequence that can be used to gen.
erate a T3 map from a slice of an object and outline the signal processing
steps required.

7.3 Why is the data acquisition time for T,-weighted imaging longer than that
for T1-weighted imaging?

7.4 A saturation-recovery spin-echo sequence can generate different kinds of
image contrast. To generate a spin-density-weighted image, both the Ty-
weighting and T5-weighting factors are virtually eliminated. But for a
Ty-weighted or Ty-weighted image, the spin density-weighting remains.
True or false? Why?

7.5  Assume the following object with py = 1, Ty o = 1000 ms, T 4 =
50 ms, pg = 1, T1,8 = 500 ms and Tp 5 = 100 ms. Three images were
obtained using a saturation-recovery spin-echo sequence, with Iy = Ig
for image 1, Ip = 2Ig for image 2, and I4 = 0.5Ig for image 3.

(a) For each case, determine if the image is p-weighted, T} -weighted, or
T,-weighted.

(b) Determine the Tr and Tk values used to obtain each image, assuming
that the contrast difference results from only one of three contrast
mechanisms.

7.6  Derive the expression in Eq. (7.24).
7.7 Derive the expression in Eq. (7.27).

7.8  Discuss why image contrast is determined primarily by central k-space
data.

A e
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Exercises

7.9

231

The signal-nulling property of the inversion-recovery sequence can be ex-
ploited for fat suppression. The T3 value of fat at 1.5 T is roughly 260 ms.
If T = 100 ms, what is the value of T; that will cause the M;-component
of fat to be zero at the times that the 90° pulses are applied?



Chapter 8

Image Resolution, Noise, and
Artifacts

Nothing is invented and perfected ar the same time.

Latin Proverb

This chapter further examines image characteristics with respect to various data
acquisition and processing schemes. We focus specifically on issues related to
image resolution, signal-to-noise ratio, and systematic image artifacts. The pri-
mary goal is to familiarize the reader with some commonly encountered image
errors and to provide some insight into how to reduce them when appropriate.

8.1 Resolution Limitations

In any practical MRI experiment, the resultant image is never identical to the
true image desired. This section discusses image errors due to limited resolution.
However, instead of describing all the practical resolution-limiting factors, we
focus on describing a useful point spread function (PSF) concept and show how
to use it to analyze resolution limitation in several practical imaging schemes.

8.1.1 Point Spread Function

Consider an idealized object consisting of a single point. It is likely that the
image we obtain from it is a blurred point. Nevertheless, we are still able to
identify it as a point. Now, we add another point to the object. If the two points

233
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are farther apart, we will see two blurred points. However, as the two points are
moving closer to each other, the image looks less like two points. In fact, the
two points will merge together to become a single blob when their separation
is below a certain threshold. We call this threshold value the resolution limit
of the imaging system. Formally stated, the spatial resolution of an imaging
system is the smallest separation dz of two point sources necessary for them to
remain resolvable in the resultant image. In order to arrive at a more quantitative
definition of resolution, we next introduce the point spread function concept.

We first define what is called a linear imaging process. Assume that for
a given imaging system, object I;(z) produces image I;(z), and object I;(x)
produces image I3 (x). We then construct a composite object as

I3(z) = al (z) + bIx(z) (8.1)
for arbitrary constants a and b. If the image resulting from I3(z) is described by
Ix(z) = aly (z) + bla(z) (8.2)

this imaging system is a linear system. For such a system, an elegant relationship
exists between an arbitrary object function /(z) and its image I(z) (see Prob-
lem 8.2). That is, )

I(z) = I(z) * h(x) (8.3)
where the convolution kernel function h(z) is known as the point spread function
since I(z) = h(z) for I(z) = é(z).

It is clear from Eq. (8.3) that the image from an imaging system is an exact
representation of the underlying object function only if the point spread function
is a 8-function. If h(z) deviates from a §-function, I(z) will be a blurred version
of I(z). The amount of blurring introduced to I(z) by an imperfect h(z) can be
quantified by the width of h(z). To illustrate this point, consider a simple case
in which h(z) is a boxcar function. As shown in Fig. 8.1, the two sources are
resolvable in the resultant image only when the separation between them is larger
than the width of the boxcar function. Therefore, based on the observation, we
can state that the resolution limit of an imaging system is the width of its point
spread function.

When h(z) is not a boxcar function, its width definition is not unique. Two
practical definitions are as follows:

Definition 8.1 The effective width Wy, of h(x) is the full width at the half maxi-
mum of h(z).

Definition 8.2 The effective width Wy, of h(x) is the width of an approximating
boxcar function that has the same height and area as h(z); or, more precisely,

1 o0
Wy = h_(O_) /:m h(z)dz (8.4)

where it is assumed that h(0) is the maximum point of h(z).
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Figure 8.1 The effect of a boxcar point spread function. Note that the 1on point sourcgs
become irresolvable in the resultant image when their separation is not bigger than the

width of the boxcar function.

8.1.2 PSF of Fourier Reconstructions

dimensional case. Recall from Chapter 6

ience, we consider the one-
e tructed based on the truncated

that given N Fourier samples, the image recons
Fourier series is given by
N/2-1
OIS S(nAk)er ok (8.5)
n=—N/2

To derive the underlying PSF, we simply set the true image function I{z) to be
a §-function. Consequently, the measured signal is ,'S‘(mA:k) = ?V?len we
substitute the signal into Eq. (8.5), the following PSF immediately results:

N/2-1

h(ﬂ:) = Ak Z ei'hrnAkz (8.6)
n=—N/2
Further simplification yields
sin(tNAKZ) _inpkz 87
A= Rk sin(rAkzx) &

—irAkz in Eq. (8.7) can be eliminated, if necessary, with a sym-
from —N/2 to N/2 instead of from —N/2to N/2—_1.
ffect is insignificant compared with

The phase term €
metric coverage of k-space .
In any event, it is often ignored because its €

that of the amplitude term. . .
Note that h(z) is a periodic function with a period 1/Ak. A plot of the

iod i inFi i mine
amplitude part of h(z) over one period is shown inFig. 8.2. Itis easy 10 deter
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from Eq. (8.7) lhat- the width of the main lobe, as measured by the interval between
1fts tw;:e;g crossings, is 2/(INAk). The effective width of h(x), as calculated
rom Eq. (8.4) with a change in the integration limits to cover a singl i

h(z), is given by SRR

_ 1 i 1
Wh = }TO)- /—5-&-; h(z)dz = AT 8.8)

Therefore._the effective width of h(z) is exactly half the width of its main lobe
The right-hand side of Eq. (8.8) is known as the Fourier pixel size Azp ‘in
con_trast. to the usual image digital pixel size Az. Note that Az can be made
fxrbltran]y small using zero-padding or other interpolation schemes as discussed
in Chapter 6, but the image resolution is fundamentally limited to the Fourier
pixel si.zc. Therefore, in order for two point sources to be distinguishable, their
separation has to be larger than Azyr. Another implication of Eq. (8.8) i's that
.Wh and N cannot be reduced simultaneously. In other words, we cannot improve
image resolution and reduce the number of measured data points at the same time
This assertion is often referred to as the uncertainty relation of Fourier imaging;

and in practice, one chooses IV as large as signal-to-noise ratio and imaging time
permit.
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Figure 8.2 Plot of the amplitude part of h(z) given in Eq. (8.7) for N = 64.
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8.1.3 PSF of Backprojection Reconstructions
The PSF of backprojection reconstruction is given in the following theorems.

Theorem 8.1 Let P (p, ¢) be the projections of a two-dimensional function I(z,y)
and I(z,y) be given by

I(z,v) = fo i P(z cos ¢ + ysin ¢, ¢)de (8.9)

Then,
(8.10)

a 1
I(z,y) = I(z,y) *—F———
@) = 1) » s

where » means two-dimensional convolution.

Theorem 8.2 Let P(p, 0, @) be the projections of a three-dimensional function
I(z,y, 2) and I(z,y, z) be given by

2w pm

I(z,y,2) = 2—11‘_— / P(zsinfcos ¢ + ysinfsin ¢ + zcos 6,0, ¢)sinfdid¢
0o Jo

(8.11)

Then, "

Hz,y,2) = I(z,y,2) o —————
@we) =l i

where »x represents three-dimensional convolution.

(8.12)

Equation (8.10) indicates that the PSF of two-dimensional backprojection

reconstructions is 1

h(z,y) = ———
(z,y) o

while the PSF of three-dimensional backprojection reconstruction, according to

Eq. (8.12), is

(8.13)

1
Mo )= Ty e

Equation (8.13) can be derived by considering how projections from a point
source get backprojected for image formation. Namely, one can show that

4 1
é + y si dp = —— (8.15)
/; (zcos¢ + ysin @)do m

The reader is encouraged to consult reference [32] for an intuitive argument for
the relation in Eq (8.15). A more formal proof of Eq. (8.10) is as follows.

(8.14)



238 Chapter 8 Image Resolution, Noise, and Artifacts

I(z,y) = / P(zcos¢ + ysin ¢, ¢)d¢
0
— f / }-p(k, ¢)ei2wk(z cos ¢+y sin ¢Jdkd¢
0 —00
2 o0
= f / fp(k,¢)ei21rk(zcos¢+ysin 'ﬂdkdgb
0 0

2r  poo
- f f k™1 Fp(k, ¢)eim(z cos gtysin g gp g
0 0

= —_—F k:: i2m(zkz+yk,)
/;w [_m P plkz,ky)e Vdk, dk,

o 1
=F 1S = (2, 1)
VEE+ k2
= I(z,y) **——1—.
, T (8.16)

where use of the following identity is made [6]:

1

1
1
= 8.17
\/kg + k2 V2 + 2 &l

P

Equation (8.12) can be proved as follows. Let I (z =
: ; y,z) = é(z,y, z). Then,
P(p,0,¢) = 6(p). Substituting it into Eq. (8.11) yields, et

1 27 pm
h(m,y,z)=£/; . 6(msin9cos¢+ysinﬂsin¢+zcosa)sin()ded¢

27 pmw

1
ol = e 1 &(r - ) sin 0dfde

1 2x pw
=——2W|r|fu 4 (p, - u)sin 8dodg (8.18)

where 7 = (z,y, z) and p = (sin 6 cos ®,sin @sin ¢, cos §). Due to the symmetry
of the problem [16), the integration is independent of the direction of w,.. For
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simplicity, suppose .. is along the z-axis. Then,

2m pw 27 pmw
[ 6(p, - p)sin0dide = f §(cos 8) sin fdfded
o Jo o Jo

=2r lémd:r
IRE

1
=2

Substituting this result into Eq. (8.18) immediately gives

h(z,y,2) = Ii e (8.19)

2l +yr+ 20

8.2 Image Noise

Imaging involves measurement and processing of activated signals from an ob-
ject. Any practical measurement always contains an undesirable component that
is uncorrelated with the desired signal. This component is referred to as noise or
a random signal. Noise often arises in an imaging system because of spontaneous
fluctuations such as the thermal motion (Brownian motion) of free electrons inside
real or equivalent electrical components. Of great concern to imaging scientists is
the question of how noise is picked up or generated in an imaging system and how
the imaging process handles it—that is, whether it is suppressed or amplified. The
first aspect of the topic is related mostly to the imaging system hardware and will
not be discussed here. Interested readers are referred to Chen and Hoult’s book
[13] for an excellent discussion. The second aspect is related to the mathematical
and processing principles used for image formation and is discussed in this sec-
tion. We begin with a review of some fundamental concepts and terminologies of
noise signals.

8.2.1 Basic Concepts of Random Signals
8.2.1.1 Random Variables

A characteristic of noise is that it does not have fixed values in repeated measure-
ments. Such a quantity is described mathematically by a random variable and
is represented by Greek letters such as £. A formal and rigorous definition of a
random variable is rather involved and is well beyond the scope of this book. The
reader interested in an in-depth discussion is strongly encouraged to consult the
excellent book by Papoulis [52].

A simple definition of a random variable is to view it as a function defined
over the sample space. As shown in Fig. 8.3, the value of a deterministic variable
is a constant, whereas the value of a random variable from a particular measure-
ment is “arbitrary.” But if many such measurements are taken, their values follow
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a certain statistical relationship, known as the probability density function (PDF),
The PDF of a random variable £ is often denoted as pg(z), which represents the
probability of obtaining a specific value z for £ in a particular measurement. Since
a value will always be obtained from an experiment, the area under any PDF must
be one, that is,
oo
f pe(z)dz =1 (8.20)
— 0o
In practice, p¢ (z) can take various forms. For example, pe(z) can be a constant
or a Gaussian function corresponding to uniform or Gaussian noise. Although a
random variable is fully characterized by its PDF, its PDF is not always known
in practical situations. We often use parameters such as mean and variance to
describe it. In fact, based on the central limit theorem, most measurement noise
can be treated as Gaussian noise, in which case the PDF is uniquely defined by its
mean and variance.
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Figure 8.3 Deterministic and random variables as a function of the sample space.

Mean: The mean of a random variable, &, is by definition the PDF-weighted
average of all possible values of the random variable. It is also called the ensemble
average or the mathematical expected value. For a continuous variable, the mean
is defined as

E=FE{¢} = / zpe (z)dz (8.21)
—00
and for a discrete random variable,

E=FE{} =) zmpe(zm) (8.22)

where E is called the mathematical expectation operator. Mean is a first-order
statistical moment since it involves only the first power of the random variable.
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Variance: The variance of a random variable is defined as
o? = var{€} = B{(£ - &)(€ - 6)"} (8.23)

which is a second-order statistical moment. The positive number o is called the
standard deviation, which is a measure of the average deviation from the mean.

H Example 8.1

Assume that £ is a uniform random variable defined over the interval (z1,z2).
Then pe(z) = 1/(z2 — z1). The mean value of £ is

N . 1 %4 +z
5:[ zpe(z)dz = / zda::f-lTZ

Iz — L1 Jg,

Its standard deviation is

O = \//;w(m—f)zpe(a:)dx
___\/ 1 [’2 (I_31+:1:2)2dm
Ty —T1 Jo,y 2

1 z3—1
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H Example 8.2
The PDF of a Gaussian random variable is

™ (z—p)* /20* (8.24)

pe(@) = Voo

It can be shown, based on the definitions, that £ = p and ¢ = 0.

Statistical Relationships of Random Variables: Noisy data points or image pix-
els are often characterized by a large number of random variables. A commonly
asked question is: What are the mean and variance of the reconstructed image
after mathematical operations such as the Fourier transformation? Or even more
simply, what is the resulting noise variance after averaging two neighboring noisy
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pixels? To answer these questions, we need to know how the random variables
involved are related to each other statistically. Two important concepts used for
describing the statistical relationship between a pair of random variables are stq-
tistical independence and uncorrelatedness.

For two random variables £; and &3 if the probability of simultaneously ob-
taining values = for £; and y for &2 equals the product of the probabilities of
obtaining each separately, that is,

Per62 (T, Y) = pe, (2)pe, () (8.25)

they are said to be statistically independent. Statistical independence is a very
strong condition that random variables of practical interest hardly meet. If we are
concerned only about their second-order distribution, as is often the case in prac-
tice, the interdependence of two random variables can be assessed by a parameter
called correlation coefficient, which is defined as
.
Cerér = Bl —&)(6 - &) (8.26)
0¢,0¢;

It is easy to see from the definition that cg ¢, takes value in the range —1 <
Cee; < 1. When ¢z, = 0, &3 and & are said to be uncorrelated. In the other
extreme that ¢g, ¢, = &1, & and §3 have a linear dependence, namely, {; = a&;
for a certain scaling constant a.

Because uncorrelatedness is only a measure of second-order statistics, one
can justify that uncorrelated random variables are not necessarily independent.
Conversely, statistically independent random variables are always uncorrelated.
For example, if & and &, are independent, their joint PDF can be written as

P&i& (‘T1 y) = P& (I)pfz(y) Thus,

/ °° f_ - (z — &)y — &)" pe, (2)pe, (y) dzdy

= F,0¢ J-

1 2] _ oo _

= [ e-fms [ - mad

06,08 J-o — o0

1 = —_— o

= e (&1 — &) (&2 — €2)"

=0

H Example 8.3

As an example, we take a look at the resulting mean and variance of a linear
combination of many random variables.

Section 8.2 Image Noise 243

Assume that -
£=_cabn (8.27)
n=1
where &, are random variables and c,, are arbitrary deterministic constants.
One can prove from the definition that the mean of £ is equal to

N
E{€} =) cnB{én} (8.28)

n=1

regardless of whether or not the variables £, are correlated.
For the variance, however, the 1elationship

N
op =) Eaah, (8.29)
n=1

holds only when £, are mutually uncorrelated or independent. For example,
consider the case of two real random variables:

2 _
var {Z cnfn} = E{[(c:&1 + c2ba) — (er€y + c2€2)]’}

n=1

E{lc1(&1 — &) + co(b2 — &)%) h )
SE{(&1 — &)%) + 2162 E{ (&1 — &1) (&2 — £2)}
+E{(&2 - &)%)} (8.30)

The first and the last terms in Eq. (8.30) are n:fcrg1 and c3o7,, respectively.
The middle term is zero if &, and &2 are uncorrelated (or independent).

Il

H Example 8.4

Making use of the relation in (8.29), one can derive the popular result for sig-
nal averaging (an operation frequently encountered in image processing)—
N signal averagings yield an improvement by a factor of ¥/N in the signal-
to-noise ratio.
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Let £ = z + £ be a measured quantity containing the true signal z
apd the noise component £ with zero mean and standard deviation o¢. The
signal-to-noise ratio for £ from a single measurement is (S/N); = |z|/o¢. If
{V meiasur%ments are taken suc‘g} that £, = z + &, are obtained to produce

=& Y ne1@n =2+ & Y._1 &, then the signal-to-noise ratio for § is

[
P {F =)

assuming that the noise for different measurements is uncorrelated.

(S/N); =

= \/N% =VN@BMN),;  (831)

8.2.1.2 Random Signals

R;Emdom signals picked up in an imaging experiment are described by functions
Wll!l random values, which are known as random (or stochastic) processes. De-
noting £(t) as a random process, £(tg) for any time instant ¢ is a random variable
but each sample of £(t) is a deterministic function of time &, (t). Hence, £(t) car:
also be considered as a family of time functions such that £(t) = {&(t)}. For ex-
ample, the noise signal from a single measurement in practice corresponds to one
of these sample functions of an underlying random process, or noise source. If
many measurements could be made simultaneously under the “same” conditions
the set of sample functions obtained would define the random process. ,

As in the case of random variables, we may not always require a complete
statistical description of a random process, or we may not be able to obtain it
even if desired. In such cases, we work with various statistical moments, either
by choice or by necessity. The most important ones are

Mean:
£(t) = E{¢(1)} (8.32)
Variance:
og (t) = B{[£(t) - E@))[E(t) - E1)]"} (833)
and the correlation function:
R(t,t +7)=E{£()E*(t+ 1)} (8.34)

For some random processes, the mean and variance are independent of time,
namely, £(t) = £(fo) and o¢(t) = o¢(to); and the correlation function depends
only on the time difference 7, namely, R(¢,t + ) = R(7). These processes are
termed wide-sense stationary. Another important property of random processes
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is ergodicity, which means that time and ensemble averages are interchangeable.
For example, if £(t) is an ergodic process, then

E=E{(t)} =<&(t) > ) (8.35)
o2 = E{[e(t) - @) - &'} =< [€() - €lls® - "> (8306
R(r) = B{E()E* (t+7)} =< E()E(t+7) > (8.37)

where < - > is the time average operator, defined as
1 (T
= lim — t)d 8.38
G TfﬂoQT/:TI() : s

Therefore, for ergodic processes, the statistical moments are measurable from any
sample function. Noise signals that we deal with in this book will be assumed to
fall into this category. Furthermore, for an ergodic process, R(7) is a determin-
istic function of time, and its Fourier transform gives the power spectral density
function—a relationship established by the well-known Wiener theorem. If the
spectral density function is a constant over the measurement frequency range, the
noise is referred to as white noise in practice.

8.2.2 Noise Characteristics in the Data Domain

Random noise is an important limiting factor in MR imaging. It gets introduced
early on in the signal generation and detection stage and is then processed in the
image reconstruction stage. For convenience, we use £4 to represent the noise
component in the data domain and &; to represent the image noise. In practice, {4
depends on a number of factors, particularly the physical configuration of the RF
detection system. An in-depth discussion of this topic is beyond the scope of this
book; interested readers are referred to [13, 161, 195]. For the present discussion,
we simply assume that £ is an additive noise coming from an ergodic, stationary,
uncorrelated, white noise process with zero mean and standard deviation g4. With
this assumption, we have

< €d(k) »>=0
< Ea(k)E5 (k) >= 03 (8.39)
< Eq(k)E4(k+ ko) >0 ko #0

and the noise-corrupted k-space signal can be expressed as

S(k) = S(k) + €a(k) (8.40)
After the image reconstruction step, we have
I(z) = I(z) + &1(2) (8.41)

Clearly, £;(z) depends on the image reconstruction schemes used. This section
describes the characteristics of £;(z) in connection with some standard image
reconstruction procedures.
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8.2.3 Noise in Direct FFT Reconstruction

Assume that IV noisy k-space data points are collected and processed using the
standard FFT reconstruction algorithm. The image noise is given by

1 Nf2-1

Glml == 3 &lnle®™ N —Na<m<N2 (84
n==N/2

Several properties of £;[m] can be directly derived from Eq. (8.42)
(a) The image noise £;[m] is of zero mean, namely,

E{&i[m]} =0 (8.43)
(b) The variance of £;[m] is given by

1
a7 = Ncrﬁ (8.44)

(c) The image noise &;[rn] is uncorrelated from pixel to pixel. That is to say
E{&[m]éi[n]} =0 for m#mn (8.45)

_ The result stated in Eq. (8.43) is obvious. Equations (8.44) and (8.45) can be
derived directly from the definition. Specifically,

p Mo N2

Blgamiinl} =+ > D Ef€lpléilgl}emrra/N

p=-N/2 q=—N/2
Noting that E{€4[p|€3[q]} = O for p # q, we have

N/2-1
E{&[mléi[n]}=% 3" Blelplgy[p]}eimim-mie/N

p=—N/f2

N/2-1
Z Ei?vr(m—n)p/N
p=—N/2

1
N

={'}v0’§ m=n

0 otherwise

Remark 8.1 Eg. (8.44) indicates that, as far as the noise variance is concerned,
the FFT processing is equivalent to doing N-point signal averaging.
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Remark 8.2 The signal-to-noise ratio per pixel of an FFT image is inversely pro-
portional to v/N. That is, ;

SNRlpixel x ﬁ (3.46)

Equation (8.46) can be understood by noting that o decreases as 1/ VN

while the signal strength per pixel decreases as 1/N because the pixel size equals

1/(NAK).
This point can be made more rigorously by directly calculating the average
signal strength per pixel Iayvg from the Fourier reconstruction. Specifically,

Nj2-1
s _ 1

Iavg:N Z I[m]I‘[m]
m=-N/2

N/2-1 N/2-1 N/2-1

=3 L X X ShsTaeteron

m=-N/2 p=—N/2 q=—N/2

N_
1 /2—1

=3 > |S[nl? (8.47)

n=—N/2

Hence, the average image SNR per pixel is

N/2-1
PEIDIE
SNR|pixet = 2 = s (8.48)
ixe! oy '\/Ndd

Equation (8.46) can be obtained directly from Eq. (8.48) since Z:l 2__; /218 [r][?
stays roughly constant after IV reaches a certain value (say, 64), noting that S[n]
decays as fast as 1/n.

Remark 8.3 Let I;[m) be a noise-corrupted FFT image and I[m] be given by
L=
ILim) = 5 }; L(m+p) (8.49)

Then, the SNR of Is[m] is a factor of /P better than that of I [m].

This statement is a direct consequence of the fact that the noise in I[m] is
uncorrelated from pixel to pixel, as well as the well-known result about such noise
discussed in Example 8.3.
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8.2.4 Noise in Zero-Padded FFT Reconstruction

With the zero-padded FFT reconstruction algorithm, N noisy data points wij]
produce an arbitrary M (with M > N) noisy image points according to the
following formula:
, N2t
&1[m] = T Z §d[ﬂ]e'2"mn/M

n=—N/2

~MP2<m<M/2  (850)

The statistical properties of £;[m]| are summarized below.
(a) &;[m] is of zero mean, namely,

E{&1[m]} =0 (8.51)
(b) The variance of £;[m] is given by
1
o} = % (8.52)

(c) &r[m] shows a certain degree of pixel-to-pixel correlation:

1 osin[r(m —n)N/M] _.
Blerlmleiinl} = qrzod et h N erm-mim
Comparing Eqgs. (8.51) and (8.52) to Eqs. (8.43) and (8.44), one can easily
see that zero-padding does not affect the mean and variance of the image noise.
Hence, the image SNR stays the same even though the digital pixel size is smaller.
However, zero-padding does alter the statistical independence of the image noise
as evidenced in Eq. 8.53. Because of this property, the result stated in Remark 8.3
does not apply to the situation here. In other words, one may not obtain a factor
of v/P improvement in SNR by averaging P adjacent pixels in images obtained
using the zero-padded FFT reconstruction algorithm.
Before concluding this section, we prove the result given in Eq. (8.53).
Specifically, based on the definition, we have

(8.53)

| NeEm1oNe

Blamleiinl} = 57 Y. Y. E{€alplg0perimena/M

p=—N/2 q=-—N/2

1 N/2-1

75 D Bledpleslpl}eieim=nn/m

p=—N/2

Nj2-1
— izo.g Z eiZTr(m—n)p/M
N p=-N/2

s 1 02Sin[ﬂ(m_n)N/M]e—iw(m—n)/N
N2"? sin[r(m — n)/M]
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Finally, to gain an intuitive understanding of the noise characteristics of both
direct and zero-padded FFT reconstructions, we consider a hypothetical exper-
iment, shown in Fig. 8.4, in which we have a one-dimensional object and four
Fourier samples. Direct FFT reconstruction gives an image of four pixels with
SNRy. If the data are zero-filled to eight points, the resultant eight pixels will
have the same signal-to-noise ratio SNRg. Note that in both cases the Fourier
pixel size is the same, and so is the signal strength per pixel. If we recollapse the
eight pixels to four pixels, no SNR improvement will be gained, since the noise
is correlated. On the other hand, if eight phase-encoded measurements were ac-
wally collected (for improved resolution), the new image signal-to-noise ratio
SNR; would be about SNRg/v/2. [Actually, it would be slightly higher because
of the added signal energy from the new sample points; the exact value can be
calculated from Eq. (8.48).] Recollapsing the eight pixels to four will regain the
original signal-to-noise ratio, but the imaging time is doubled. Consequently, the
SNR efficiency! is reduced by a factor of /2. Therefore, with the Fourier recon-
struction methods, improving spatial resolution with extended k-space sampling
will lead to an irreversible loss of SNR efficiency. One is also referred to [134]
for a similar argument.

Fourier Data Image
f“\ SNRp
T R

f\ 8-point FFT

with zero-padding
—_—

average 1

SNRg

SNRo/2
8-point FFT
— = T
[

average l

SNRg

Figure 8.4 Signal-to-noise ratio efficiency of the Fourier imaging method.

1SNR efficiency is defined as SNR|pixe1 /+/total imaging time.
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8.2.5 Noise in Filtered Backprojection Reconstruction

For simplicity, we consider only two-dimensional filtered backprojection recop.
str!.u:ii_on using the “M” filter. Let £4]m, n] = &[mAk, nAg)] be the additive
noise in a measured polar k-space data set consisting of N, radial lines, each
with N, points. Then, the image noise from filtered backprojection is given by

Ng/2-1 Ny—1

Z Z l}?_l{d[mv n]eﬂﬂmp

n=-Ng/2 m=0 ~ P

'Ef(zry) = _7r__1-

N, N, (8.54)

where p = zcgs(mar/N¢) + ysin(mm/Ny) and Ak is taken to be 1/N,. Based
on Eq. (8.54), it is easy to show that

E{&(z,9)} =0 if E{€m,n]} =0 (8.55)

In other words, the image noise has a zero mean if the mean of the data noise is
zero, as is the often the case in practice.

To derive the image noise variance, we further assume that £a[m,n] is un-
correlated from one measurement to another. Under this assumption, we have

™

NN,

2, X

)2 Ng/2-1 Np-1
n=—Ny/2 m=0

var{¢;(z,y)} = ( (—%) : var{€a[m,n]}  (8.56)

Using the previously established notations: var{¢;(z, )} = o7 and var{£4[m, n|} =

03, we have
2 T
%= (xw)
Nchp

W ol 2
~ 12N,N, %
N
where 370 om? = IN(N+1)(2N +1) ~ 3 V3 is used.

Note that for two-dimensional Fourier imaging with N, x N, Cartesian
points, we have

2 Np=1 Ngj2-1

de 2,

m - 2
Wy e
m=0 n=—Ng,/2 2

(8.57)

1 N=/2 Ny/2—-1
-
gp= = NN Z Z var{€4[m, n]}
n=—Nz/2-1m=—N, /2
.8
= N.N, o (8.58)
where £4[m, n] now represents £4(mAk,, nAk,). Therefore,
O'{(FBP) ™
—_— (8.59)

a:(FT) = V12
when NNy, = N,Ny.

)
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8.3 Image Artifacts

Image distortions or artifacts often arise in the MR imaging process owing either
to insufficient data or to inaccurate data, or both. An insufficiency of measured
data occurs because of practical physical and temporal constraints in data ac-
quisition. Data distortions are often due to imperfections in the data acquisition
system. Some of these artifacts are obvious and easy to deal with, but many others
are more complex and require careful analysis. Instead of providing a complete
description of all possible image artifacts encountered in practice, we focus on a
few typical ones in this section, analyzing their origin, characteristics, and pos-
sible remedies. For a more comprehensive discussion of this topic, the reader is
referred to the review paper by Henkelman and Bronskill [76].

8.3.1 Gibbs Ringing Artifact

The Gibbs ringing artifact is a common image distortion that exists in Fourier
images, which manifests itself as spurious ringing around sharp edges, as illus-
trated in Fig. 8.5. The maximum undershoot or overshoot of the spurious ringing
is about 9% of the intensity discontinuity and is independent of the number of
data points used in the reconstruction. The frequency of oscillation, however, in-
creases as more data points are used. For this reason, when a large number of
data points is used in practice, the spurious ringing does not cover an appreciable
distance in the reconstructed image and thus becomes “invisible.”

The Gibbs ringing artifact is a result of truncating the Fourier series model
owing to finite sampling or missing of high-frequency data. In practice, Gibbs
ringing can occur in both phase- and frequency-encoding directions, but more
often along the phase-encoding direction because temporal constraints often limit
the amount of high-frequency data collected along that direction.

Mathematically, Gibbs ringing is fundamentally related to the convergence
behavior of the Fourier series. Specifically, when I(z) is a smooth function, I(z)
given in Eq. (8.5) uniformly converges to I(z) as N — oo for z € FOV. More
precisely, if I(z) has continuous derivatives up to and including the pth-order,
then I(z) approaches I(z) on the order of 1/NP*'; namely, as N goes to infinity
[l{(z) — I(z)||2 approaches zero as fast as 1/NP+1 does. On the other hand, if
I(z) contains step discontinuities, the convergence behavior in the neighborhood
of a point of discontinuity will be “anomalous.” Assuming that I(x) has a step
discontinuity at = zg such that I(zg) > I(zg ). the maximum overshoot loca-
tion £}; in I(x) approaches z§ as N — oo, and

Jim [f(se,t,) - I(m;;)] ~ 9% [I(23) - I(z7)] (8.60)

Similarly, for the maximum undershoot, we have
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Jim [f(z5) - I(z5)] ~ ~9% [I(a}) - (7)) (8.61)

Therefore, as N — oo the value of the maximum overshoot (undershoot) does not
tend 1o zero but instead tends to a finite limit. The existence of this finite, nonzero,
limiting value of the overshoot (undershoot) is due to the nonuniform convergence
of I(z) to I(z) in the vicinity of discontinuous points of I(z). This nonuniform
behavior of the limit [(z) — I(z) as N — oo for z € FOV is formally called the
Gibbs phenomenon.

Number of points along the x-direction

Number of points along the y-direction
g

128

Figure 8.5 Gibbs ringing artifact in Fourier reconstructions. Notice the ringing pattern as
a function of number of data points used in the reconstruction.

An obvious way to reduce the Gibbs ringing artifact is to collect more high-
frequency data. This may not be possible in practice because of practical physical
or temporal constraints on MR data acquisition. Another approach is to filter the
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measured data before they are Fourier transformed. This operation is described
by N/2-1
f@)=Ak > S(nAk)une®™mar (8.62)
n=—N/2

where wy, is a preselected filter (often called window) function.

This method is motivated by the understanding that the Gibbs ringing artifact
is directly related to the oscillatory nature of the PSF associated with the rectan-
gular window function implicitly used in the Fourier reconstruction method. With
the reconstruction formula in Eq. (8.62), one can derive that the PSF is

Nj2-1
h(z)= Ak Y wae?mAkE (8.63)
n=-N/2

Therefore, by properly choosing the window function wy,, one can significantly
suppress the oscillations in h(z), and thus the Gibbs ringing in I(z). A variety
of window functions have been proposed for this purpose (see [75] for a compre-
hensive review). The most popular one is perhaps the Hamming window function
defined in Section 2.3. The PSF associated with the Hamming window function
and its effect on Gibbs ringing reduction are illustrated in Fig. 8.6.

(a) (b) (©)

(d) (e)

Figure 8.6 (a) True object function, (b-c) the PSF of the rectangular window function
and the corresponding Fourier reconstruction (64 points), (d-¢) the PSF of the Hamming
window function and the resulting windowed Fourier reconstruction (64 point).
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. 'A'lthough thf: windowing approach is effective in suppressing the Gibbs ring-
ing, it is at the price of spatial resolution. This point can be understood by exam-
ining the effective width of the resulting PSF. Specifically,

= N/2-1
W, = — N/i_l /_l Ak Z wmei‘Zn-mAk:dx
Ak Y we o TmETNA
m=—N/2
_ 1
T ON/2-1
> (wm/wo)ak
m=-N/2

Since wy > wy, for any practical window function used for this purpose, we have

1
We 2 Nax (8.64)

il'hlS equation asserts that the filtering operation is a lossy process in terms of
image resolution, as illustrated in Fig 8.7. To overcome this problem, various
sophisticated reconstruction methods have been proposed. More discussions of
this topic can be found in Chapter 10.

(a) (b)

Figure 8.7 Cross-sectional leg images. All the images were reconstructed using the
Fourier method with 256 points along the horizontal direction. The vertical direction was
Teconstmcled using the Fourier method with 256 points in (a) and 64 points in (b) but us-
ing the Hamming-windowed Fourier method with 64 point in (c). Note the effect of the
Hamming filter on Gibbs ringing reduction and the resolution loss.
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8.3.2 Aliasing Artifacts

It is well-known that under certain conditions, continuous signals can be com-
pletely represented by and recovered from its samples. These conditions are stated
in the sampling theorems discussed in Section 5.4. When the sampling conditions
are violated, perfect reconstruction is not possible and the resulting image error is
known as the aliasing artifact. The appearance of aliasing artifacts is dependent
on how the samples are taken from a continuous signal. This section focuses on
uniform sampling because it is used most often in practice.

Assume that a continuous-time signal S(t) is sampled uniformly at fre-
quency fs. The Nyquist sampling criterion requires that S(t) is bandlimited to
the frequency range | f| < fs/2, which is called the baseband. If this condition is
not met, the frequency components outside the baseband will be folded over, thus
the term aliasing, and become indistinguishable from the frequency components
in the baseband. Specifically, the apparent frequency fa of a component at fis

given by
[ f-nfs iff>0
f**{ern,fs iff <0 G
for an appropriate 7 such that |fa| < fs/2-

To better appreciate this relationship, consider S(t) = cos(2mt). Assume
that this signal is sampled at t = nAt with At = 1.5. Then, f; = i =%
which is below the Nyquist sampling frequency fy = 2. The apparent frequency
of St)isfa=f-fs=1- 2 = 3. Therefore, cos(2rt) appears to be the same
as cos(2t) when observed at ¢ = n3, as illustrated in Fig. 8.8.
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Figure 8.8 Ilustration of the undersampling effect on a sinusoidal
signal. Notice that the sample values of cos(2nt) and cos(3mt) taken
att = n(3) are the same.

The sampling requirements of k-space signals have been discussed in detail
in Section 5.4. The aliasing artifact resulting from undersampling of k-space man-
ifests itself as wrapping-around of the object, as illustrated in Fig. 8.9. This phe-
nomenon can be understood from Eq. (8.65) with the substitution of the frequency
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variable by the space variable. It is also evident from the following relationship
between the Fourier series reconstruction I(z) and the true image function J (z)

given in Section 6.2:
@)=Y 1(=- %)

n=-—oo

(8.66)

This relationship is illustrated pictorially in Fig. 8.10.

Note that the appearance of the aliasing artifact is strongly dependent on
how sampling is done. As a case in point, angular undersampling in filtered back-
projection reconstruction appears as a streaking artifact, as shown in Fig. 8.1,
Aliasing artifact becomes less structured (and thus less obvious) for nonuniform
sampling. This property is sometimes utilized to reduce the aliasing artifact when
signal undersampling cannot be avoided.

Figure 8.9 Aliasing artifacts due to undersampling along
the horizontal direction by a factor of two.

Aliasing artifact is in general difficult to fix after the fact. A common ap-
proach to this problem is to prevent it from happening in the data acquisition stage
by properly choosing the sampling rate or limiting the measured signal bandwidth
(through the use of antialiasing filtering). Some practical anti-aliasing meth-
ods along phase-encoding, frequency-encoding, slice-selection directions are dis-
cussed at [76].
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Figure 8.10 The sampling effect on Fourier reconstructions when the Nyquist sampling
criterion is met in (a) or violated in (b).

Figure 8.11 Filtered backprojection reconstruction of a phantom image using (a) 3?! p.ro—
jections, and (b) 64 projections, taken uniformly from 0 to 7. Note that the angular aliasing

artifact manifest itself as streaking artifact.
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8.3.3 Chemical Shift Artifact

As discussed in Section 3.1.3, the term chemical shift refers to the shift in
nance frcquen.cy of nuclear spins in different chemical environments. An in:eso-
:ant example in MBI is that the Larmor frequency of fat protons is shifted ;t)sr;
ower freque.m':y with respect to that of water protons by approximately 3.5
(par.ts per mzll.lon). Since spatial position is frequency-encoded in the read-oui:I:lr'n
rection in _lhe lma_ging process, signals from water protons and fat protons in lhl-
same spgt:al location will be assigned to different spatial locations, thus creati :
a misregistration artifact, as illustrated in Fig. 8.12. ‘ e

Figure 8.12 Chemical-shift misregistration artifact. Notice
that the fat signal is shifted to a lower frequency in the fre-
quency-encoding direction, creating an enhanced rim on the
left but a black rim on the right.

1 The degree of spatial displacement caused by chemical shifts can be readily
lcia ]c;ulated bas'ed on the known experimental parameters. Assume that the main
Ae strength is By, tt.ne frequency-encoding gradient is G, and the pixel size is

z. The frequency shift according to Eq. (3.43) is

Aw, = ¥6By (8.67)
where § is the shielding constant. Since the frequency bandwidth of a pixel is
Aw, = vyGAz (8.68)

the amount of spatial di i i :
o patial displacement, in the unit of a pixel, caused by the chemical
_ Aw, _ 0By
* sz - GAQ:

(8.69)
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The exact spatial shift is
6 6BG
€ o G

An effective way to reduce the chemical shift artifact is to use a strong read-
out gradient. According to Eqg. (8.69), Az, can be made smaller than a pixel with
a proper G. This will reduce the chemical shift effect to a negligible level. In
practice, however, increasing G will enhance the signal bandwidth and thus sacri-
fice the signal SNR. Therefore, a compromise between these two parameters has
to be reached in practical experimental setups by the user.

Another approach is to use solvent (e.g., fat) suppression techniques. These
techniques can significantly reduce the signal from undesirable chemical shift
components and thereby minimize the spatial misregistration artifact.

(8.70)

B Example 8.5
This example calculates the spatial shift between water and fat signals. At
By = 1.5T, the frequency shift between water and fat protons is

Aw, = 48Bg = 2.675 x 108 rad/s/T x 3.5 x 107° x 1.5T

= 1.4 x 10° rad/s
or 5
Afs = o =922 Hz
27

For a gradient of 10 mT/m (1 G/cm), the amount of spatial shift, according
to Eq. (8.70), is given by

Aze = ‘%"— = 3'515‘. :%i:TlmslT =55 %107 m = 0.55 mm
For a 80 mm field of 2$6.f)_ixels.
Az =02 _ 03125 mm
Therefore, % :
8; =%§75 = .0-%?—21-5- = 1.76 pixels

which implies that there will be a 1.76-pixel shift between the water and fat
signals from the same spatial location.
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8.3.4 Motion Artifacts

I_n the discussion so far, we have assumed that the object being imaged is sta
uonar)‘r during the data acquisition period. In many practical situations, this asj
sumption is not valid, and consequently, image artifacts result. Motion artifactg
manifest themselves in a variety of forms, depending on the nature of the object
motion and the data acquisition scheme used. The most problematic physiologic
motions include blood flow, respiratory motion, cardiac motion, and gross mofe.
mf:nts of the body. Common motion artifacts are image blurring and ghost (or
misregistration), two examples of which are shown in Figs. 8.13 and 8.14. This
sectjion discusses some concepts fundamental to understanding motion effects and
motion compensation techniques.

Figure 8.13 Simulated ghost and blurring artifacts due to periodic motion: (a) Ideal
snapshot image and (b) artifacted image.

Figure 8.14 Cross-sectional image of the lower abdomen with motion artifacts.
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§3.4.1 Motion Effects along the Readout Direction

Object motion during the readout period can create undesirable phase shifts. To
understand this effect, consider the simple case of an object moving with a con-
stant velocity v = Vel + v,.}'. In this case, the object function, I(z,y,t), can be
expressed as

I(z,y,t) = Iz(t), y(t), to] (8.71)

where
z(t) = z+vz(t —to) (8.72a)
y(t) = y+uy(t —to) (8.72b)

with to being an arbitrary time reference point. In practice, it is convenient to set
to = 0 and let it be the time instant at which the excitation pulse is applied. We
may also rewrite I[z(t),y(t),0] simply as [ [z(t), y(t)] when there is no confu-
sion.

Recall that the phase dispersal of a transverse magnetization introduced by a
readout gradient in the rotating frame is given by

t
p=1 [ G(i) - r(f)dt (8.73)
0
where 7 = (z,y). The inner product in this expression signifies that ¢ is insensi-

tive to the motion component orthogonal to G(t). Without loss of generality, we
may assume that G(t) = Gz(t):. Then,

t
p=7 [ i)z +vaD)di
0
i - t . B .2
= 'y:c[ G (t)dt + vz f tG.(t)dt (8.74)
0 0

where the first term is a position-dependent phase shift desired for spatial encod-
ing, whereas the second term is an undesirable velocity-dependent phase shift.

For notational convenience, we use A¢ to represent the motion-introduced phase
shift. With the current motion model, we have

t
Ad =10, f iG. (B)di 8.75)
0
Clearly, A¢ is dependent on the gradient structure. As an example, consider

the gradient function illustrated in Fig. 8.15. It is easy to derive that during the
dephasing period 0 £t < 7,

t
Ap=—v / Govaidi = —%'szvztz (8.76)
0
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and during the data acquisition period 7 < t < 37,
1 " s oz
Ag = —E"yG'._rvz'rz +7j Gov tdt

1
= 57Gavz (t% - 27%) (8.77)
Inspection of Eq. (8.77) reveals that at the peak of the echo (t = Tg = 271),
Ap = vGu, T2 (8.78)

Therefore, moving spins are not completely rephased at ¢ = T for the given
gradient waveform.

RF
| ,
Ge()
H | y
T 2t 3t
L10) # Moving spins

:
1
H
,
A E 47 Stationary spins
:
'
1
1
H
H

Figure 8.15 (a) A typical readout gradient waveform and
(b) the accumulated phase as a function of time by station-
ary spins and moving spins of a constant velocity along the
readout direction.

The imaging effect along the readout direction due to the motion-introduced
phase shift can be described by the following point spread function:

3
h(m) _ f T e_i%'rG:Ug(iF —-Ts)et“‘;G:z(t—ZT)dt
4

3T
= f e—"%TG-vz(t—Tz)zei'rGg(x—usz)(t—Ts)dt

~
=e—i'rG=u=T’/ e_i%'TGJVz‘2eiTGz(1“x,)tdt (8.79)
-7
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where 3 = v, Tg is the distance that the object has moved by the echo time. To
gain further insight, we rewrite h(z) as

h(z) = e~*1G=var’ gi1G=(a=20)" /s f e G (=52) g (3.80)

=

Noting that
[m ~aflgy . 1o (8.81)
e = ;
- Ve
we have
T o 2 - o0 .1 z—zg}2
f e—i41Gevet e“?Gr(*“""dtm[ e E1Gava(t-2522)" gy
—_ —0o0
= M (8.82)
V'Yaz'uz
Therefore,

£ (l 5= t)\/'l_l' —iyGruz7? _ivGz(z—2s5)% fvx

h(z) T e € (8.83)
Three imaging effects are evident from Eq. (8.83): phase shift, spatial shift,
and blurring. First, the impact of the phase shift term e~*Y%=v="" can be ignored
if v, is a constant. If v, varies within a voxel, intravoxel dephasing occurs, re-
ducing the signal intensity. If v, varies from one acquisition to another, it will
create significant image artifacts along the phase-encoding direction, as discussed
in the next subsection. Second, a point source located at z = 0 at the time of
the excitation pulse will be shifted to £ = v,Tg. This means that the resultant
image reflects the location of the object at the echo time. Third, image blurring

will result from convolution with ¢*7C=(==%:)*/vz
This analysis can be extended to motion models with higher-order terms.

More specifically, let

wif) = —l—a:{")(O)t" (8.84)

n!
n

where z(%)(0), z(*)(0), and z(?)(0) corresponds to the initial position, velocity,
and acceleration of a moving isochromat. It is easy to show that the phase shift
introduced by the nth moment of motion is given by

t
Agn = 2a(0) fo "G, (i)di (8.85)

The effect of object rotation can be calculated in a similar fashion. For ex-
ample, assume that an object is undergoing a clockwise rotation with a constant
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angular velocity wg during the data acquisition period. The object location ag 5
function of time is described by

{ z(t) = z(0) coswpt + y(0) sinwgt

y(t) = —z(0) sinwgt + y(0) cos wot (8.86)

Correspondingly, the phase accumulated by a spin isochromat during the daty
acquisition period is given by

t
o= f [z(O) coswot + y(0) sin wof] G (f)dt (8.87)
0

8.3.42 Motion Effects along the Phase-Encoding Direction

Before we analyze motion effects along the phase-encoding direction, it is useful
to notice a couple of differences between phase encoding and frequency encod-
ing regarding object motion. First, the sampling rate along the phase-encoding
direction is at least two orders of magnitude slower than that along the frequency-
encoding (readout) direction. Second, there is no phase accumulation from one
phase-encoding step to the next.? Although the first point indicates that object mo-
tion is more troublesome along the phase-encoding direction than along the read-
out direction, the second property makes motion effects along the phase-encoding
direction easier to analyze.

To further illustrate the second point, consider constant-velocity object mo-
tion along the phase-encoding direction. Assume that a constant phase-encoding
gradient along the z-direction is turned on at ¢,, for a duration of 7. Then, accord-
ing to Eq. (8.73), we have

tatT
On = 'yf Gn(z + vgt)dt
tn

= YGn2T + YG T (tn + 7/2)
= 2wknz + 2wkpvz (tn + 7/2) (8.88)

where k, = v/(27)Gnr7. In contrast to Eq. (8.77), the motion-introduced phase
shift along the phase-encoding direction is

A¢ = 2mk,vz(tn + 7/2) = 2mkpvzt, + 20ka U U7 /2 (8.89)

The second linear phase shift term can be ignored because the resulting spatial
displacement v, 7 /2 is usually insignificant. As a result, we can rewrite A¢ sim-
ply as

Ag = 2rkpugt, (8.90)

2This statement does not apply to fast imaging methods discussed in Chapter 9.
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Equation (8.90) can be obtained directly from the Fourier shift theorem.
Specifically, ignoring the readout direction and treating phase encoding as being
instantaneous (i.e., T & 0), we can express the imaging equation as

o “
S(kn) = f I(z,t,)e ™k n2dy (8.91)

Expressing I(z,1,) as Io(z — vst,) with Io(z) being the snapshot of I(z, t) at
t = 0, we immediately get

S(kn) - e—inknv,tn[ Io(z)e_iz"k“”dm

= e—i2-.'rl:,l‘uz tn So(kn) {892)

from which the motion-introduced phase-shift term is evident.
It is useful to generalize Eq. (8.91) by explicitly writing the signal as a func-
tion of k and £ such that

S(k,t) = [ I(z,t)e " dg (8.93)

This so-called (k, t)-space treatment provides significant insight into the behavior
of motion effects along the phase-encoding direction.® To illustrate this concept,
consider periodic object motion for which the object function can be expressed as

Hz ) =3 Jpis)e™ e (8.94)

where fo is the fundamental frequency of the object motion. The corresponding
joint space-frequency distribution is given by

Iz, f) =Y In(2)8(f — mfo) (895

Inspection of Eq. (8.93) indicates that to generate motion-artifact-free snapshot
images from I(z,t), it is necessary to traverse the entirety of k-space instanta-
neously. In practice, it takes a finite time (say, At = NacqT'r, Where Nycq is the
number of acquisitions per encoding) from collecting one phase-encoding mea-
surement to another. As a consequence, (k, t)-space is effectively sampled as in
Fig. 8.16a when the phase-encoding measurements are taken in a linear order.

3Equation (8.93) is not applicable to the readout direction because of the phase accumulation effect.
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f
f,,, = mfa
...,.--"'teﬁ':)ﬁ 9 £ B &
(2) (b)

Figure 8,16 (a) Tilted sampling trajectory in (k, t)-space, and (b) the resulting
projection image. Note that the projection angle is —8 instead of # predicted by
the projection-slice theorem because here ¢ is related to f by the inverse Fourier
transform, while k is related to z by the forward transform.

To understand how motion artifacts arise from the tilted sampling trajectory,
we first consider Fourier reconstruction from the hypothetical continuous dat;
along this trajectory. Based on the result derived in Example 8.6, direct Fourier
reconstruction from the data along the tilted trajectory is given by

Ifp) = f/f(:, f)e?™t§(z cos§ — fsinf — p)dzdf (8.96)
Substituting Eq. (8.95) into Eq. (8.96) yields

Ip] = /:[me(:c)é(f — mfo)e?™ 0 §(z cosf — fsinb — p)dzdf

= Zeihmh% ffm(z)J(z cosf — m fpsin® — p)dz

—_ 1 i2rmfoto T 14
= Vol Z e fotof (cmosﬂ + mfo tan B) (8.97)
m

For. convenience, we further project I [p] onto the z-axis by setting ¢ = pcos¥b,
which gives

= N 1 —
I(z) = I(pcosf) = Toed ge 2mmfoto f (7 + mfotand) (8.98)
It is clear from Eq. (8.98) that the mth frequency component in the projection

image is shifted by
0z, = mfotand (8.99)
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In the ideal case that @ = 0, 6z, = 0. Then, according to Eq. (8.94), we have
I(z) = I(z, to) (8.100)

which is an ideal snapshot of I(z, t). In practice, however, 8 # 0, different motion
frequency components will be misregistered in the reconstruction, resulting in the
well-known “ghosting” artifact. Next, we further characterize the ghosting artifact
with respect to the discrete data.

We first recall the definition of a few quantities. Assume that IV phase-
encoding measurements at k = (n — N/2)Ak are collected at £ = nit, for
n=0,1,...,N — 1. We have

Fourier pixel size: Az = I_V—IA_.':
Field of view: W, = NAzp
Imaging time: Tacq = NAL
The. At _ NAt
tanf = A T WAL = TacqAzR (8.101)
Substituting it into Eq. (8.99) yields
02 = MfoTacqATF (8.102)
or B
Forp = mfoTacq (8.103)

Because Azp is the effective width of the underlying point spread function, it
is apparent that the spatial displacement for the mth harmonic will not create
noticeable ghosting artifacts if

dzm < Azp/2 (8.104)

By making use of the result in Eq. (8.102), the condition in Eq. (8.104) can be

equivalently expressed as
1

i
‘= 2mfo
An interesting interpretation of Eq. (8.105) is that if Tycq satisfies the Nyquist cri-
terion with respect to m fo, the mth harmonic will not create significant ghosting
artifacts. Ghosting artifacts from all lower-order harmonics are also negligible, as
they satisfy Eq. (8.105) automatically.

% (8.105)
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When the condition in Eq. (8.105) is violated, distinct ghosts may appear,
The center location of the ghost image resulting from the mth harmonic is specj.
fied by Eq. (8.99). Some alternative expressions are also useful. For example,

fxn=m (%) Azp (8.106)
where T' = 1/ fj is the period of the object motion, and
At
§Zm=m (?) W, (8.107)

Notice that when a ghost image moves outside the field of view, it will be
folded over. Its new position inside the field of view can be calculated from the
following equation:

i_ -‘17+51:m—nW:,
= T+ 0z, +nW,,

ifz+ 6z, > Wo/2

ifz+ 0z, < —W./2 (8.108)

for an appropriate n such that |£| < W, /2.

This analysis can be easily extended to a general motion model. Specifically,
starting again with Eq. (8.96) but treating (z, f) as a general function, we have,
similarly to Eq. (8.98), that

1

| cosé)|

I(z) = [ e?* o [(z + ftand, f)df (8.109)
Therefore, as with periodic motion, motion artifact in general is a result of spatial
misregistration of various frequency components. Clearly, I(z) = I(z, to) only
when § = 0.

Although Eq. (8.109) is valid for Fourier imaging of a general moving object,
it cannot be directly applied to other imaging schemes with different (k, t)-space
trajectories. As an example, consider projection-reconstruction imaging in which
sequential radial scanning of k-space is used. It has been shown [141] that with
this imaging scheme, motion-introduced data inconsistencies from one projec-
tion to another result in streaking (instead of ghosting) artifacts, as illustrated in
Fig. 8.17. For a detailed comparison of motion effects between standard Fourier
imaging and projection-reconstruction imaging, the reader is referred to [141].

H Example 8.6
This example derives the result in Eq. (8.96). We first express S(k, t) as

S(k, t) = f/ I(z, f)e—ﬂ:r(kz—fg)dzdf
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tion-reconstruction imaging: (a) ideal snapsho

ing along the vertical direction), and (c) filtered backprojection reconstruction.

dimensional signal S(k:). Noting that the tilted line is defined by

i k-_—"kgCDSg
] t=kain9+tu

we have
S"(kg) = S(k;cosﬂ, kesin @ + to)
=.[/I(:C f)e-—iz':r(z:k.cosﬂ—fk.sinﬂ—fto)dzdf

= f[ I(:L' f)eiwatoe—-izxk.(z cos@—f sine)dxdf
= )
Finally, inverse-Fourier transforming S(ke) yields

Ilp) = f S (ke )e®™ P dk,

') =/f [I(:B, f)ei%rftu[e—i21rk;(.:coa&—fsinﬂ—p)dk‘] dzdf

= [[ I(z, f)e**™f*°5(z cos § — f sin 6 — p)dzdf

Figure 8.17 A comparison of motion effects in standard Fourier imaging and Projec-
t from a simulated phantom in which the

intensity of the central region varies sinusoidally, (b) Fourier reconstruction (phase encod-

We next evaluate S(k, t) along the tilted line shown Fig. 8.16b to get a one-



270 Chapter 8 Image Resolution, Noise, and Artifactg

B Example 8.7

This example examines the misregistration artifact with oblique flow. Con-
sider the case in Fig. 8.18, where a blood vessel runs obliquely through the
image plane. A flowing isochromat initially located at (0,0) when an RE
pulse is applied (t = tp) will be at different positions when it is subse-
quently phase- and frequency-encoded. Assume that phase encoding along
the z-axis is applied instantaneously at ¢ = ¢, and frequency-encoding
along the y-axis is applied at ¢ = t; (taken to be the middle point of the
frequency-encoding period). The flowing isochromat will be then located at
(z1,91) = (vst1,vyt1) and (z2,y2) = (vzt2, vyt2), respectively. Conse-
quently, the encoded position will be (z,, y2), and the isochromat appears to
be at this wrong position in the reconstructed image. The amount of misreg-
istration depends on the angle of the vessel relative to the phase-encoding and
frequency-encoding axes and the time separation between encoding along
the two axes. The artifact does not occur if the vessel runs along the imaging
axes and can be suppressed by reducing the time delay between phase and
frequency encoding.

T 1
o TTue vessel

» Displaced vessel

Figure 8.18 Illustration of oblique flow artifact.

8.3.43 Some Motion-Compensation Methods

This subsection describes some basic methodologies for motion compensation.
Practical imaging schemes often involve the use of a combination of them. Since
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implementation of motion-compensation strategies is application-dependent, this
subsection will not dwell on these issues.

Gradient Moment Nulling: According to Eq. (8.85), the phase accumulated by
the nth moment of motion in the time interval between an RF pulse and the peak

of the subsequent echo is
1 TE
Agp = —,sc‘“’ (0) [ t"G(t)dt (8.110)
. 0

where the integral is the nth moment of the gradient function G (t). Therefore,
if a special gradient waveform is chosen such that

Te
/ t"G(t)dt =0 (8.111)
0

fen A, =0 (8.112)

Such a technique is called gradient moment nulling. A special case is first moment
nulling, in which

Te
Agy = U,[ tG.(t)dt =0 (8.113)
0

It is easy to show that this condition is met by the gradient waveform shown in
Fig. 8.19.

(e10)]

Data
| Acquisition

-2G
Figure 8.19 A typical velocity-compensated gradient waveform

For some practical applications, it is desirable to null a particular moment or
all the moments of order N or less. That is,

T,
Bl i f ®G.(t)dt=0 forn=no (8.114)
0
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or
Tg
A= [T0G0E=0  forn=01,....N @115
0

A variety of numerical algorithms have been proposed for designing gradient
waveforms with the above property. For a comprehensive review, the reader s
referred to [72).

With gradient moment nulling, the motion-introduced phase shifts for the
central k-space data are made to be zero or negligible. This property is particu-
larly important when motion characteristics are changing from one acquisition to
another.

Navigator Echoes: Navigator echoes are companion echo signals collected im-
mcc%iately before or after a regular imaging echo. Different from imaging echoes,
navigators are collected from the same k-space location so that variations among
them reflect the object motion. Based on how they are mapped to k-space, nav-
igators are classified into two types: linear navigators and circular navigators.
Other forms of navigators are also possible but have not been widely used.

' Linear navigators, as the name implies, are collected along a straight line
in k-space, usually along one of the imaging axes, such as the kg~ or ky-axis
[135]. To see how motion parameters can be determined from such signals, let
Sna(kz,0),n = 0,1,..., represent a set of navigators collected from a moving
object I(z, y,t) at times ¢ = ¢,,. For bulk object translation,

I(z,y,t0) = I(z + Azn,y + Ayn, to) (8.116)

Based on the projection-slice theorem, we have

FHS ke, 0}@) = [ Ia+ By + By, to)y
= [: I(z + Az,, y,to)dy (8.117)
Therefore,
F7H{Sn(kz,0)}(z) = F{So(kz, 0) }z + Azy) (8.118)

from which Az,, can be determined.

One may notice from Eq. (8.118) that S, (k,, 0) are insensitive to object dis-
placements a-long the y-direction, provided that the object does not move outside
.Lhe field of view. To determine Ay,,, we need to collect another set of linear nav-
igators along the ky-axis denoted as S, (0, k). Similarly to Eq. (8.118), one can
show that

F7HSn(0,ky)}y) = F{S0(0, ky) My + Ayn) (8.119)
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In practice, one may assume that the object motion is steady enough so
that motion characteristics are similarly reflected in both the imaging echo and
the companion navigator echoes for each acquisition. Then, the motion param-
eters estimated from the navigators can be used to correct for the acquisition-to-
acquisition motion for the imaging data before image reconstruction is performed.
A notable problem with linear navigators is that they are not efficient in tracking
translations, for two sets of navigators are needed to track planar object displace-
ments. In addition, linear navigators cannot handle object rotations of any kind.

To overcome the problem with linear navigators, navigator signals collected
along a circular k-space trajectory, as shown in Fig. 8.20, have been proposed
[139]. A desirable property of circular navigators is that global in-plan motion of
an object, both rotational and rotational, can be determined from a single set of
‘circular navigator signals.

ky

Figure 8.20 K-space trajectory of circular navigator signals.

To see how motion parameters can be extracted from circular navigators,
consider two circular navigator signals S;(ko, ) and Sa(kg, 8) collected from
Ii(z,y) and I(z,y) with

I(z,y) = [i(z cosby + ysinby — zo, —zsinfy + ycosby — yo) (8.120)

It is easy to show that

Ss (kn, 9) =8 (kU}B _ gn)e—i'z'frku[:n cos(8—6p)+yo sin(0—6p)) (8.121)

This equation indicates that rotation of the object can be measured as a relative
shift of the magnitude profile of the circular navigator signals, while translations
are encoded in their phase difference. Therefore, one can decouple the determi-
nation of translation parameters from that of the rotation parameter. More specif-
ically, one can first determine 8 from the correlation function of |S; (kg, 8) and
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|S2(ko, 8)|. Then, from Eg. (8.121) we have

®(8) = £5:1(ko,0) — £8S2(ko, 0 — 6q)

= 2mko[zo cos(8 — Go) + yo sin(8 — b)) (8.122)
With ®(8), zo and yo can be determined easily. Specifically, if ®(8) is known for
0 < 8 < 2, as is the case when the navigators cover a complete circle, zo and Yo
can be determined using the following formulas:

1 2x

Iy = —o7i—
272ko Jo

®(8) cos(d — 6p)db (8.123a)

' ;

Yo = m/ﬂ @(6)(sin b — 6,)do (8.123b)
In practice, ®(6) cannot be extracted from S (ko, 8) and Sa(ko, & — ;) di-

rectly using trigonometric functions because of the well-known phase-wrapping

problem. To eliminate the need to solve the associated phase-unwrapping prob-

lem, one can extract 3®(#) /80 instead. Specifically, let

_ Su(ko,0)S3 (ko,8 — 65)

g) =et*¥ = 8.124
e 151 (ko, )53 ko, 6 — fo) e
Then,
dp(f) _ . ia(e)d2(6)
0 - ie 7 (8.125)
o do(6) dp(6)
= —in*(9) 22
20 ip*(6) 20 (8.126)
where dp(8)/d8 can be evaluated using an FFI-based algorithm [191]. Noting
that
dd(6
'—'a'%'l = —2‘Il'k'ol'o siu(B = Gu) + 27l'ku’y0 COS(B = 90) (8127)
the translation parameters can now be determined using the following formulas:
-1 [*de(9) .
Ty = kg J, 20 sin(f — 6p)dd (8.128a)
1 2T dd(6)
_ . s .128b
W = S N cos(f — 8,)d8 (8.128b)

There are several practical issues in using circular navigators for motion
estimation. First, determination of the optimal radius kg of the circular trajec-
tory is nontrivial. Second, p(f) is not properly defined in Eq. (8.124) when
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[S1 (ko 0)S2(ko,8)| =~ 0. Further discussion of these and other issues can be

found at [159].

Ghost Phase Cancellation (GPC): The GPC method proposed by Xiang and
Henkelman is an elegant way to utilize the phase property of the ghost com-
ponent for suppression of ghost artifacts [271, 273). The basic idea of.GPC is
the pixel-by-pixel decomposition of a measure ghosted complex image [ into two
components: the desired time-averaged image Iy and the undesirable ghost image
g. Assuming that J images are acquired, we can express each of them as

L=h+g Jj=12,...,J (8.129)
which give rise to J equations containing (J + 1) unknowns for each pixel. To
solve for T from Eq. (GPC-decomposition), additional information is required.
In practice, the J data sets are acquired in a manner s0 that the g; are related to
each other by a simple phase shift, thus the name ghost phase cancellation. To
understand how this is done, consider the three-point GPC method [271]. In this
method, three data frames (J = 3) are acquired in a time-interleaved fashion.
Many time-interleaving schemes are available, an example of which is shown in
Fig. 8.21. According to Eq. (8.98) (with omission of the scaling constant)._ the
three images obtained from these data by direct Fourier reconstruction are given

by

Li(z) = fo(z) + Z gizmmiotof (z+ 6zm) (8.130a)
m#0

L(z) = fo(z) + Y e2mmotorBO (2 + 6zpm) (8.130b)
m#0

In(z) = fo(z) + Y e2mmotot?80] (g + 8z,)  (8.130c)

m#0

where I,,, represents the mth harmonic and 8z, is defined in Eq. (8.99).
If we further assume that no more than one ghost harmonic is present at any
location (i.e., no overlap of ghosts), Eq. (8.130) can then be simplified to

L(z) = Io(z) + 2™ (z + 6zm) (8.131a)
Io(z) = fo(z) + 2™mFoltot AN (3 + §z,,) (8.131b)
Is(z) = Io(z) + 2 mfoltat2A0 ] (7 4 62.n) (8.131c)

where it is understood that m is an arbitrary integer whose value is z-dependent.
Comparing Eq. (8.131) to Eq. (8.129) yields

g1(z) = Pt (z+ 6xm) (8.132a)
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."c.:-"o,

k

Figure 8.21 Three data frames acquired in a time-interleaved
fashion for use in the three-point GPC method.

g2(z) = e?rmholtatdO] (24 6zm) (8.132b)

ga(z) = e?mmhltot280] (7 4 57.) (8.132¢)

Inspection of Eq. (8.132) indicates that

l91] = |gz] = |gs] (8.133)
and
9193 = g3 (8.134)

Equation (8.134) is a key formula for the three-point GPC method, with which
the following closed-form solution to Eq. (8.129) results:

. (h-L)-1%

Y Lk e 135
I A A (8.133)

and

(I1 — I)?
el 8.136
"= htL-20, (8.1362)

(I = L) (I — 1)
- 13— f2) 136b
9 I +1s - 24 foRE

(Is = I)?

R .136
I + I3 - 20 by

g3 =

The desired time-averaged image I can be calculated from Eq. (8.135) pixel

by pixel. However, when the denominator is zero or very close to zero, the for-
mula should be evaluated with caution. It is suggested [271] that at each point I
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is calculated according to the formula only when the value of the denominator is
above the noise level; otherwise, Iy is computed simply as the complex average
of the three measured images.

Based on the concept of ghost-phase cancellation, a simpler and more effec-
tive 2-point (J = 2) method has also been proposed. The reader is referred
to [274] for a detailed discussion of the original 2-point GPC method and to
[117, 118, 119] for its improvements. To illustrate the performance of the GPC
method, two axial images of the lower abdomen are shown in Fig. 8.22. As can
be seen from Fig. 8.22b, the GPC method significantly reduces the ghost arti-
fact present in the original image shown in Fig. 8;22a. In general, this level of
ghost suppression may not be obtainable because Iy produced by GPC is ghost-
free only when I; are corrupted with isolated ghost artifacts. The GPC method is
less effective for removing overlapped and/or aliased ghosts because the phase of
those ghost components does not satisfy the assumptions of the GPC model.

Figure 8.22 Axial images of the lower abdomen: (a) Magnitude image from one of the
two time-interleaved scans, and (b) de-ghosted image by the two-point GPC method. (Im-
ages courtesy of Dr. Q.-S. Xiang.)

Dynamic Imaging by Model Estimation (DIME): Given a dynamic object, DIME
aims to capture the entire spatiotemporal distribution within the imaging time
window instead of obtaining a motion-artifact-free snapshot or a time-averaged
image. In doing so, DIME collects a sequence of data frames. An example of
(k, t)-space coverage with these data frames is shown in Fig. 8.23, where the
frame rate is

AT = NAt (8.137)

. Based on the discussion in the previous sections, AT is expected to be larger
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than the Nyqui‘s‘t sampling interval with respect to the dynamic signal changeg
Therefore,'tradmonal signal interpolation methods cannot be used to generate datz;
on the desired rectilinear trajectories. To overcome the temporal undersampling

problem, DIME represents temporal signal changes at each point b i
harmonic model, i el
M(r)
I(r,t) = Z Cm (r)e 2™ m(r)t (8.138)
m=1
where M is the model order and f,, are the motion frequencies. This model cap
theort?tlFally handle both periodic and nonperiodic motions with rigid-body or
nqn-ngld-bo@y changes. Specifically, any periodic motion can be described by
this model with -_f'“ = m fy; for nonperiodic motions with line frequency specira
fm takes on arbitrary real numbers. More complex motions such as those wiu;

continuous spectra can also be handled in this model by allowing f,, to take on
complex values.

Nmi

Figure 8.23 Coverage of (k, t)-space with multiple data frames in DIME.

_The general model given in Eq. (8.138) assumes no spatial correlation of
the u.me variations at different locations. This is certainly not the case for any
Qracncal application. Specifically, { f,(r1)} and {fm(r2)} will have many iden-
tical frequency components. For notational simplicity, we can remove the 7-
dependence from M and f,, by rewriting Eq. (8.138) as

M
I(r,t) = ) em(r)eiimt (8.139)
me=1

wh'ere now M is the total number of motion frequency components for the entire
object and {f,,} accounts for all the possible motion frequencies present. With
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this model, the measured data are given by

S(k,t) = f I(r,t)e=27%" dp

M co
- z [[ cm(r) e--i?.'nk-rdr ei21rfmt

m=1 a0
M
3 il ()P Tx It (8.140)
m=]l
where o
ém (k) =f em(r)e”?™* T dp (8.141)

Equation (8.140) indicates that the measured data for each k value can also
be described by a generalized harmonic model. By introducing this data model,
we effectively convert the dynamic imaging problem to a parameter identifica-
tion problem. In order to uniquely determine the model parameters, sufficient
data have to be collected in (k, t)-space. Because of the inherent time-sequential
constraint and the underlying undersampling problem, data need to be acquired
optimally to avoid image artifacts. An important property of this model is that
if the motion frequencies are known a priori, the coefficients can be determined
exactly in most cases even when (k, t)-space is undersampled along the time axis.
Specifically, it is easy to show that for a given k value, if L data points are taken

at ty,to,...,tr, then é,(k) can be uniquely recovered from the measured data
as long as

E.,. # E,, form#n (8.142)
where

E,, i( ei2nfmts  pi2nfmta et?mfmtL ) (8.143)

If the temporal sampling is uniform such that ¢; = [At, this condition can be
restated as:

21 fm At # 27 fo AL + P27 for m # n and any integer p (8.144)

This property significantly relaxes the burden on data acquisition.

The data acquisition step of DIME is characterized by the collection of two
data sets: one for determining the motion frequencies and the other for deter-
mining the amplitude parameters. Because of the above reconstruction conditior,
the amplitude parameters can be determined from the regularly collected imaging
data shown in Fig. 8.23, although they may be temporally undersampled. To ac-
curately determine the motion frequencies fr,, however, (k, t)-space data whose
temporal sampling rate satisfies the Nyquist criterion are needed. Since the frame
sampling interval in Fig. 8.23 often violates the Nyquist criterion, DIME acquires
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an auxiliary data set with high temporal resolution. In practice, these data

collected in a variety of ways. For example, in cardiac imagir;g the ECGCE‘ul v
can be used to estimate the motion frequencies associated with cardiac milgna]
HowF\fer. for MRI the most convenient approach is to collect these data »:;::.\n.
acquiring the dynamic imaging data using the well-known navigator excit '”e
protocol [135]. Assuming that one imaging signal and one navigator si Ttmn
collected for each excitation, the navigator signals can be acquired alon f 2 =
u.!ar vertical line in (k, ¢)-space as shown in Fig. 8.24a. It is clear thal%hepaf;m‘
tive tc’tmpo_ral sampling interval for this signal is At, which normally satisﬁ: e: .
Nyquist criterion. There are also many other ways to distribute the navigators l .
nals. Two examples are shown in Fig. 8.24b-c, in which the navigator signal .
phas-e-encoded to cover several k-space lines either sequentially or in a ars ;re
f'ashlon. .'ljhg advantage of these data collection schemes is their improvzd -
tion scnsmwt‘y since some motion components may not be observable at cerrtn i
k-space locations because €m (k) = 0 for these values of k. "
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Figure 8.24 Different schemes for coverin i
‘ g (k, t)-space with dynamic imagi
navigalor signals (o). e it

_Image reconstruction with DIME consists of three major steps. First, the
motion frequencies f,, are determined from the navigator signals. By {aking‘ ad-
vantage of the special structure of the model, one can use a linear prediction based
method to gain computational efficiency [179]. Second, once the frequencies f,
are knownt the amplitude parameters (k) can be determined easily by ﬁttinmg
the model in Eq. (8.140) to the measured imaging data using any of the standard
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linear least-squares solvers [31]. Third, after the model parameters are available,
the signal in the entire (k,t)-space is defined and we can, in principle, gener-
ate a continuous movie of dynamic signal changes. In practice, a sequence of
“snapshot” data frames with temporal resolution At is generated using the sig-
nal model in Eq. (8.140). With these data, the snapshot dynamic images can be
reconstructed using the conventional Fourier method.

A set of DIME results are shown in Figs. 8.25 to illustrate its performance.
The experimental data were collected by connecting a lemon to a platform that
was translated within the coil along the main axis of the scanner. The platform
was displaced periodically along the readout direction by a computer-controlled
stepping motor through a distance of 8 mm at a frequency of 0.216 Hz. A spin-
echo sequence with Tg = 450 ms was used to collect data as in Fig. 8.24a, with
imaging and navigator echoes at Tg = 30 ms and Tg = 60 ms, respectively.
Thirty-two 128 x 128 frames of imaging data were collected. As can be seen
in Fig. 8.25b, the direct Fourier reconstruction from the motion-corrupted data
contains serious motion artifacts. Averaging 32 frames of such motion-corrupted
imaging data yielded the result in Fig. 8.25¢c. As expected, averaging removes
the ghosting artifacts quite well because of the phase cancellation effect {271],
but considerable blurring remains because the result is a time-averaged image.
“Snapshot” images generated by DIME exhibited no obvious blurring or ghosting
artifacts, as shown in the example snapshot in Fig. 8.25d.

8.3.5 Artifacts Due to Corrupted Data

Various types of data distortions can occur in practice. This section discusses two
examples to illustrate that simple distortions in the raw k-space data can result in
serious image artifacts.

8.3.5.1 Data Clipping Artifact

Data clipping is graphically shown in Fig. 8.26. It occurs when the received sig-
nal is larger than the receiver system (specifically, the analog-to-digital converter)
can handle. Because k-space data peak at the origin, data clipping represents a
loss of low-frequency data. The resulting image artifact can then be understood
by modeling the data distortion as the subtraction of a sharp spike at the central
k-space. Because the Fourier transform of a sharp spike is a broad spike, the
resulting image, as the difference between the correct image and a broad spatial
component, will suffer an intensity distortion. An example of this image artifact
is shown in Fig. 8.27. In practice, data clipping is fixed through hardware adjust-
ments to lower the receiver gain. Some post-processing methods have also been
proposed to reduce the image artifact from clipped data. The interested reader is
referred to [167] for a discussion of this topic.
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Figure 8.26 An illustration of data clipping.

Figure 8.25 Results of arigid-body motion experiment, showing (a) the stationary lemon,

(b) the Fourier reconstruction, (c) the average of 32 images (d) a snapshot image generated
by DIME.

Figure 8.27 Head images: (a) with the data clipping artifact and (b) without the artifact.

5352 Nokey SiikeAstifacts The width (or frequency) and orientation of the resulting striations are directly re-

: e ined by Eq. (8.146). More specifically,

Raw k-space data are sometimes corrupted with noisy spikes of various origins. lated to the location of the spike as determined by £q
The resulting image artifact is in the form of striations running across the image. ke = m (8.147)
The pattern of the striation artifact depends on the shape and location of the spikes. ) 0= zo yo
Consider the simple case of a noisy spike located at kzq, ky, ). Representing it as | ) .
a 6-function ’ v b LS ¥ specifies the striation frequency, and

e(kz, ky) = Ad(kz — kay, ky — ky,) (8.145) ——— (kyn ) (8.148)

0=

The resulting image error is kz,

e(z,y) = Ae'2 k=g zt+kyyy) (8.146) determines the orientation of the striations.
b .
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' Examples of the s.triation artifact resulting from a noisy spike located at ty,
different k—sp:?tce locations are shown in Fig, 8.28. This type of artifact can ofteo
be handled using a post-processing method. Specifically, noisy spikes can sorner_1

pmes be identified by examining the k-space data and then be removed befo
Image reconstruction is performed. N

Figure 8.28 Head images showing the striation artifact due to a single noisy spike located

at different positions of k-space. The noisy spike i
1 y spike is located at —-0.09, —0.09) fi
and at (—0.05, 0.05) for (b). ( o
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Exercises
8.1  What is the underlying assumption made regarding the imaging process so

8.2

8.3

8.4

8.5

8.6

8.7

that the output of an imaging system is equal to the convolution of its point
spread function and the true object function?

Prove Eq. (8.3) using the superposition rule and the convolution property
of the 4-function.

Assume that the point spread function of an unknown imaging system is
(a) h(z) = II(z), and (b) h(z) = A(2z). For each case,

(a) Determine the resolution limit of the system.
(b) Sketch the resulting image if the true object function is p(z) =
§(z) +d(z —1).

For an unknown imaging system, briefly discuss how one experimentally
determines its point spread function.

MR signals are subject to T3 or T, decay during the readout period. Cal-
culate the PSF of the T5-decay function assuming that the signal can be
expressed as

S(t) = [ I(z)e~t/Tre=1C=2t gy t>0

—0oC

The backprojection reconstruction technique requires projection data taken
at projection angles in the range 0 < f,, < . If projections were taken
for 0 < 6, < 27 and were all projected by simply extending the upper
integration limit in the backprojection integral from 7 to 2, determine
whether the following statements are true or false.

(a) An identical image would be obtained.
(b) The 1/r blurring would remain the same.
(c) The “star” artifact would be reduced.

(d) The image SNR would be improved a factor of v/2.

Justify that the “cross-power” of two uncorrelated random variables £;
and &5 is zero, that is,

Uglﬁz = E{(gl o #51)(52 — J”'E:)*} =0
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8.8

8.9

8.10

8.11

8.12

8.13

8.14

8.15

Justify that if &;,&3, -+, &N are mutually uncorrelated (UEZ e, =0, for
m n), then the mean and variance of the new random "\}arll'iable £ =

2on=1 §n are

N
pe=E{€} =) pg,

N
of =E{(-ne)E-pe)} =3 ot

Prove that the correlation function R(7) of a stationary process £(t) has a
complex-conjugate symmetry, that is,

R(r) = R*(~7).

For two uncorrelated random variables £; and £;, the mean and variance
of § = & + £z are = py + pp and 0? = of + o2, respectively. Assume
that u; = us = 0 and that €; and &; are correlated. What is the variance
(62) for £2 Is & always larger than ¢? Give one example for & > o and
one foré < o.

Gibbs ringing is characteristic of Fourier imaging methods. No matter how
many.cncodmgs are taken, it is present in the reconstructed image as long
as finite sampling is used. True or false? Why?

WindO\.Jving the Fc.)uricr data can help reduce Gibbs ringing (at the expense
of spatial resolution). What is its effect on image S/N as compared to
the rectangular window? (Derive the S/N value for an arbitrary window
function.)

Show the relationship given in Eq. (8.65).

Calculate the aliased version of the following signals:
(a) S(t) = sin(2nt + 23°) for f; = 1 and 1.5, respectively.

(b) S(t) = sin(2nt) + 2cos(wt) + 4sin(4nt) for f, = 1, 2 and 3,
respectively.

Assqme that in a phase-encoding experiment, the desired phase-encoding
grad_:ents are G, = nAGp. What will happen to the reconstructed im-
age if the gradient system malfunctions such that the effective gradients
applied are

4
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8.16

8.17

8.18

8.19

{a) G, =0

(b) Gn=n(AGo/2)

(©) Gn=n(2AGo)

(d) Gn=n(AGo/2) +6G

Discuss the chemical shift effect along the phase-encoding direction.

Explain why the chemical shift artifact is more serious in higher fields than
in lower fields.

Given the following object, skeich the reconstructed image showing the
chemical shift artifact, assuming that the object is phase-encoded along the
vertical direction but frequency-encoded along the horizontal direction.

(a) Region A contains pure fat (py = 1) and region B contains pure
water (py, = 2).

(b) Region A contains pure water (py, = 1) and region B contains pure
fat (py = 2).

(c) Region A contains pure water (pw = 1) and region B contains half
water and half fat (p,, = 1and py = 1).

Inhomogeneities in the main magnetic field can often have deteriorative
effects on image quality. Consider a one-dimensional case in which the
object is a boxcar function and an unknown field gradient G, exists across
the object in a poorly shimmed main magnetic field. Calculate the recon-
structed image function assuming that frequency encoding is used and the
continuous signal is measured. Discuss the effect of the inhomogeneity
by comparing the result with what would be obtained without the field

inhomogeneity.
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8.20

8.21

8.22

The Fourier signal for an image function p(z) = Lé(z —20)+0(z+)] is
S(k) = cos 2mzok. Assume that S(k) is uniformly sampled at k = mAf,
—00 < m < oo.

(@) What is the Fourier reconstruction from S(mAk) for Ak = 3—3_?
Note that the Fourier reconstruction is defined as .

ple) = Bk D0 SmARCITARE g€ kg, )

m==0o

0 otherwise.

(b) What is the corresponding Fourier signal of this reconstructed image
function?

Prove the point spread function for the Fourier reconstruction to be

Nj2-1
h{z) = Ak Z giammAks _ AL

m=—-N/2

sin(mNAKZ) _; nps
sin(rAkz) 5

by verifying that

N/2-1

F~1{ AkS(k) Z §(k —mAk) » = /m p(T)h(z — 7)dr,
m=—N/2 —oa

where S(k) = F{p(z)}.

John just got an “A” in his MRI course and wanted to impress his girl friend
Sue with his MRI skills. He performed a two-dimensional phase-encoded
imaging experiment to get the head image of his classmate Joe, shown
in (a). He was very excited since everything he learned from the class
worked, and he immediately went off to get Sue. When they returned, Joe
was gone, and the image had disappeared from the screen. John repro-
cessed the k-space data, but this time produced the image in (b). He was
quite embarrassed but assured Sue that Joe had played a practical joke on
him by corrupting the k-space data. To justify his claim, he went through
his k-space data file point by point. Equipped with the theories he learned
from class, he soon uncovered Joe’s contaminations of the data. After
processing the “corrected” k-space data, he reconstructed the image in (c).

(a) What kind of image artifact is present in image (b)?

(b) How did Joe corrupt the k-space data? Be specific and give justifica-
tions.

(c) What correction to the contaminated k-space data resulted in the re-
construction shown in image (c)? Justify your answer.
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8.23

8.24

- -

(d) What do you think John should do to reproduce an image like that in
(a)? (Be scientific.) Why?

Assume that you collect V data points (with symmetric and unifom-l sam-
pling) in the Fourier space from a one-dimensional rectangular object of

width W; and unit intensity.
(a) Qualitatively plot the Fourier reconstruction from the data.

(b) Calculate and plot the reconstructed image if the point spr_ead func-
tion is approximated by a rectangular window function of width Wy =
1/(NAk) and amplitude 1/W5 (assuming Wy = 5W2).

(c) If one is interested only in the intensity measurement, what ils the
average image intensity over the reconstructed object? What is the

systematic measurement error?

(d) Assume that the data noise standard deviation is o, what is_ the mea-
surement error introduced to the average intensity by the: noise? What
would this error be if N/2 encodings were collected with two signal

averagings?

Assume that (2N + 1) noisy data points, say dn = Sn ;) &n from =N <
n < N, are collected in k-space from a real object function p(z). Let

N
i N+1
Pl[m] = Z d,,e 2rmn/(2N+1)

n=—N
— ¥ i 2N+1)
P2im] = Z d;)e—iZwmu/(2N+l) + Zdnexbrmn/(
n=—N n=0

Justify that the SNR of p;(m) is better than that of pa(m) by a factor of

V2.
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8.26

8.27

8.28

8.29
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Prove that the point spread function of the di jecti
e direct backprojection methog ;
1/r=1//z2 4+ 42 by verifying that odis

1
/2 + 7J2

Derive the relationship given in Eq. (8.121).

B{R{d(z,y)}} =

Assume that two circular navigator si
gnals Sy(ky, 9) and S, (ko. 6
collected from p, (z,y) and p, (z,y) with : o) e

pa(z,y) = m(z,9)

where

B

= (z - z¢) cosfy + (v — yo)sin @y
= —{z—mg)sin60+(yﬁyg)cost§g~yo

L ~3)

Show that
S:z(kn, 9) — Sl (k(h g — gu)e—i2ﬂ'kg(:ﬂo cos 8+yg sin §)
Derive the formula given in Eq. (8.135).

Show that the following expression is equivalent to that given in Eq. (8.135):

P L+ 1 + I3 _ 3(]12+122+I§) - (I1 + Iy +I3)2
3 6(11 + Iz — 2[2)

_In special cases, the GPC method can produce a ghost-free, time-averaged
image Iy from two ghosted complex images I; and I,. Let

L o= lo+g
L = Iy+g,
and
g2 = gre*

Derive an expression for Iy in terms of Iy, I, and, 6.

Chapter 9

Fast-Scan Imaging

There is nothing that nuclear spins will not do for you, as
long as you treat them as human beings.

Erwin Hahn

Fast imaging is one of the most interesting and important areas of MRI. This
chapter is devoted to a systematic discussion of this topic. Before proceeding, let
us first examine the range of possibilities to improve imaging speed over the con-
ventional imaging method. From the discussion presented in Chapter 5, it is easy
to derive that the total data acquisition time for a spin-echo imaging experiment
is

Tacq = NachcncTR (9.1)
where Nyeq is the number of signal acquisitions (or signal averagings) for each
encoded signal, Nenc is the number of encodings, and TR is the time interval
between two consecutive encoded signals. Clearly, Thcq can be shortened by re-
ducing Nacq, Nenc, and TR, individually or simultaneously. The cost of reducing
Nyeq is a loss of signal-to-noise ratio, and the absolute limit is reached when
Naeq = 1. To achieve high-speed imaging, one has to find a way to signifi-
cantly reduce (Nen.Tr ). We discuss how this is accomplished in several popular
fast-scan imaging methods, including fast spin-echo imaging, fast gradient-echo
imaging, echo-planar imaging, and burst imaging.

9.1 Fast Spin-Echo Imaging

Conceptually, fast spin-echo (FSE) imaging is a simple extension of the basic
spin-echo imaging method. It uses the CPMG sequence discussed in Chapter 4 to
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generate multiple spin echoes, each of which is individually phase- or frequency-
encoded to cover k-space. This section describes the basic concept and some
practical limitations of FSE imaging.

9.1.1 Basic Concept

To illustrate the basic FSE imaging concept, consider the data acquisition se-
quence shown in Fig. 9.1, in which M echo signals are generated for each 90°
excitation pulse. If these signals are encoded differently, M k-space lines will be
generated for each excitation. Assume that a total of Nen. encodings are required
to cover k-space. Then, the number of excitations necessary is given by

Nenc
N, =
= 7 92)
Hence, a factor of M improvement in imaging speed is obtained over the conven-
tional single-echo imaging method. The value of M is limited by the T% value
of the object being imaged. In practice, M = 8 or 16, or even higher is possible
[81].

Figure 9.1 A representative FSE imaging sequence that
generates M spin echoes after a 90° pulse. These echoes are
individually encoded to produce M data lines in k-space.

A first question that arises with FSE imaging is how to encode the echo train.
Encoding a train of echoes is a little bit more tricky than encoding a single echo
because the encoding effect of one echo is carried over to the subsequent ones
in the echo train. To avoid this complication, one often uses phase rewinding.
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Specifically, as shown in Fig. 9.1, each echo is first phase-encoded with Gy, and
the phase dispersal thus introduced is rewound at the end of the echo by applying
a rephasing gradient —Gp.. It is possible, of course, to eliminate phase rewinding
if the phase accumulation effect is properly accounted for.

Encoding ordering (or distribution of the echo trains in k-space) is also im-
portant in FSE imaging because of the inherent T3 decay during the formation of
the echo train. Referring to the timing diagram in Fig. 9.2, the amplitude of the nth
echo in the echo train has the following characteristic exponential T5-weightings:

E,=¢ /T p=12....M (9.3)
These weightings have different effects on image contrast and resolution, depend-
ing on how the echoes are mapped to k-space.

T T T
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Figure 9.2 Timing of an FSE imaging sequence.

Let Smn(t) represent the nth echo from the mth excitation. These signals
can be mapped to k-space according to the following interleaved scheme along
the phase-encoding direction:

NEnC

ke = [m-—l-i-(n—l)N,x— 5

]Ak m=12,..., Nex
n=12.... M 9.4

The resulting k-space coverage is shown in Fig. 9.3.

Corresponding to the k-space coverage in Fig. 9.3, the data along the phase-
encoding direction will carry a Tp-weighting, as illustrated in Fig. 9.4a. Alterna-
tively, the weighting function in Fig. 9.4b results if the following phase-encoding
ordering scheme is used:

—[m—l-i—(n-l)%u]Ak 1?1:].,2,.,.,&’-25-21
n M
(9.5)

kmn =]

[m—Nex/2+(n—~1)-“—"2“] Ak m=2%x41,..., Ny
n
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Figure 9.3 K-space coverage of the phase-encoding order-
ing scheme described by Eq. (9.4).

W w(k)

&—I_\_; 5 k

@ (®)

Figure 9.4 Two T3-weighting functions for k-space data acquired with an FSE
imaging sequence.

Although the phase-encoding ordering schemes in Eqgs. (9.4) and (9.5) give
the same k-space coverage, the resulting image contrast is different. Since im-
age contrast is determined primarily by the central k-space data, it is obvious
that the phase-encoding ordering scheme in Eq. (9.4) will produce stronger T3-
weighted contrast than the scheme described by Eq. (9.5). By the same analysis,
one can produce variable degrees of T;-weighting by properly ordering the phase-
encoding steps and adjusting the inter-echo spacing.

Although the original FSE imaging sequence, known as RARE (Rapid Ac-
quisiti?n with Relaxation Enhancement), was proposed by Hennig et al. for fast
T,-weighted imaging [156], the FSE imaging sequence is capable of producing
the full range of SE contrast. For example, one can adjust Tk in the same way as
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in spin-echo imaging to generate T;-weighted images. Similarly, proton density-
weighted images can be obtained using a long T and a short T, the effective
echo time for the central k-space data.

9.1.2 Practical Issues

FSE imaging has several practical limitations. The first is due to the fact that a
number of 7 pulses are applied in a short time interval in the FSE sequence, which
may deposit excessive RF power on the object being imaged. This problem can
be alleviated by reducing the length of the echo train. The second limitation is
image blurring and ringing artifact along the phase-encoding direction due to the
inherent Ty decay during the formation of the echo train. Although T3 decay
oceurs in both the readout and phase-encoding directions, its effect in the latter
direction is more pronounced because the time interval between the first and the
Jast echo is several times longer than a typical readout time interval. In addition,
the T»-weighting function along the phase-encoding direction is discontinuous,
resulting in an oscillatory PSF, an example of which is shown in Fig. 9.5b.

w(k) h(x)

P A L “I\.‘}p;.
MVARY)

(a) (b)

Figure 9.5 T-weighting function and the corresponding PSE. Note the oscillations
present in the PSF associated with the discontinuous T2-weighting function.

The ringing artifact can be suppressed by removing the discontinuities in the
T,-weighting function. A post-processing method was proposed in [285] to deal
with the problem. Neglecting the T decay along the readout direction, we can
express the k-space data obtained from an FSE sequence as

oo {s <]
S(kz, ky) = f / o(z, y)e—TE(kv)/Tz(:t,y]e_izﬂ(k,::+kyy)dzdy (9.6)
-0 J —o0

where z and.y denote the readout and phase-encoding directions, respectively,
and Tg(k,) represents the effective echo time for each phase-encoding step. If
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we further assume that T variations along the phase-encoding direction are smal|
we can treat T as a function of z only. Therefore, after reconstruction along the
readout direction, we have

. o0
5z, ky) = e~ TR/ T(2) f plz,y)e~?mhvdy 9.7)
—00
Equation (9.7) suggests a simple correction scheme. That is, if T3(z) is known
the T,-weighting function along the k,-direction can be eliminated by multiplying
S(z, ky) by
w(ky) = eTE(kv)/Tﬂ'-‘) ©® 8)

Sir_lce w(ky) is a high-pass filter, this step may result in a loss of signal-to-noise
ratio. If the goal is to remove the discontinuities in the T3-weighting function, the
following modulation function should be used:

w(ky) = e~ Telku)/Ta(=) 9.9)

where Tg(k,) is dependent on the phase-encoding ordering scheme. For the
scheme given in Eq. (9.4), it is easy to show that

Tg
~ DNy
- )ch NencT2 (m)

where (n — 1)y, denotes (n — 1) modulo Nep-

Now the question is how to determine T3(z). The approach proposed in
[285] applies an extra excitation to generate a set of echoes, called auxiliary
echoes, with the same inter-echo spacing, say Tg. These auxiliary echoes are ac-
quired in the absence of the phase-encoding gradient, and they provide M projec-
tions of the object along the frequency-encoding direction. Under the ideal condi-
tion, these projections differ only by a weighting factor e~ "7&/T2(=), Therefore,
fitting the T, exponential function point-by-point through this set of projections
will give the desired T3 values.

In addition to the T, decay, phase inconsistency in the echo train can also
lead to image artifacts. One source of phase inconsistency is due to the fact that
the transverse magnetization may be recalled at different spatial positions by the
refocusing pulses. Specifically, assuming that all the refocusing pulses are 1807,
pulses and ignoring the T decay, we find that the nth echo in the echo train is
related to the first one by

Ta(nAk,) = ( n=1,2,..., Nenc (9.10)

Sna(t) = 81 (t)e™*2n—t¢ (9.11)

Additional phase errors may also exist if the directionality of the refocusing pulses
fluctuates and eddy current exists due to gradient switching. If the phase error
is not properly accounted for, it will introduce image artifact. One approach to
handle this problem is to estimate the phase errors from the auxiliary echoes and
remove them from the imaging data before the image reconstruction algorithm is
applied. Further discussion of this topic can be found in [285].
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9.2 Fast Gradient-Echo Imaging

Gradient-echo imaging with a long T has been discussed in Section 7.5, and a
generic pulse sequence is shown in Fig. 7.6. Similar to conventional spin-echo
imaging, gradient-echo imaging collects one k-space line per excitation pulse,
and, as such, it does not offer any significant speed improvement if a long Tg is
used. In this section, we discuss fast gradient-echo imaging methods that operate
in the regime of very short Tgs.

When a spin system is excited by a train of periodic RF pulses with repe-
tition time Tx < T, the spin system will reach a dynamic equilibrium, known
as the steady state. A number of steady-state gradient-echo imaging sequences
have been proposed. Based on how the transverse magnetization is handled after
each excitation, these methods are conveniently grouped into two classes: spoiled
steady-state imaging methods and true steady-state imaging methods. As the
nomenclature suggests, methods in the first class establish a steady-state longitu-
dinal magnetization but destroy or “spoil” any residual transverse magnetization
before a new RF pulse is applied. Methods in the second allow both the longi-
wdinal and transverse components to reach a dynamic equilibrium state. In the
following sections, we describe the basic concepts of both types of steady-state
imaging methods.

9.2.1 Spoiled Steady-State Imaging

To understand the concept of spoiled steady-state imaging, we consider the FLASH
(Fast Low Angle SHot) sequence [154] shown in Fig. 9.6. This sequence is also
known as the spoiled GRASS (Gradient Refocused Acquisition in the Steady
State). Note that in this sequence, the residual transverse magnetization after
data collection is destroyed by a spoiler gradient pulse applied along the slice-
selection direction. Specifically, the amplitude of the spoiler gradient is varied
from one excitation to another in order to avoid coherent buildup of the transverse
magnetization. Spoiling is a key element of this imaging scheme since other
components are similar to the counterparts in the long-Tx imaging sequence. In
addition to the gradient spoiling method used in this sequence, effective RF spoil-
ing methods have also been developed, which incrementally step the phase of the
RF pulses. More detailed discussion of the topic is beyond the scope of this text.
The interested reader is referred to [66, 127].

We next derive signal expressions for a spoiled steady-state experiment.
Steady-state signals from a sequence of repetitive pulses have been derived in

Section 7.5, where it is assumed that Tr > T5 such that M},Z‘}(o_) = 0. In the

present discussion, Tp < T3 and, hence, Mz{',’J,(U_) # 0. This means that the
transverse magnetization generated by a pulse has not been completely dephased
when the next pulse is applied. With spoiled steady-state imaging methods, this

residual transverse magnetization is destroyed using various spoiling methods be-
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Figure 9.6 Two-dimensional FLASH sequence. Note that the residual trans-
verse magnetization after data collection is destroyed by a spoiler gradient pulse
in the slice-selection direction. The amplitude of the spoiler gradient is varied
from one excitation to another to avoid build-up of transverse coherence.

fore a new pulse is applied. Consequently, we have, as in the long-T case,

Mg (0-) =0 9.12)

Equation (9.12) is called the perfect spoiling condition.

When perfect spoiling is achieved, the signal expressions for long Trs given
in Section 7.5 apply to the situation here. That is,

MO(1 — e=Tr/Th)
T 1—cosae~Tw/T1

M (0-) ©.13)

and
M2(1 - e~ Tr/Th)
" 1—cosae"Tr/T
Equations (9.13) and (9.14) indicate that the amplitude of spoiled steady-
state signals is dependent on the flip angle « and the repetition time Tg. For a
fixed Tk, one can maximize M5, ,(0-) by properly choosing . This optimal
angle, now known as the Ernst angle, is customarily denoted by ag. It is easy to
derive from Eq. (9.14) that

Mz, (04) sin & (9.14)

cos o = e~ TR/Th (9.15)

or
ag = l'.'C)S_"l (enTR/Tl) (916)

In steady-state imaging experiments, it is desirable that data acquisition start
after the steady state has been reached. Otherwise, image artifacts can result
because signals carry different T} -weightings while a spin system is approaching
the steady state. We next evaluate how many pulses are necessary for a spin
system to reach a spoiled steady state.
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Recall that the longitudinal magnetization before the nth pulse is given by
MO (o) = MO(1 — e TRT) + MEV(0-)cosae™ ™ (9.17)
z = z
For simplicity, we introduce two new variables E; and E; such that

By e (9.18)
E?. = e—TR/TI

Then, Eq. (9.17) can be written as
MM(0_) = M1 — By) + MV (0-) cosaBy (9.19)

Solving this difference equation yields

1— (cosaEy)"

4+ M%(cosaEy)" n=1(920)
1 —cosal)

M (0-) = MI(1-En)

The convergence error, defined as the difference between M S‘) (0-) and the de-
sired steady-state value M3?(0-), can be calculated as

AMP (0-) = MS (0-) - ME(0-)

= M° (By — 1)(cosaBy)” + M%(cosaEn)"™

£ 1 —cosakE;
MO (cosaE;)"Ey(1 — cosa) 921)
R 1 —cosak,

It is often useful to normalize this error against the steady-state value. The result-
ing relative convergence error is given by

AME(0-) _ (cos aE;)"Ey(1 — cos ) ©.22)
M(0-) 1-E
From this formula, one can determine the number of pulses needed to drive a

spin system to the steady state within an acceptable error. The calculation can be
further simplified in the case that & = ag, for which

AM(0-) _ pans (9.23)
Mz (0-)

Image contrast behavior of spoiled steady-state imaging can be understood
from Eq. (9.14). Specifically, the gradient echo amplitude can be expressed as

Ag = M (1 - e /M) sin ae~Te/Tz (9.24)

T 1—cosae~TrR/Th
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indicating that T} -weighted, T -weighted, and spin density-weighted contrast cap
be generated with an appropriate choice of the sequence parameters: Tg, Tg, and
a. For example, to enhance T3 -weighting, one uses a short Tg (minimizing g b
effect), short Tg (maximizing T; effect), and large o (maximizing T} effect),
Similarly, for T -weighted contrast, one uses a long Tr, a long Tg, and a smal|

a; for spin density-weighted contrast, one uses a long Tg, short T, and a smal|
a.

B Example 9.1

The T; value for white matter in the brain is approximately 600 ms at 1.5 T.
Assuming Tr = 40 ms, calculate ag and the number of pulses needed to get
M Z(,")(O_) within 99% of the steady-state value.

The desired Emnst angle can be calculated directly from Eq. (9.16)

ag = cos™} (6_40/600) = 20.7°

According to Eq. (9.23), we have

(n)
nz__TL]n(AMZ, (o_)) _%

e M%(0-)

600 1
T T 2x40 {001}~ 2
= 34

Therefore, about 34 preparatory pulses are necessary to get M, S‘) (0-) within
99% of its steady-state value.

9.2.2 Steady-State Imaging

When Tg is on the order of T3 and no attempt is made to spoil the transverse
magnetization, both the longitudinal and transverse magnetizations will reach a
steady state. This phenomenon, called steady-state free precession (SSFP), was
first studied by Carr [116] in 1958 and later used for imaging.

We shall first derive expressions for the SSFP signal and then discuss steady-
state imaging methods. Recall the previously established abbreviations: E; =
e~ T’/Ti and By = e~T*/T2, The magnetization immediately before the (n+1)th
pulse is related the magnetization immediately after the nth pulse by

MI(0_) =PMM(04) + (1 - BE))M° (9:25)
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where
Mgz 0
M,=| My M°=| 0O (9.26a)
M M?

Eycos® Epsin® 0
P=| —E,sin® Ezcos® 0 (9.26b)
0 0 Ey

in which @ is the clockwise precession angle (relative to the z'-axis) that the
magnetization vector has accumulated in the interval after the nth pulse and before

the (n + 1)th pulse. . o
Assume that the pulses are applied along the z'-axis. Then,

M(04) = Re (@) M0 (9:27)
Substituting Eq. (9.25) into Eq. (9.27) yields
ME(0,) = Ry ()P M (04) + (1 — B)Ra(0)M° - (928)
Similarly, one can derive
MEH(0_) = PRy ()M (0-) + (1 = BE)M° (9.29)
Setting
MMD(02) = MEP(04) = MP(0-) (9.30a)
M (0,) = MM (04) = MZ(04) (9.30b)

we immediately obtain the following governing equations for the steady-state
magnetization:

M>(0_) = PR (a)M7(04) + (1~ E)M° (9.31a)

M>(04) = Ra(a)PMF(04) + (1 - E\)Ry(a)M®  (9.31b)
Solutions to Eq. (9.31) can be found to be
M=(0-) = 1-E)[I- PR, (a)] "' M° (9.32a)

M=(04) = (1-E)[I- R. (a)P] ' Ry (a)M° (9.32b)
where 1 is a 3 x 3 identity matrix. These solutions can be written more explicitly
as

M,(0_) = M2(1 — Ey)E;sinasin &/D
My(0-) = M%(1 - Ey)(Ezsinacos ® — E}sina)/D (9.33)
M, (0-) = M2(1 - Ey)[1 — Ezcos® — E,cosa(cos® — E,)|/D
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and

Mz(04) = M2(1 — E|)E;sinasin®/D

My (04) = M2(1 = Ey)(1 — Eycos®)sina/D

M (04) = M2(1 — E1)[E2(E2 — cos ®) + (1 — By cos ®) cos ]/ D
where ©39

D =(1-Eycosa)(l— Ezcos®) — (E, —cosa)(E; —cos®)E;  (9.35)

Equation (9.34) shows that the SSFP signal is a complicated function of o
Eq, EQ., and &. EJjnst and Anderson [136] found that the optimal flip angle for‘
producing the maximum transverse magnetization is given by

Ey + E;(cos® — F3)/(1 — B2 cos @)
14+ E1E5(cos® — E») /(1 — Eycos @)

COS Qopy = (9.36)
Thi.fs expression can be obtained by differentiating A37(04.) with respect to « and
setting the result to zero. In fact, it can be shown that
dM33(04) _dM3(04) aMzi,.(04)
do a=agpt do a=tgpy - d&' a=agpt = O (9.37)
A nurpber of steady-state imaging methods have been proposed and found to
have practical use. As an example, a two-dimensional FISP (Fast Imaging with
Steady-ste_tte P.rcccssion) sequence (developed by Siemens Medical Systems, Inc.)
is shown in Flg. 9.7. Compared with the FLASH sequence in Fig. 9.6, one can
see that the imaging gradients in the FISP sequence are completely balanced so
that the net effect of each imaging gradient is constant from one excitation cycle to
the ncxl._ To understand the contrast behavior of this imaging scheme, we examine
the special case of ® = . This condition is achieved with alternating pulses (for
cxam_ple, pulses applied alternately along z’- and —z’-directions) and negligible
field inhomogeneities. Under this condition, M,(0,) = 0, and

M?(1 - E))sina

MZ,.(04) = ME(04) =
v VT (1 - Epcosa) — Eo(E) — cosa) (5:38)
For Ty <« T3, T, the following approximations can be invoked:
Tr
E =1- T (9.39a)
Tr
Ey =~ 1~ T (9.39b)
Consequently, Eq. (9.38) can be rewritten as
MOsi
ME,(04) = . (9.40)

1+ T1/T2 =z (Tl/TQ = 1) Cos
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For a = 90°, Eq. (9.40) simplifies to

T,
M3,(04) = M 2
z'y ( +) z Tl i T‘z ( 1)
or further to
M0 i M0T2 9.42
::'y’( +) - z ﬁ ®. )

noting that T} > T5.

Equations (9.41) and (9.42) indicate that FISP images carry a T, /T contrast.
Hence, FISP produces strong signals from tissues with long T% and short Ty. For
Tr & Ty, the FISP signal is essentially independent of the T value. This implies
that FISP can be run at a very short T without sacrificing SNR, a unique feature
of steady-state imaging. For 1 > Tr > Tb, FISP behavior approaches that of
FLASH. This can be understood from the fact that M2, (0,4) given in Eq. (9.34)
will collapse to Eq. (9.14). There are many other implementations of steady-state
imaging; the reader is referred to (73] for a comprehensive review.
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Figure 9.7 Two-dimensional FISP sequence. Note that all the gradients are
balanced from cycle to cycle and the pulses are applied alternately along the T’-
and —z'-directions.

9.3 Echo-Planar Imaging

Echo-planar imaging (EPI) is the first ultra high-speed imaging technique pro-
posed by Mansfield in 1977 [197]. Since then, many of its variants have been
proposed. Nowadays, the term is broadly used to refer to the class of high-speed
imaging methods that collect a “complete” set of two-dimensional encodings dur-
ing the free induction decay period following a single excitation pulse. Hence,
echo-planar imaging has become a synonym for single-shot imaging, although
multishot EPI methods with interlaced k-space coverage are also in common use.
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Recall that

t
k(t) = ﬁ'f G
- L (r)dr (9.43)
it is easy to derive that
ky(t) = Gyt (9.44a)
*G.t, O<t<r
Kl = ¥G.(2r—t) T<t<3T
G (t—47) 3T <t <57 (9.44b)

sThac::r:fl'?re, each gradlicnt cf:ho generated by this sequence is mapped to a tilted k-
p ine, resulting in a zigzag trajectory shown in Fig. 9.9. Note that the zigzag
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trajectory traverses only the top half of k-space. To get full k-space coverage, one
needs to form a spin echo or a gradient echo. This can be done easily by applying
a 180° pulse after the 00° excitation pulse or turning on a negative G gradient
pefore data acquisition starts (see Problem 9.28).

ky

}’-/

-

Figure 9.9 The zigzag k-space trajectory for the EPI pulse sequence given in Fig. 9.8.

A practical problem with the zigzag trajectory is that it requires special im-
age reconstruction algorithms because k-space is sampled in a nonuniform fash-
ion along the k,-direction. One way to solve this image reconstruction problem is
10 use the interlaced sampling theory discussed in Section 5.4. More specifically,
for a fixed k value, the signal variation along the k,-axis can be represented by
S(k,), which is sampled nonuniformly as shown in Fig. 9.10. Breaking the sam-
pled points of S (k) into two sequences, one containing the odd-indexed points
and the other containing the even-indexed points, we have

So[n] = S(2nAky) (9.45)

and
Seln] = S(2nAky + ) (9.46)

In the ideal case of infinite sampling, the Fourier reconstructions from So|n)
and Se[n), according to Eq. (6.10), are given by

Ly =1 (y - ’dzgky) 9.47)

and

Ly) =y eI (y g t:k ) (9.48)
n Y
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Figure 9.10 Sampling of the k-space signal along the ky

a zigzag trajectory. Note that § is a function of

Assume that Ak, is chosen to be the cri

-—]ai-._

-direction for a fixed k. value by
ks

tical Nyquist sampling interval, as is

lll':c case in practice. Then, I,(y) and I,(y) will be aliased versions of I(y), as
shown in Fig 9.11. However, this aliasing artifact can be removed by proPt;rly

recombining I,(y) and I, (y).

I
s b
Aky
Figure 9.11 Fourier reconstruction from the od

the sampled signal shown in Fig. 9.10.

Specifically, in the interval of 0 <y<

L)
Py
w
e
Il

I(yJ+T(y

L(y) = I(y) + ™1

d-indexed or even-indexed data points of “q

1/(2Aky), we have
ok

24k, (9.49a)
( i

Y- 3A % (9.49b)
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and in the interval of —1/(2Ak,) < y < 0, we have

I(y) = I(y)+1 (y+ ) (9.50a)

1
2Ak,

i 1
o —imd
Ie(y) = I(y) + e[ (?’ + Mky) (9.50b)
Simple algebraic manipulations yield
eimﬁ 1
Sl + o Ly) 0<y<1/(2Ak)
W)=1" - ; 9.51)

e—imS — IIO(y) + mfe(y) —1/(2Aky) Sa< 0

In the practical case of finite sampling, I, (y) and I(y) can be reconstructed
using the conventional FFT reconstruction algorithm discussed in Chapter 6, which
are then recombined together, according to Eq. (9.51), to give I(y).

9.3.2 Rectilinear Trajectory

It is possible to provide orthogonal sampling of k-space using an EPI sequence.
One such sequence, proposed by Pykett and Rzedzian in 1987 [227], is considered
here. As shown in Fig. 9.12, this sequence phase-encodes individual gradient
echoes using a series of blipped G, pulses. Note that in contrast to conventional
imaging, the phase-encoding gradient here has a constant amplitude and need not
be stepped incrementally because the transverse magnetization accumulates phase
dispersal imparted by each phase-encoding blip. This phase accumulation effect
does not occur in conventional imaging since a fresh transverse magnetization is
generated for each phase-encoding step.

An advantage of this data acquisition scheme over the zigzag scheme given
in Fig. 9.8 is that it gives the usual rectilinear k-space trajectory; therefore, no
special image reconstruction algorithm is required. However, since the entire
sampling process needs to be completed on a time scale on the order of T3, the
phase-encoding blip needs to be applied very rapidly and with a sufficiently high
amplitude to impart the required phase warp. Therefore, special gradient hard-
ware is often needed to implement this pulse sequence.

Figure 9.13 illustrates the k-space trajectory of the EPI sequence with blipped
phase-encoding gradients. Note that the gradients applied in the interval between
the 90° and 180° pulses correspond to the progression from the k-space origin
to the highest spatial frequency point. The ensuing 180° pulse then moves the
transverse magnetization to the conjugate k-space position.
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Figure 9.12 An EPI sequence with phase-encoding along the y-direction using
blipped gradient pulses.
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Figure 9.13 K -space trajectory for the EPI sequence given in Fig. 9.12.

9.3.3 Spiral Trajectory

A single-shot imaging method with much less demanding requirements on gra-
dient hardware is shown in Fig. 9.14. This method uses a pair of increasing si-
nusoidal gradients to traverse k-space in a spiral fashion (Fig. 9.15); hence it is
known as spiral imaging [85, 204]. This method completely eliminates rapid gra-
dient switching required in the previous sequences.
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Figure 9.14 A spiral EPI sequence.

bl

Figure 9.15 K-space trajectory of the spiral EPI sequence shown in Fig. 9.14.

A spiral trajectory in the (kz, k;)-plane is described by’
k(t) = Aw(t)e™®) (9.52)

where k £ k, + iky, and w(t) is some function of time. Selecting w(t) is an

. i . - i[w(t)+wal
LFor interlaced spiral imaging, the nth spiral is described by k(f.)_ = Aw(t)e [w(t)+wal where
@o = 2m(n — 1)/N; with N; being the total number of interlaced spirals.
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important step in spiral sequence design. One example of w(t) is
w(t) = wot (9.53)
The corresponding k-space trajectory is described by
k(t) = Awgte™ot (9.54)
or simply (because A is a parameter to be determined),
k(t) = Ate™ot (9.55)
The required gradient function is given by
1d
G(t) = ——
®) = k)
= Ag'wot 4 iAtwyte'ot (9.56)
where G(t) 2 G, + iGy. The corresponding z and y channel gradients are
Gi(t) = Acoswgt — Abwgsin wot (9.57a)
Gy(t) = Asinwot + Atwg cos wot (9.57b)

. The §pira] path defined by this pair of gradients has a constant angular ve-
locity, as is evident from Eq. (9.55). This means that more time is spent in the
ce.ntral region of k-space than in the outer region. In fact, the scanning velocity of
this data acquisition scheme in the outer region of k-space may become too large
to be practical because of limited gradient strength. This problem can be ovegr-

come with spiral trajectories of a constant line i j
‘ ar velocity. One such trajectory
obtained by setting S

w(t) = wovt (9.58)
Correspondingly,
k(t) = A\/t_e‘“’°‘/i (9.59)
and
A A .
G(t) = EEe‘ ovE | S woe wo/E (9.60)

At the outer region of k-space (for large values of T)), we have
A ;
G(t) = Suoe™eV? (9.61)

which means that the magnitude of G (t) becomes a constant.

Qr.te problem with this gradient function is that it has a pole at ¢ = (. There-
fgrc, 1t is basically impossible to implement it in practice because of limited gra-
dient strength and risetime. A more practical spiral trajectory is defined by

k(t) = At+/1 + t/Te'“otV1+t/T (9.62)
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where T is a time parameter to be determined such that k(t) has constant angular
velocity for t < T and a constant linear velocity for ¢t > T'.

Data acquired along a spiral trajectory entail special algorithms for image
reconstruction. In practice, a data interpolation scheme [168, 212] is often applied
to map the spiral data to a rectangular grid, after which the data are processed by
the conventional Fourier reconstruction algorithm. The interpolation problem can
be alleviated using a square spiral trajectory (see Problem 9.29) for which only
one-dimensional interpolation is needed.

9.3.4 Discussion

With current gradient technology, EPI methods can acquire a two-dimensional
image with scan times on the order of 50 ms. This capability overcomes a sig-
nificant problem of image degradation due to physiological motion. In addition,
the effective Tx in single-shot EPI methods is infinitely long, resulting in images
characterized by true T3 or T, contrast.

Despite these advantages, EPI methods have several characteristic limita-
tions. First, the maximum attainable resolution is limited by the T3 value. Specif-
ically, the T -PSF can be written as

+G. T}

-14+iG: Ty (9:52)

h(z) =

Although this PSF may be negligible along the readout direction, it can result
in significant blurring in the other direction because data acquisition takes place
over a time span much bigger than 75. In addition, EPI images can suffer from
significant image artifacts due to off-resonance effects and gradient errors. More
in-depth discussion of these topics can be found in [66, 70, 137].

9.4 Burst Imaging

Burst imaging is another class of ultra-fast imaging methods, which generate a
series of RF echoes sufficient to form a two-dimensional image with a single shot
of a string of RF pulses, called “burst” pulse [157] or DANTE (Delays Alternating
with Nutations for Tailored Excitation) pulse [69, 193, 282]. Since burst imaging
is not yet a mature imaging technique, this section presents only a brief discussion
of the fundamental concepts without dwelling on the implementation details.
Consider the basic burst imaging sequence shown in Fig. 9.16. This sequence
was coined DUFIS (DANTE Ultrafast Imaging Sequence) by Lowe and Wysong
[193]. As can be seen, the burst pulse consists of a train of uniformly spaced,
identical, low-flip-angle RF pulses. The burst pulse is applied in the presence
of a constant gradient field. Following the burst pulse, a 180° pulse is applied
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Figure 9.16 A burst imaging sequence. An echo train is formed after the slice-selective
180° pulse. Each echo is spatially encoded using two constant gradients.

to rephase the transverse magnetization. By making the 180° pulse frequency-
selective, one can selectively refocus the transverse magnetization in a particular
slice, thereby achieving slice selection.

To see how fast imaging is accomplished with this excitation scheme, we
examine the signals generated by it. One may recall from Section 4.3.3 that n RF
pulses applied to a spin system can generate up to (3"~ — 1)/2 echoes after the
last pulse. In the present case, the subpulses in a burst pulse are uniformly spaced;
therefore, many of the signal pathways coincide, resulting in a much smaller set
of echoes. To illustrate this point, a special case is analyzed using the extended
phase diagram in Fig. 9.17, where the burst pulse contains six subpulses. As can
be seen, five echoes form after the burst pulse and before the refocusing pulse.
The same signal pathways generate another five echoes after the refocusing pulse.
These echoes are called higher-order echoes because they result from interactions
between two or more subpulses. In addition to these higher-order echoes, there are
six primary echoes resulting from the interactions between the individual subpulse
and the 180° refocusing pulse. By tracking the signal pathways, one can see that
the first five primary echoes contain higher-order echoes except for the last one
that is a pure primary echo. But, for convenience, we call them all primary echoes.
Note in this example that fewer higher-order echoes will be formed if the 180° is
moved closer to the burst pulse, but the length of the primary echo train stays the
same. Because the higher-order echoes are much smaller in amplitude compared
to the primary echoes and show significant variability among them [282], only the
primary echoes are captured for imaging in this excitation scheme. Therefore, it
is generally assumed that for a burst pulse with IV, subpulses, N, echo signals
are generated.

The signals generated by a burst pulse can be encoded in a number of ways.
An example is shown in Fig. 9.16 where the echo signals are acquired in the
presence of two constant gradients. The resulting k-space coverage is shown in
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Figure 9.17 Extended phase graph for a burst imaging sequence with six subpulses and a
180° refocusing pulse. Note that five higher-order echoes (marked by “X") are formed af-
ter the burst pulse and before the refocusing pulse. The same signal pathways generate an-
other five higher-order echoes after the refocusing pulse. In addition to these higher-order
echoes, there are six primary echoes (marked by “0”) resulting from the interactions be-
tween the individual subpulse and the 180° refocusing pulse. The longitudinal magnetiza-
tion is not shown in the phase graph.

Fig. 9.18, which corresponds to the zigzag EPI trajectory in Fig. 9.9. One can
justify that isotropic resolution can be achieved if

Gy =G.N,r (9.64)

where 7 is the subpulse spacing of the burst pulse.

In contrast to the EPI methods, burst imaging does not require gradient
switching, thereby eliminating the associated problems. In addition, burst imag-
ing uses RF echoes, 5o it is less sensitive to field inhomogeneities. A major draw-
back of the burst imaging scheme shown in Fig. 9.16 is its poor signal-to-noise
ratio. This can be understood from the nonuniform excitation profile of the burst
pulse. As the burst pulse is essentially a DANTE pulse, its excitation profile can
be analyzed approximately using the Fourier approach. As illustrated in Fig. 9.19,
a burst pulse is highly frequency-selective. In the presence of a gradient, an ob-
ject will be excited in spatial strips, leaving much of the magnetization unused.
To alleviate this problem, burst pulses with phase or frequency modulation have
been proposed. The reader is referred to [69] for a detailed discussion.
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Figure 9.18 K -space coverage of the burst imaging sequence given in Fig. 9.16.
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Figure 9.19 Excitation profiles of a train of uniformly spaced low-flip-angle pulses as
predicted by the Fourier analysis.
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Exercises

9.1  Assume that the echo train length is 16 in an FSE imaging sequence. How
many k-space lines are collected per excitation pulse?

9.2  What is a rewinder gradient? Design an FSE imaging sequence without
the use of phase rewinding.

9.3  Why is T3-blurring along the phase-encoding direction much more serious
in FSE imaging than in conventional SE imaging?

9.4  Discuss how the first three spin-echo signals generated by the following
sequence are mapped to k-space:

- T N A
a1 1 VT 1T 1 011

600 0 1

9.5  The following fast imaging sequence developed by GE researchers is known
as GRASE (gradient and spin echo). Discuss how imaging speed im-
provement over the conventional SE imaging method is achieved using
this scheme by highlighting its similarities to and differences from the
standard FSE imaging method.

PR i O i e O R
] ] ]

& | I 0. I

9.6  Sketch the resulting T5-weighting function for the following phase-encoding
ordering scheme for an FSE imaging sequence:

Koo = (m—l)Nex-i—n—l—%] Ak
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9.10 Derive the Ernst angle formula given in Eq. (9.16). For Tg < T}, show
that o = 1/2Tr /T and that M3, (04) =~ ;M ag.

9.11 Solve the difference equation in Eq. (9.19).

9.7  Use numerical methods to calculate the PSFs of the T-weighting fune-
tions shown in Fig. 9.4.

9.8  Determine a phase-encoding ordering scheme for the FSE imaging se-
quence so that the k-space data carry the following T3-weighting along

the phase-encoding direction: 9.12 What is spoiling in fast gradient-echo imaging?

w{k)

9.13 The T values for cerebrospinal fluid, white matter, and gray matter are
approximately 4500 ms, 600 ms, and 950 ms at 1.5 T. Assume Tr = 40 ms
and a = ag in a spoiled steady-state experiment. How many pulses are
needed for each tissue to drive M| z(")({]_) to within 10% of the steady-state
value?

9.14 In the regime of short-Ty steady-state imaging, 90° pulses do not neces-
sarily give the best SNR. Calculate Mz5,,(90°) /M3, (ag) for a spoiled
steady-state imaging experiment with Tg = 40 ms and 77 = 600 ms.

9.15 Discuss how to generate T)-weighted, 75 -weighted, and spin-density-

k : weighted contrast in FLASH imaging.
9.9 A spin system at thermal equilibrium is excited by the sequence shown in 7 9.16 Explain why elimination of T} -weighting requires a shorter T with FLASH
(a) to generate three spin echoes from a single slice along z. Design the z than with conventional spin-echo imaging.
and y gradients so that the echo signals are mapped to the radial k-space ’
trajectories shown in (b). (Be specific about the gradient functions!) E 9.17 Explain why it is not suitable to form spin echoes in short-Tg imaging

with small flip-angle excitations.
180° 180° 180°

d

9.18 Discuss the similarities and differences between FLASH imaging and spin-
echo imaging in creating T -weighted image contrast.

(a)
bpeleir—cle=ar ; 9.19 Prove the following identity:
1— Escos® —FE,sin® 0
I-Ry/(a)P = | E;sin®cosa 1- E;cos®Pcosa —E;sina
—Eysin®sina Eycos®sina 1— FEicosa
where P is defined in Section 9.2.2.
b) 9.20 Prove the relation in Eq. (9.37).

9.21 Show that M, (0,) given in Eq. (9.34) becomes independent of the pre-
cession angle ® for & = ag = cos™! (—Tw/Th).

9.22 Show that similar to Eq. (9.38), we have for ® =0

M2(1 - E))sina
(1 - Eycosa) + Ey(Ey — cosa)
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9.23 Derive the signal expression in Eq. (9.40) from Eq. (9.38).
9.24  Discuss why FISP becomes equivalent to FLASH when Ty is long com-
pared to 7.
9.25 Discuss why with FISP at Ty < Tb, it is better, in terms of SNR, to rup
two acquisitions at a shorter 7g than one acquisition with a longer T,
9.26 Show that for ® = 7 and Tr < T3, Eqgs. (9.36) and (9.40) can be simpli-
fied to
cos h-T
(84 ~
PN+ T
and
1 [T,
M ) | o= 0 =
z'y (O+) s 2Mz Tl
9.27 Discuss the similarities and differences between spoiled steady-state imag-
ing and true steady-state imaging.
9.28 Determine and sketch the k-space trajectory for the following EPI se-

quences.

2
)

T -
) E
e sampling period

(@)

o—o 111
‘ LVl L L
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9.29 Design an EPI pulse sequence that gives the following square spiral k-
space trajectory:
k}'
| M

kx

9.30 Interlaced spiral scans are often used to reduce the T5-decay effect and
gradient requirement limitations. Design a pulse sequence to give the fol-

lowing interlaced spiral trajectory:
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9.31 Justify that the following spiral trajectory has a constant angular velocity
for t < T and a constant linear velocity for ¢ > T"

k(t) = At+/1 + t/Te'wotV1+t/T
9.32 A rosette k-space trajectory is given by
k(t) = kmax sin wyte™?*
Derive the necessary gradient function and sketch the trajectory for w, /27 =
150 Hz and wy = 17 Hz for 0 < ¢t < 17 ms.

9.33  Discuss the difference of T -weighting on k-space data between a zigzag
trajectory and a spiral trajectory.

9.34  Assume that the spiral trajectory given in Eq. (9.55) reaches the maximum
point [k(Tacq)| = kmax at t = Tyeq. Determine A and the smallest wy
allowable by the Nyquist criterion for an object of radius R.

9.35 Modify the burst imaging sequence given in Fig. 9.16 so that the echoes
are mapped to rectilinear lines in k-space.

9.36 For the burst imaging sequence given below, (a) discuss how slice selec-

tion is accomplished, (b) use the extended phase graph to predict the oc-
currence of the echo signals, and (c) sketch the k-space coverage.

2 pulses
N 11
A I ]
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Chapter 10

Constrained Reconstruction

Everything should be made as simple as possible, but not
simpler.

Albert Einstein

While the fast-scan methods discussed in Chapter 9 are widely used for high-
speed imaging, reduced-scan approaches can further enhance imaging speed be-
cause imaging time is directly proportional to the number of encodings measured.
In fact, reduced-scan is a popular way to shorten data acquisition time in con-
ventional spin-echo imaging experiments. There are two main problems with
reduced-scan imaging: (a) loss of spatial resolution and (b) image artifacts (most
notably, spurious Gibbs ringing). To alleviate these problems, various methods
have been proposed to utilize a priori information to compensate for the lack
of sufficient measured data. In principle, the “best” reconstruction should result
from incorporating the maximum amount of prior knowledge into the reconstruc-
tion process. However, if not used properly, a priori constraints may produce
biased or even artifacted reconstructions. Therefore, an important goal of con-
strained reconstruction is to use the maximum amount of a priori information in
an unbiased fashion. Although constrained reconstruction is still a relatively new
area in MRI, a comprehensive review of the existing methods is beyond the scope
of this chapter. The interested reader is referred to [80] for an in-depth review of
methods developed before 1991. Some of the more recent methods are discussed
in[109, 110, 111, 112, 113, 114, 181, 171, 265, 279, 287].

321
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10.1 Half-Fourier Reconstruction

Recall that for a real-valued function I(z), its frequency representation S(k) is
redundant. Specifically, if S(k) is known for k > 0, then S(—k) can be generated
based on the Hermitian symmetry

S(—k) = 5*(k) (10.1
This simple fact has motivated the development of imaging methods that collect
data from only half of k-space, thus the popular name half-Fourier imaging. In
practice, however, the realness constraint is often violated because object motion
and magnetic field inhomogeneities introduce a nonzero phase (z) to the image
function. Consequently, image artifacts arise when the phase term is not properly
treated. The usual approach to cope with this problem is to collect a few additional
encodings across the center of k-space, as illustrated in Fig. 10.1. In this way, the
image phase ¢(z) can be estimated from the central symmetric k-space data.

According to the data acquisition scheme shown in Fig. 10.1, the half-Fourier
reconstruction problem can be formally stated as follows:

Given S[n] = [

— 00

(=]

I(z)e~t2mnlkz gy -np<n<N (102

determine  I(z)

where it is assumed that ng is much smaller than N, typically, ng = 16 or 32.
Most existing half-Fourier reconstruction methods follow a characteristic two-
step procedure. The first estimates a phase function, and the second combines the

Figure 10.1 Asymmetric k-space sampling: e marks the loca-
tions of measured data and o marks the locations of missing data
in the conventional symmetric k-space coverage.
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phase function and the measured data to get the final reconstruction. These two
steps are discussed next.

10.1.1 Phase Estimation

A common approach to phase estimation is to first reconstruct a low-resolution
image based on the central symmetric data and then extract the phase image from
it. More specifically, let

ﬂo—l
I(z) = Z 5’['rt}es""z’"“)kI (10.3)
n=-—mng
where § [n] represents the Hamming-filtered data, given by
S[n] = S[n] [0.54 + 0.46 cos (Z—W)] ; —npg <n<ng (10.4)
0
Then, the phase estimate can be expressed as
¢(z) = 2I(x) (10.5)

10.1.2 Phase-Constrained Reconstruction

After ((z) is available, the next step is to find an image function I(z) that satisfies
both the measured data S[n] and the phase constraint ¢(z). Two types of methods
have been used to solve this phase-constrained reconstruction problem. The first
type, due mainly to Margosian, Schmitt, and Purdy [198] and Noll and Macovski
[211], solves the problem using a one-step phase-compensation algorithm; the
other type, originated from Cuppen and Van Est [128], solves the problem by
iteratively regenerating the missing data. This section focuses on these basic two
methods, although various variants of them also exist.

10.1.2.1 The Margosian Method

Consider a half echo Sy(k) = S(k)u(k). In the continuous case, the Fourier
reconstruction from Sy (k) is related to the true image function J(z) by the fol-
lowing formula:

In(z) = ' {Sn(k)}

& T » [%a(m) + iil

2nx

» %u(zne*v(z) + (i) le)] + ﬁ

(10.6)
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If p(z) is a slowly varying function, the phase term e*#(#) can be pulled outside
the convolution in the second term of the above equation. That is,

iz i ] iz
o) gz s g g

With the above approximation, Eq. (10.6) reduces to
(@) = @)+ il1(z)| » 7] eiete
w(z) = |Sll(z + i I(z)| * m} e (10.8)

Multiplying /4 (x) with e~*#(=), which is known as the phase-compensation step
yields ‘

o 1 1 ; "
iglz) _ |2 : if(z)~
In(z)e (=) = [ (@) +ilI(z)| » ——%zJ e'le(z)-¢(z)] (10.9)

If we further assume
@(z) = ¢(z) (10.10)
the following formula immediately results from Eq. (10.9):

—ip(z 1 -
In(z)e P o §|I(m)§ + 4 [II(m)I * _2-71_:1:} (10.11)

Inspection of Eq. (10.11) shows that the first term is the real part of the
phase-compensated half-echo reconstruction, while the second term is its imagi-
nary part. Therefore, |I(z)| can be easily extracted from the phase-compensated
half-echo reconstruction as follows:

I(z)| ~ 2R [Ih(z)e‘i“-’(")] (10.12)

_whcrc R denotes taking the real part of a complex number. The full complex
image function can be expressed as

i(z) = 2% [1,1 (x)e—‘f’(*’] ez (10.13)

If the magnitude image is desired as the final reconstruction, it can be obtained
directly from Eq. (10.12). Alternatively, the complex image can be obtained from
Eq. ( 1.0.13), from which the real part can be readily extracted as the final recon-
struction if so desired.

Equations (10.12) and (10.13), though derived from continuous data, form
the .theoretical basis of the half-Fourier reconstruction method proposed by Mar-
gosian et al. [198] and Noll and Macovski [211]. With practical discrete data,
Fhe half-echo reconstruction Ij,(z) is obtained using the FFT. Instead of apply-
ing the FFT to the half echo, however, it is suggested [198, 211] that the entire
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asymmetric data set is used so that precise knowledge of the k-space center for
the measured data is not necessary. Specifically, the asymmetric data set is first
zero-filled to -V, and the central 2ng data points are weighted with a ramp or
asymmetric Hamming function as shown in Fig. 10.2. Then, the FFT is applied
to this zero-padded, filtered data set to get I (z). The purpose of the weighting
function is twofold: (a) to roll off the sharp transition between the padded zeros
and the measured data, and (b) to counter the imbalance between the low- and
high-frequency data because of the lack of negative high-frequency data. A more
detailed discussion of this topic can be found at [211].

Wn Wn

(a) (b)

Figure 10.2 Weighting functions for half-Fourier reconstruction with the Margosian
method: (a) a ramp function and (b) an asymmetric Hamming function defined as
wn = 0.5 4 0.5 cos[m(n — ng)/(2n0)), —no < n < ng.

10.1.2.2 The POCS Method

Projection onto convex sets (POCS) is a popular mathematical algorithm for solv-
ing a class of optimization problems, in which each constraint can be formulated
as a convex set. Before describing how this algorithm is useful for half-Fourier
reconstruction, let us first define what a convex set is.

Definition 10.1 A set Q is said to be convex if T1 € § and x4 € §) implies that
Azy + (1 — Nz € Qforall 21, z2,and A, 0 < A < 1.

Based on the above definition, it is easy to show that the two constraints in
half-Fourier reconstruction can be formulated as two convex sets:

(a) The phase-constraint:
= {I(z)|a(a,-) = cfn(a:)} (10.14)
(b) The data-consistency constraint:

- {I(:c)[}'{I(m)} =5[], -no <n <N -1} (10.15)
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Clearly, ©; contains all the images satisfying the predetermined phase cop.
straint, while Q; contains all the images consistent with the measured data, The
phase-constrained reconstruction problem can then be posed as finding an image
function I(z) in the intersection of £, and (. That is

i

I(z)eQ=0NQ, (10.16)

W?lcn §1 is not empty (i.e., the phase constraints are not poorly chosen), I (z)
exists and can be found by alternating projections of an initial estimate onto these
two sets.

Consider the following two operators

p1{l(z)} = |I(z)]e?) (10.17)
and
p2{l(z)} = FTIRF{I(z)} (10.18)
where R is a data replacement operator defined as

Sln] -ng<n<N-1
S[n] otherwise

R{S[n]} = { (10.19)
It i§ apparent that p, projects any image function I(z) onto €;, whereas o
projects it onto §2;. With o, and g, we can now succinctly express the POCS
half-Fourier reconstruction algorithm as

Im41(z) = prp2{Im(z)} (10.20)

or in a relaxed form

Imi1(z) = (1 = A Im(2) + Ap1p2{Im(z)} (10.21)

where 0 < A < 1. The initial condition Iy(z) for the above iterative equations is
usually chosen to be the zero-filled Fourier reconstruction.

Note that p; and g, defined in Eqgs. (10.17) and (10.17) are nonexpansive
operators. Namely,

ler{h(2)} — pr{L2(2)}2 < 111(z)} - Lz ()2 (10.22)

and
lp2{11(2)} = p2{L2(z)}|2 < || (2)} - Lo(z)]|2 (10.23)

Consequently, the composite operator P12 is also nonexpansive. Convergence
properties of iterative equations involving nonexpansive operators have been well
analyzed in the literature; the interested reader may consult [255] for an in-depth
discussion. Experimental studies of this algorithm have also been conducted [801],
which indicate that Eq. (10.20) converges quickly, and four iterations appear to
be sufficient in many practical situations.

Section 10.1 Half-Fourier Reconstruction 327

10.1.3 Discussion

Asymmetric sampling of k-space is often used along the phase-encoding direc-
tion to reduce imaging time. It also occurs naturally in the frequency-encoding
direction in gradient-echo imaging when a short echo time is used to avoid spin
dephasing due to short 75 caused by local susceptibility changes or uncompen-
sated motion effects. The source of data sampling asymmetry in sequences of
this type can be due to gradient design or it can occur when field inhomogeneities
shift the echo away from the expected echo time [149].

A noticeable limitation of half-Fourier imaging is the loss of image SNR.
Specifically, as compared to symmetrical k-space sampling with the same number
of encodings, a factor of 2 loss in SNR is expected,' but this loss is usually well
compensated for by an improved contrast-to-noise in many applications, such as
angiographic imaging [55].

In general, the quality of half-Fourier reconstruction is dependent on the
phase constraint ¢(z). If (z) = ¢(z), the half-Fourier image can be as good as
would be obtained from a symmetric data set. However, when the phase estimate
is poor, image artifacts may result. This is particularly the case with the Margosian
method because it is sensitive to both phase errors and large phase variations.
Specifically, from Eq. (10.9), we have

2R [1(x)e )] & coslp(z) — $(z)]l1(2) (10.24)

The cosine modulation can be significant in regions where large phase errors exist.
Additionally, when the true image has large phase variations, as is often the case
with gradient-echo imaging, the Margosian method cannot guarantee the correct
reconstruction even if $(z) = (z). This is because the real part of the second
term in Eq. (10.9) is significant when ¢(z) is not small. This term can contribute
image artifacts in the form of geometric distortions [80). The POCS method is
less sensitive to phase errors and can produce “perfect” reconstruction if the phase
constraint is accurate.

Figure 10.3 shows the magnitude and phase images from a phantom data set
acquired using a gradient-echo sequence. The imaging parameters were T =
45 ms and Ty = 12 ms and the matrix size of the k-space data set was 256 x 256.
By truncating this data set to 128 asymmetric points along the vertical direc-
tion, four half-Fourier reconstructions were obtained using the Margosian and
POCS methods, respectively, as shown in Fig. 10.4. As can be seen, the images
in Figs. 10.4a and 10.4b contain noticeable artifacts. These artifacts arose be-
cause the phase function ¢(z), estimated from 16 data points in the central part
of k-space, was a poor constraint for both the Margosian and POCS methods.

1 Half-Fourier imaging with N encodings suffers a factor of +/2 loss in SNR as compared to sym-
metrical k-space sampling with 2V encodings but a factor of 2 loss as compared to symmetrical
k-space sampling with N encodings.
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When the phase constraint was estimated from 64 central k-space data points, the
half-Fourier images shown in Fig. 10.4c and 10.4d improved considerably, as ex-
pected. In practice, a simple way to improve the phase estimate is to use a large
ng. This, however, will reduce the number of high-frequency encodings available
if the total number of encodings is fixed, thus sacrificing the spatial resolution of
the final image. It should also be noted that image artifacts in half-Fourier recon-
structions manifest themselves differently for different reconstruction methods.
As can be seen from Fig. 10.4, phase errors result in geometric distortions and a
“shadowing artifact” in the Margosian reconstruction, but they are in the form of
spurious ringing in the POCS images.

Figure 10.5 shows the results from another experimental data set obtained
from a sagittal head slice using a gradient-echo sequence with T = 10 ms and
Tr = 200 ms. This data set has rapid phase changes and is a good test of the
practical utility of half-Fourier imaging methods. For comparison, Figs. 10.5a
and 10.5b show the reconstruction results from symmetric k-space data of 256
and 128 points, respectively. The images in Figs. 10.5¢ and 10.5d were recon-
structed from 128 asymmetric data points (—32 < n < 96) using the Margosian
and POCS methods, respectively. As can be seen, both half-Fourier images have
better resolution than the Fourier image with an equal number of encodings in
Fig. 10.5b. Although the Margosian reconstruction suffers from serious phase
errors in the form of signal cancellation (signal voids) in regions near the pitu-
itary gland, mouth cavity, and spinal cord, where large phase variations exist, the
POCS method overcomes this problem effectively.

(b)

Figure 10.3 Magnitude and phase images of a phantom acquired using a gradient-echo
sequence. The imaging parameters were Tr = 45 ms and Tg = 12 ms.
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Figure 10.4 Half-Fourier images reconstructed from the pharftom data set in Fig. 1:)13
The horizontal direction was reconstructed from 256 symmctnc' echo‘ data pomr.s.. wa” e
the vertical direction was reconstructed using 128 asymmetric points. Spcmﬁ.c Y,
_8 < n < 112 for (a) and (b), and —32 < n < 96 for (lc) and fd). Images in (c)
and (_c) were reconstructed using the Margosian method, and images in (d) and (f) were

reconstructed by the POCS method.
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Figure 10.5 Reconstructions of a sagittal head slice. The vertical direction of all im-
ages was reconstructed using the Fourier method from full echoes of 256 data points. The
horizontal direction was reconstructed using different methods. Images (a) and (b) were
reconstructed from 256 and 128 symmetric data points, respectively, while images (c) and
(d) were reconstructed from 128 asymmetric data points (—32 < n < 96) using the Mar-
gosian and POCS methods. Notice the phase artifacts in (¢) and the resolution improvement
of image (d) over image (b).
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10.2 Extrapolation-Based Reconstruction

This section discusses two extrapolation-based methods for the classical problem
of image reconstruction from a limited number of Fourier transform samples. For
convenience, we limit our discussion to the one-dimensional case, in which the
problem can be formally stated as follows:

Given  Sn] = f I(z)e~¥™Ak=4y  _N/2 <n < N/2 (10.25)

determine I(z)

where N is assumed to be small (say, 64). Because N is small, direct applica-
tion of the conventional Fourier reconstruction method is not desirable due to the
reasons discussed in Chapter 8. An important goal of data extrapolation is to use
a priori constraints to recover (explicitly or implicitly) some of the unmeasured
high-frequency components so that S|n] is defined for a bigger frequency range,
as illustrated in Fig. 10.6. In this chapter, we denote the extrapolated frequency
indexrange by ~N/2 <n < N /2 where N > N. With an extrapolated data set,
an image function is often reconstructed using the conventional Fourier method

as follows:
N/2-1

Hw)y=Bk Y BlnjePensk (10.26)
n=—N/2
In the ensuing discussion of this section, we will examine the use of two

popular constraints: the finite spatial support constraint and the maximum entropy
constraint.
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Figure 10.6 Extrapolation of a data set from N to N points.
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10.2.1 Bandlimited Extrapolation

Recall that I(z) is called a (spatially) bandlimited function if I (z) =0for|

W: /2, where W, is a finite number. This constraint can be explicitly use: ]f>
data extrapolation, thus the name bandlimited extrapolation. The effectivene -
the bandlimitedness constraint is best understood by considering the c:onlinss -
case (often known as analytical continuation). Let S(k) be the Fourier transiLrl -
of I(z). Then, S(k) is analytic over the entire real axis (see Section 2.5) and(::rm
Pe represented by, for example, the Taylor series. Specifically, assume that S :n
is known for a finite interval [kg — 6, ko + d]. Then ®)

* g(n)
S(k) = S(ho) + 3 S—K0) 4 _ gy (1027)
=0

nl

can be defined based on the known data. This expression is valid for all valy
of k because S(k) is an analytic function. In other words, we have recover:;
the entire S(k) from only a finite segment of it! Based on this property, sev
eral celebrated continuous extrapolation algorithms have been developed 1mos;
notably the method using the prolate spheroidal wave functions by Slepi;n and
Pollack [244] and the iterative algorithm by Gerchberg [140] and Papoulis and
Bertre-m [217]. In the case of discrete data, the analytic property of § (k) becomes
meannng[eSS. Nonetheless, the bandlimitedness constraint is still useful for re-
generating part of the missing data [169, 236, 237, 238). We briefly describe the
discrete extrapolation algorithm here because it is relevant to MRI.
Assuming that I(z) is a bandlimited function, we can express it as

I(z)=11 (WI—) Z epei2TmAks (1028)
% m=—0o0

where _(—W,/2‘, W /2) is called the spatial support region of I(z). The series
coefficients c,, in Eq. (10.28) are related to the measured data S[n] by

Sij= 3 o il — miAY (10.29)

o m(n —m)Ak
Smc;e S[n] is known only for —~N/2 < n < N/2,itis evident that the solution for
Cm 1s not unique. Therefore, unlike the continuous case, discrete extrapolation is
inherently underdetermined. In practice, the minimum-norm solution is sought
namely, ‘

¢ = arg min > el (10.30)
m m
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It has been shown [169] that the solution satisfies the following conditions:

Nid=d sin[r W (m — n)Ak|

Bt = m;ﬂcm m(m —n)Ak

w[Z

<n<

w|z

(10.31)
Cp =0 otherwise

which is the governing equation for discrete bandlimited extrapolation. Equa-
tion (10.31) can be solved directly for ¢. In matrix form, it can be written as

Ec=S (10.32)

where E is an N x N matrix, and ¢ and S are N-element column vectors defined
respectively by
T
c= [C—N/21 C_N/2411-- 72 CN/2—1]
S = [S[-N/2), S[-N/2 + 1],..., S[N/2 = 1))T

_ sin[rWz(m — n)Ak]
B w(m —n)Ak

It has been shown [169] that the extrapolation matrix E has N positive eigen-
values such that 1 > Ay > Az > - > Ay > 0. The first NW, Ak eigenvalues
are very close to 1, and the others gradually decay to zero. Since E is positive-
definite, ¢ is uniquely determined from Eq. (10.32). A major problem with this
direct solution lies in its sensitivity to noise because the extrapolation matrix E
is usually ill-conditioned. Paradoxically, the smaller the sampling interval Ak,
the more information the support bound contains, but the more ill-conditioned the
extrapolation matrix E becomes. The usual way to cope with this ill-conditioned
problem is to regularize Eq. (10.32) by perturbing E with a diagonal matrix AL

In this case, Eq. (10.32) becomes
(E+ M)e=S (10.33)

mn=12,...,N

Emn

Other advanced regularization methods are available, which replace the diago-
nal matrix by a general regularization matrix incorporating additional constraints
about the image function [131]. After c is known, one can extrapolate the mea-
sured data set to the desired frequency range using the following formula:

Hed sin[rW.(n — m)Ak]

S} = Z;v m T (n — m)Ak
m=—N/2

In| > N/2 (10.34)

The extrapolated data set can then be Fourier transformed to get the final recon-
struction. Alternatively, one can use Eq. (10.28) to get the final reconstruction,
which corresponds to extrapolating S|n] to the infinite frequency range.
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Bandlimited extrapolation reconstruction is often carried out iteratively. The
popular algorithm developed by Papoulis and Gerchberg is summarized below.
The interested reader is referred to [51] for more details.

(a) Zero-fill the measured data set to N points and apply the inverse FFT to get
a first approximation Iy (z) of the required reconstruction I(z).

(b) In the mth iteration, force the previously estimated image fm_l(:c) to have
the required spatial support bound by multiplying it with II(z/W})

§ 5 T
(c) Apply the FFT to I, (z) to get a new pseudo-data set S, [n] and then fill the
unsampled data region of the measured data set S[n] with S, [n].

(d) Apply the FFT to the extrapolated data set to get a new reconstruction and
go back to step (b) if the maximum number of iterations is not reached:
otherwise, accept it as the final reconstruction. To avoid noise amplification,
this iterative process is often terminated after a few iterations, depending on
the data signal-to-noise ratio.

10.2.2 Maximum Entropy Reconstruction

The maximum entropy principle has been widely used in various areas of science
and engineering [9, 37]. Its application to image reconstruction from noisy incom-
plete data has also been investigated by several research groups [106, 122, 129,
130, 133, 145, 205, 206, 267]. However, the usefulness of the maximum entropy
constraint for MR image reconstruction is not yet well established [122, 206]; so,
this section will present only a brief review of the fundamental concepts underly-
ing maximum entropy image reconstruction.

The core of maximum entropy image reconstruction is the entropy measure
that guides the selection of an optimal reconstruction from the infinitely many
feasible ones consistent with the measured data. So, let us begin with a review of
the Shannon entropy definition.

Definition 10.2 The entropy M of a discrete random variable £ with probabil-
ity distribution {p,ps,...,pn} is a measure of its uncertainty (or information
content), defined by Shannon as

N
H=— an log p,, (10.36)
n=1

Note that the base of the log function in the above definition can be arbitrary.
However, it is customary to use the base 2 logs, and the resulting unit of entropy
(information) is called a biz.

1
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Entropy in one form or another is a rather old concept. Its origin dates back
to the first work on thermodynamics in the nineteenth century. Nonetheless, most
of the credit for defining entropy and promoting its use in signal processing (par-
ticularly, in communications) is due to Shannon. To better appreciate the above
entropy definition, let us go through a couple of examples.

B Example 10.1
Let £ be a binary random variable such that

_ 1 with probability p 10.37
5"{0 with probability 1 — p 937
The entropy of £ is given by

H(£) = —plogyp — (1 — p) logz(1 - p) (10.38)

It is instructive to evaluate # for different values of p. In particular, H({) =
0 for p = 0 or 1, which is understandable because in this case £ is not
random and there is no uncertainty. It is also easy to show that #(§) reaches
the maximum value of 1 bit when p = 1/2; that is, the uncertainty about £ is
maximum when £ has an equal chance of taking the value of 1 and 0.

~/H Example 10.2
~ This example shows that the entropy given in Eq. (10.36) reaches the maxi-

mum value log, N whenpy =pz =--- =py =1/N.
Consider the function ;
N N
F(®1,P2,-- -, PN) = — 3 Pnlogapn + A (an = 1)
n=1 n=1

1 N N
= -;Eanlnpn-l-A (an - 1) (10.39)

n=1 n=1

where ) is a Lagrangian multiplier. Taking the first-order derivative on both
sides yields

9 -

[ T U IO
Opn

g+ 1)+, (10.40)
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. a . .
.Settmg a—p'% to‘zero yields the desired value of p,, for H () to reach the
maximum. Insleectlon of Eq. (10.40) reveals that the Prn must be all equal
Noting that 37", p, = 1, it is then apparent that -

1
DPn = N (10.41)

and, consequently,
H(E) =1log, N (10.42)

. We now describe some entropy measures that are in use for an image func-
tion. First, for an image with positive pixel values I [n], the normalized pixel in.
tensity value is treated as the probability [106, 122, 129, 130, 133, 145, 206 267)
That is, the probability to observe [n] is e

U ()
n Em I[m] (10.43)

Then, the entropy of the entire image (treated as a random variable) is

(o) (i) o

In the case that 3 I[m] is a constant, Eq. (10.44) can be written equivalently
(apart from a constant term) as

H == In]logI[n] (10.45)

'_I'he abovc. entropy definitions can be extended to complex-valued image
functions. Specifically, if one is primarily concerned with the magnitude image,?
the probability distribution is calculated as

In
Pn = E—LE}% (10.46)

and correspondingly,

(o) () oo

H=— "|I[n)|log|I[n]| (10.48)

n

or

2 -
Olry': can also treat the real and imaginary parts of a complex image function as independent
quantities; see [205] for some discussion of this topic.
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when 3 |I[m]| is a constant.

Note that while the entropy measures in Eqs. (10.44) and (10.47) are com-
monly used for image reconstruction, they may not be useful for other image
processing tasks. For example, in image registration the entropy of an image is
defined as [196, 266]

1
o~ () n(f)
H=-— ) (T) log (T (10.49)
I=Iyin
where

Lavin minimum image intensity value

Tz maximum image intensity value

n(I): number of pixels with intensity value I

N : total number of pixels

After H is defined, the next step in maximum entropy reconstruction is to
maximize H under the data-consistency constraint, which is often expressed in
terms of the following so-called x? statistical test

Nj2-1 1 N/2-1 i
x> = Z J—S[n]— Z I[m]e""z"’"”""‘”\r (10.50)

n=—N/2 m=—N/2

where o4 is the standard deviation of the data noise. Note that in Eq. (10.50) the
Fourier summation is used to calculate the k-space data values corresponding to
a guess reconstruction I[m]; also, N is the total number of pixels in the resulting
image, which equals to the number of data points in the extrapolated data set.

Maximization of # under the constraint of Eq. (10.50) is often transformed
to an unconstrained problem through the introduction of a Lagrangian multiplier
A to form the following objective function:

Q=H- M2 (10.51)

The desired solution corresponds to a critical point of @ where x% = N. How-
ever, there is no known closed-form solution to this problem in general, and iter-
ative optimization algorithms are often employed to find an asymptotic solution.
Detailed discussion of this topic can be found in [30, 106, 145].

10.2.3 Discussion

This section has discussed two constrained reconstruction methods using the band-
limited constraint and the maximum entropy constraint, respectively. The quality
of bandlimited extrapolation reconstructions depends on the amount of informa-
tion contained in the superimposed spatial support bound. If the measured data
happen to be oversampled (i.e., the FOV is larger than the support bound), this
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constraint can help recover some of the unmeasured high-frequency data. Another
advantage of this method is its computational efficiency. The iterative solution
can be obtained with a few iterations; the noniterative solution can be obtained
efficiently using the Levinson algorithm [177]. One drawback of band-limited
extrapolation is its high sensitivity to noise. Moreover, if the measured data are
taken at the Nyquist rate (i.e., Ak = 1/W,, as is often the case in MRI appli-
cations), the support-bound constraint becomes trivial because E — W.I and
¢ = AkS. As aresult, no meaningful data extrapolation will be gained. There-
fore, the bandlimited extrapolation method may not be very effective for overcom-
ing the truncation artifacts in general, although it has found useful applications in
other MRI problems [167, 275, 277].

The effectiveness of the maximum entropy method depends, to a large ex-
tent, on how entropy is defined for a particular problem [206]. In the absence of
any data constraints, maximization of the Shannon entropy measure H results in
all the p,, being equal. This property seems to suggest that the maximum entropy
principle selects the smoothest image consistent with the data. In other words, the
maximum entropy reconstruction adds no new information beyond that contained
in the measured data. This point has been demonstrated by examples from appli-
cation of the maximum entropy principle to NMR spectroscopic data analysis and
radio astronomy image reconstructions. However, some studies also indicate that
this property is not generally true [122]. In fact, it is shown [133] that in some
particular cases, the maximum entropy reconstruction is no more than a scaled
version of the conventional Fourier reconstruction. Therefore, the maximum en-
tropy method should be used with care.

A useful extension of the maximum entropy method is the incorporation of
additional prior knowledge into the entropy expression. Specifically, if an initial
estimate p? is available for p,, it can be incorporated into the entropy expression

as
N/2-1

- & (3]

n=—ﬁ/2 "

(10.52)

This measure is often known as the cross-entropy [243], or the Kullback-Leibler
distance between two probability distributions [15]. Note that the cross-entropy
is always nonnegative and is zero if and only if p, = P2 [15]. Therefore, the
final reconstruction should be obtained by minimizing the cross-entropy under
the data-consistency constraint. Equivalently, one can maximize

D
Pn log (%)
Pn
which is the minus cross-entropy.
Before concluding this section, it is worthwhile to point out that data extrap-
olation for superresolution reconstruction is often difficult to achieve; however,

N/2-1
A== Y

n=—N/2

(10.53)
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suppression of the Gibbs ringing artifact alone is much less challenging. A data
extrapolation scheme based on sigma filtering [184] has proven rather effective
for this purpose. The interested reader is referred to [86, 87, 124] for detailed
discussion.

10.3 Parametric Reconstruction Methods

This section describes two parametric methods for image reconstruction. A dis-
tinct feature of these methods is the introduction of a parametric (or non-Fourier
series) image model, and as a result, parameter estimation becomes a key step
in the image reconstruction process. There are a couple of desirable properties
with the parametric approach to image reconstruction. First, a non-Fourier series
model, if optimally chosen, can represent the class of desired image functions
with a finite number of unknowns, and consequently, only a finite number of data
points are necessary. In other words, a parametric model can implicitly extrap-
olate the measured data set to the infinite frequency range, thereby completely
removing the data truncation artifacts. Second, many of the parametric methods
have a built-in filtering capability for noise removal. Specifically, if the number
of model parameters is less than the number of data points, a least-squares param-
eter estimation procedure can effectively “smooth” out some of the measurement
noise.

There are a variety of ways to set up a parametric image model. The general
principles governing the selection of an (optimal) image model are the following:

e  Sufficiency: The model can accurately represent the class of image functions
of interest.

o  Efficiency/Parsimony: The model can characterize the image functions with
a small number of parameters.

e  Robustness: The model should be stable with respect to perturbations, in-
cluding random noise and systematic modeling offsets, of reasonable levels.

e  Computability: The model parameters can be found efficiently when the
model is fitted to the measured data.

Model sufficiency is usually not a problem if an unlimited number of param-
eters are used, such as is the case with the Fourier series. However, in practice,
we are given only a finite number of degrees of freedom in setting up a model be-
cause only a finite number of data points are available for determining the model
parameters. Therefore, only asymptotic sufficiency is obtained in practice, and
as a result, model efficiency is important because it determines the level of mod-
eling error with finite number of parameters. Hence, the challenge of parametric
modeling lies in achieving an optimal compromise between model sufficiency and
efficiency.
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The robustness of a parametric model is important because we always have
to deal with measurement random noise and systematic modeling errors. Ideally,
the model should be stable so that the model parameters are insensitive to per-
turbations in the assumed working environments. Computational complexity of a
model is also important for practical applications, since a priori constraints often
require highly nonlinear models. In fact, suboptimal procedures are often used
for parameter estimation to gain computational efficiency.

In the remainder of this section, we discuss two parametric models: the au-
toregressive moving average model and the generalized series model.

10.3.1 The Autoregressive Moving Average Model

The autoregressive moving average (ARMA) model is an important tool in mod-
ern spectral estimation [46, 68, 79, 82]. Application of this model to MR image
reconstruction was first proposed by Smith et al. [246]. This section first reviews
the definition of an ARMA model and then describes the corresponding image
reconstruction algorithm.

10.3.1.1 Definition

In general, a (p, g)-order ARMA model is described by the following rational

function
q
Z bnet'?frn!_‘.kz
n= B Z)|z=ei2rAkzx
I(z) = —==5 = Aqugl =: e (10.54)
v z—gi2rAkz
14 Z anezzﬂ'nﬂk: & L
n=1
where
Ap(z) = 1+ajz+--- + a,z? (10.55a)
By(z) = bgp+ b1z + mempe g 28 (10.55b)

~ Itis useful to view 1/Ap(z), By(z), and By(2)/A,(z) as the transfer func-
tions of a digital filter. Then, the time-domain input-output relationships of these
filters can be expressed, respectively, as

P

A:(z) ; dn = — Z emln_m + € (10.56a)
m=1
q
By(z): Gn==Y brtnem (10.56b)
m=0
sl p q
Ba(z) - dn=— Z Qmln_m + bmén—m (10.56¢)

m=1 m=0
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where €, is the input excitation sequence and d,, is the resulting output data se-
quence of each filter. It is clear from the above expressions that 1/A,(z) is a
pth-order AR (autoregressive) filter while By(z) is a gth-order MA (moving aver-
age) filter. Since the transfer function of an AR filter has only poles in the z-plane,
it is also known as an all-pole filter; likewise, an MA filter is an all-zero filter.

The ARMA model can be justified on the basis that any continuous function
can be approximated arbitrarily closely by a rational function with sufficiently
large values of p and g [68]. One can see from Eq. (10.54) that the ARMA model
reduces to the conventional Fourier series model when p = 0 and to a strict AR
model when ¢ = 0. Recall that the Fourier series model is rather effective for
representing smooth functions but becomes very inefficient for representing spiky
image features. On the other hand, an AR model 1/A,(z) lends itself well to
representing spiky features because 1/A,(z) will produce sharp peaks by poles
located on or near the unit circle in the z-plane. A combination of these two
features endows the ARMA model with the capability to represent a variety of
image features efficiently. The widespread use of this model in various areas of
data analysis is, to some extent, motivated by this property.

In the MRI application, the measured data S[n] = S(nAk) correspond to
the Fourier transform of I(z). That is,

m q b eiZTrmAk:: .
3 nl = / [ m=0"“m ; ] e-—l21-rntlkn:dz (1057)
{ ] _2_‘&7 1.2k Efn:l ameu’lﬂmékz

where it is assumed that I(z) is bandlimited to |z| < 54;. Itis easy to show that

P 1 q
Sl == amS[n—m]+ = 3 bmbnm (10.58)
m=1 m=0

where §,, is the Kronecker delta function. For notational simplicity, the scaling
factor 1/Ak is sometimes absorbed into the MA coefficients, resulting in the
following recursion:

P q
Sin)==) amSn—m|+ Y bnbn-m (10.59)

m=1 m=0

where b, = Akbp,. Comparing Eq. (10.58) with Eq. (10.56c), one can see that
S[n] is the output of an ARMA filter excited by a single pulse e, = d,/Ak, as
illustrated in Fig. 10.7. Note that in the modified form given in Eq. (10.59), the
filter is excited simply by 4.

A concept closely related to ARMA modeling is linear predictability of a
data sequence. Formally, a data sequence d,, is called pth-order linearly pre-
dictable if any element in it can be expressed as a linear combination of its pre-
ceding (or ensuing) p elements with a fixed set of weightings. In the forward
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Figure 10.7 MR data modeled as the output of an ARMA filter
activated by a single impulse.

prediction form,

P
dy = — Z VT, - (10.60)
m=1

“.fherc the we_ightings {hm,m = 1,...,p} are called the linear predictor coeffi-
cients and p is the predictor order. Corresponding to Eq. (10.60), the following
polynomial can be formed

P(z)=14hz7 4. ot hpypz™ (10.61)

whif:h is called the characteristic polynomial. 1t is clear from Eq. (10.56a) that
the impulse response of a pth-order AR filter can be expressed as

14
d, = - Z amdn-m, n>p (10.62)
m=1

which is p-order linearly predictable.

B Example 10.3

Let d(t) be a transient signal consisting of M damped complex sinusoids.
:Ve show that the data sequence d, = d(nAt) is Mth-order linearly pre-
ictable.

We first express d(t) as

M
d(t) = ) cme~Bmtiom)t (10.63)

m=1

for some values of ¢y, B, and w,,. (It is necessary that > 0 for dam,
sinusoids.) Then, " = e ; =

M
dn=) cmal (10.64)
m=1
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where )
m =€ Bmtiwm)At 9 9 M (10.65)

Based on Eq. (10.64), we have

M
dn = Em=1 CmZm

R e L]
1= 2 (10.66)

M -
dﬂ"M = 2m=1 cfﬂzmMz:l

A linear combination of the above equations yields

M
dot+hida1+-+hpydap = ):, em (14 hazt 4+ + haez M) 22,

=1
i’ (10.67)
‘We further assume that the weighting coefficients h,,,m = 1,2,..., M
are selected to satisfy the following equation:

M
14+hz ™ 4ot hyz ™ = [ (1-2mz7?) (10.68)
m=1

Then,
14+ hz 4+ hyz;M =0, m=12,...,.M (10.69)
Substituting Eq. (10.69) into Eq. (10.67) immediately yields
dp = —hidn—1 —hodp_o — - — hprdp_ps (10.70)

for n > M. Therefore, d,, is an Mth-order linearly predictable sequence

according to Eq. (10.56).

10.3.1.2 Parameter Estimation

A key step in image reconstruction using an ARMA model is to determine all the
model parameters, including the order parameters p and g, the AR coefficients
G, and the MA coefficients b,,. Let d,, forn = 0,1,...,N — 1, represent
an FID signal or one wing of an echo signal, or these signals after some prepro-
cessing. Fitting an ARMA model to d, to determine all the parameters jointly
is a challenging computational problem and is often avoided in practice. There-
fore, most parameter estimation algorithms in practical use today find suboptimal
solutions to these parameters in multiple steps. Specifically, the model order pa-
rameters p and g are first determined based on some statistical testing or ad hoc



344 Chapter 10 Constrained Reconstruction

rules; then, the AR coefficients are determined by solving a linear least-squares
probl:cm, which is followed by calculation of the MA coefficients. One of these
tect}nlqucs called TERA (transient error reconstruction algorithm), developed b
Sml‘th et al. [246], has found useful applications in MRI applications and is sum)-(
marized below. Note that a large number of algorithms have been proposed for
MA fnodf:l parameter estimation in connection with spectral estimation of a
nmle series. The interested reader is referred to [46, 68, 79, 82] for excellent
reviews of these algorithms.

Determination of the Model Order Parameters p and q. Finding the correct
or the “best” value for p is difficult. Too low an order will lead to a loss of
resolution and too high an order may cause model instability. The maximum value
for p under the condition that the AR coefficients are not underdetermined is N/2;
it is suggested [80] that p is chosen on the order of N/3. Rigorous treatments o%
model order selection can be found in [263, 283, 284).

Determination of the model order g for the MA part is more straightforward
In general, we select the largest possible value for g, which is N. By doing so.
we can select the MA coefficients properly so that the resulting ARMA model is‘
data-consistent [246].

Determination of the AR Parameters a,,. Temporarily ignoring the MA com-
ponent of the ARMA model, the AR coefficients are related to the measured data
sequence d, by

P
dp, = — Z:Damdn_m-t-én, '1"1=P+1,...,N/2—1 (10.71)

whe:re €n IS th'?T forward prediction error. Determination of the a,, from this set
of linear equations is the classical linear prediction problem. After p is known
i

}1}‘11? @, are usually determined by minimizing the total forward prediction error.?
at is, .

N-1 » 2

N-1
mil’l i 2 = i
i > el min dn + ngoamd,,_m (10.72)

n=p+l n=p+1

In matrix form, Eq. (10.71) can be written as

dD d] P e dp..l I ap dp

dl dg e dp ap-1 dp+1

: =1, (10.73)
dn-p-1 dn-p - dn-2 ay dy-1

3 : ; e
o The resulting AR model is optimal in the least-squares sense, but it is not necessarily the correct
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or simply,
Da = —d (10.74)

The solution for a., given in Eq. (10.72) corresponds to the least-squares solution

of Eq. (10.74) and is given by
a=-(D¥D)” DAd (10.75)

Determination of the MA Coefficients by,. Determination of the MA coeffi-
cients b,, for the current problem is rather simple. First, noting that

q
Y bmbp-m=bn RSN (10.76)

m=0

we can rewrite Eq. (10.58) as

P
S[n] = - E amS[n —m]+ ﬁ-bn (10.77)

m=1

Second, comparing Eg. (10.77) to Eg. (10.71) yields the following simple
relationship between the MA coefficients b, and the prediction error sequence

€n'

bn = Aken (10.78)

Note that €, is defined only forp < n < N in Eq. (10.71). However, after the
AR coefficients an, are known, we can use Eq. (10.71) to calculate the prediction
error sequence for 0 < n < pas well. Specifically, since the measured data d,, for
n=0,1,...,N — 1,is taken to be the impulse response of the ARMA model,*
we can treat d,, as zero forn < 0.3 Therefore,

€n = dn+ Z amn—m (10.79)
m=1

for 0 < n < p. Combining Eq. (10.79) with Eq. (10.71) yields
d,+3? _amdpn-m T2
- 2;"—1 FmPe d (10.80)
dn+ 3 m oy 0mln-m n<P

Finally, according to Eq. (10.78), we have the following simple formula for cal-
culating the MA coefficients bn:

dit P liptem B2
b =k { gl %’;‘-1 e y (10.81)
n m=i mln—m N <P

4Srictly speaking, dn is modeled as the impulse response of the ARMA filter divided by Ak.
511 is assumed that the ARMA filter is a causal system.
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Note that in [246], the b,, are calculated, which are given by

b = dn + an*—'l @ndn—m N2Pp
dn + 2;21 pnln_m n<p

(10.82)

10.3.1.3 Discussion

There are a few subtle points in applying the ARMA model to MR data. First,
it is useful to remove the zeroth- and first-order phase distortions of the data,
which can be done using the techniques described in [202]. Removal of these
phase terms has been found to substantially reduce the required AR model order,
thus improving model stability. Second, it is necessary to split the measured echo
data into Hermitian and anti-Hermitian sequences. This preprocessing step is
necessary because fitting both wings of the data simultaneously would force the
roots of the A, (z) filter onto the unit circle, thus leading to instability.

Assuming that the data S[n] are available for —N/2 < n < N/2, the Her-
mitian (S [n]) and anti-Hermitian (S_ [n]) components can be calculated as

{ S4[n) = (S[n] + §*[—n])/2

S_[n] = (S[n] - S*[=n))yz  OST<N/Z (1083

The corresponding reconstructions /. and I_ from S, and S_, respectively, can
be combined to get the desired reconstruction I as follows:

I(z) = 2R{I,(z)} + 2iS{I_(z)} - S[0] (10.84)

Note that in the ideal case, I, corresponds to the absorption mode and I_ corre-
sponds to the dispersion mode, and one can simply use I as the final reconstruc-
tion. In practice, both 7. and I_ are needed, although I_ contributes only about
10% of the total energy to the final reconstruction [246].
The AR filter calculated from Eq. (10.75) is not guaranteed to be stable.
To improve the stability of the resulting filter, Smith et al. [246] proposed to
move its poles away from the unit circle (pole-pulling) by modifying the AR filter
coefficients as follows:
an =ana™, a<1.0 (10.85)

A value of « around 0.99 or lower for very noisy signals is appropriate. Extreme
pole-pulling is to be avoided as values of & = 0.95 will give a TERA reconstruc-
tion with truncation artifacts similar to those in a standard Fourier reconstruction.
Note that the use of a,, would disturb the accuracy of the prediction, but not the
final reconstruction since the MA coefficients are chosen based on the new AR
coefficient values.

After the a,, and b, have become available, an image can be directly ob-
tained from the model given in Eq. (10.54). The numerator and the denomina-
tor can be evaluated using an FFT algorithm. Zero-padding is often used to get
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enough digital resolution to catch the high-resolution features embedded in such
an image function. Based on Eq. (10.58), one can also extrapolate the data re-
cursively to recover the missing high spatial freq_ucnc_y data. The normal Foum:crl
method can then be applied to reconstruct the desired image from the extrapolate

da[a'To illustrate the performance of the ARMA modeling tgchmquc.l a set of
reconstruction results obtained from the phantom data set (Flg. 10.3) is sho'wn
in Fig. 10.8. As can be seen, the image in Fig. l(‘).Sa. has n_cmcc?ble lrt'mcatg;n
artifacts (resolution loss and Gibbs ringing). The ringing artifact is 'conSLdera y
reduced in the ARMA reconstruction shown in Fig. 10.8b, and some improvement
in resolution, particularly for the circles, can also be obser\tcd. More rcconstzlu?—
tion examples comparing the ARMA model to other techniques can be found in

[80].

Figure 10.8 Reconstructions of a phantom image. The vertical direction.of botl.1 images
was reconstructed using the FFT reconstruction method from 256 symmetric Fou_ncr 1ra_ns-
form samples, while the horizontal direction was reconstrutl:lcd from 96 data points using
(a) the conventional FFT method and (b) the ARMA modeling method.

10.3.2 The Generalized Series Model

The generalized series (GS) model was proposed as a ‘gcneral method for mcoIr-
porating a priori constraints into the image reconstruction process [187, 189]. In

this model, an image function is represented as

I(z) = ) capn(?) (10.86)

n
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where ¢, (z) are the basis functions used to absorb any a priori information and
> arf: the series coefficients chosen to match the measured data. This section
describes the use of this model for constrained image reconstruction.

10.3.2.1 Selection of the Basis Functions

S_cleicting a ;ct of “good™ basis functions is essential for the GS model. A par-

ticular set of basis functions is given in the form of weighted i i

ey ighted complex sinusoids
@n(z) = C(z)e'?™Ak= (10.87)

wtlnerc C(z) i§ a nonnegative function incorporating a priori information. With
this set of basis functions, the GS model becomes

) =8} ) cug™rnihe (10.88)

-Tl?i_s model has several useful properties. Specifically, when no nontrivial
a priori information is available, namely, C(z) = 1, Eq. (10.88) automaticall
reduc.es to the conventional Fourier series model. This is desirable because lhi
Fourier series model is indeed optimal in this case. On the other hand, if C(z) =
k¥ (z): the multiplicative Fourier series factor will be forced to unity b,y the data-
consistency constraint, and a perfect reconstruction will result. In general, if C(z)
is properly chosen, the new basis functions given in Eq. (10.87) enable' the GS
model to converge faster than the Fourier series model. Therefore, within a certain
error bound, fewer terms can be used to represent an image function than are
rcqulred by the Fourier series method, leading to a reduction of the truncation
arufac.ts-. The optimality of the GS model in Eq. (10.88) can also be justified from
the minimum cross-entropy principle [243]. Specifically, treating the weighting
function C(z) as an initial estimate to a desired image function J(z), the optimal

reconstruction under this principle is the one that minimizes the cross-entropy
measure. That is

I(z) = I(z)
Z) = arg min I(z)log | /=
gu(z)}/:w (z)log [C(z)] dz (10.89)
subject to the data-consistency constraints
S[n) = f I(z)e~ 12 Ak gy (10.90)
The solution to the above constrained problem is
I(z) = C(z)exp (Z Aneiz""AkI) (10.91)
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where \,, are appropriate Lagrangian multipliers. If C(z) is a good estimate for
I(z), the exponential term can be reasonably approximated by the first two terms
of its power series expansion [i.e., exp(z) ~ 1 + z]. In this case, [ (z) becomes

I(.‘L‘) - C(ﬂ?) 4 Z)\nc(r)eﬂnnfkkz
e Z(aﬂ s ,\n)c(x)ei'hmak: (10.92)

which is identical to the GS model function I (z) defined in Eq. (10.88) with ¢, =
8 + An- Therefore, the GS model function can be viewed as an approximation to
the optimal minimum cross-entropy solution. This approximate solution converts
a highly nonlinear problem to a linear one so that fast reconstruction is possible.

We next consider the selection of the weighting function C(z). For the lim-
ited data reconstruction problem, it was suggested [190] that C(z) be chosen to
be a summation of boxcar functions as

M 1
z- _(ﬁm U ﬁm+l)]
C(z) = a n[ 2 (10.93)
( ) r; “ ﬁm+1 S .Bm
where

M : number of boxcar functions

Bm ¢ edge locations

Qm ¢ boxcar amplitudes

This function is particularly suitable for image functions containing sharp edges
because they are explicitly built into the basis functions. Determination of the
parameters in this model is described in the Appendix of this chapter.

The weighting function C() can also be determined experimentally. A typ-
ical example is time-sequential imaging, which involves the acquisition of a time
series of images, I1(z), T2(z), ..., Ic(z), from the same anatomical site. For
many of this type of imaging experiments, the underlying high-resolution mor-
phology in the desired image sequence does not change from one image to an-
other. As a result, it is not necessary to acquire each of these images indepen-
dently. Specifically, with the GS model, we first acquire one high-resolution (ref-
erence ) data set with N encodings followed by a sequence of reduced data set
with M encodings, as shown in Fig. 10.9. In the image reconstruction step, the
high-resolution reference image Iief(z) is used as the weighting function for the
GS basis functions. That is, we set

C(z) = |Iret(T)] (10.94)

for the GS model when it is used for image reconstruction from the reduced data
sets.
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Figure 10.9 K-space coverage of time-sequential GS imaging.

. .ch that this GS imaging scheme, often called RIGR (reduced-encodin

imaging by g_cncralized—series reconstruction), offers a factor of N/M improvj
fnenl.ln imaging efficiency (and temporal resolution) over the conventional Fourier
imaging method. Similar imaging methods have also been proposed to achieve
the fame levcl_ of imaging efficiency [110, 171, 189, 225, 265]. Most notably.
the- keyhole” imaging method [171] covers k-space in the same fashion, but usc;
a'Slmpler method for image reconstruction. Specifically, it replaces the: missin

high-frequency data of the reduced data sets with the corresponding measunf
ments from the high-resolution reference data set and then processes the merged
data set with the conventional Fourier reconstruction method. An example cogm-

paring the GS reconstruction with the keyhole-Fouri e
P -Fourier reconstruction
later in this section. is shown

10.3.2.2 Reconstruction Algorithm

Aftef C(z) is known, the series coefficients ¢n are determined under the data-
consistency constraints. That is,

- Nf2-1
S[n] =_/ C(I) Z cmeﬂﬂ'mAk:: e—iZWHAkIdx
== m=—N/2
Nj2-1
= Y cmSin-m] (10.95)
m=—N/2
where
Scln] = f C(z)e'2™nikz g, (10.96)
-0

———
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Rewriting Eq. (10.95) in matrix form, we have

He=S (10.97)
where

¢ = [e_nyasrenya-1]”
S = [S[-N/2),---,S[N/2 - 1J|T

5.[0] Se[-1] Se[-N +1]

S.[1] 5.[0] Se[-N +2]
H = . . :

SN =1] SiN -2 5.{0]

which is a Toeplitz matrix. The GS model coefficients ¢ can be found from
Eq. (10.97) efficiently using the Levinson algorithm [4, 177]. The matrix H is
sometimes ill-conditioned. In this case, Eq. (10.97) needs to be regularized. A
simple method is to add a diagonal matrix AI to H such that Eq. (10.97) becomes

(H+ M)c=S (10.98)
The resulting regularized GS model can be expressed as
Ha) =0(a) Y cne™™8¥m 4. 05" oy etttniits (10.99)
n n

in which the second part can absorb broad-band noise. Therefore, this regularized
GS model is to be preferred for numerical stability and noise insensitivity. The
regularization parameter A can be chosen on the basis of the data signal-to-noise
ratio and the amount of regularization required to stablize H, if that should be
necessary. For example, A can be chosen so that S,[0]/A ~ SNR.

After C(z) and the c, are available, evaluation of each pixel value directly
from Eq. (10.88) will give the model reconstruction. Often a zero-filled FFT is
applied to evaluate the Fourier series factor so that it has the same digital resolu-
tion as the C(z) does. Sometimes, the ¢,, may be filtered to remove any ringing
artifacts resulting from inaccurate edge locations in C(z). Extrapolation recon-

. struction is also possible by using Eq. (10.95) to regenerate the missing high-

) frequency data. This step is desirable because filtering on the GS coefficients and
model regularization could lead to data inconsistency beyond the noise level, and
data extrapolation using the model can reinforce the data-consistency constraints
in the final reconstruction.

10.3.2.3 Discussion

This section presents two examples to illustrate the performance of the GS model-
ing technique. The first example is parametric reconstruction using the GS model
and the second is dynamic imaging.
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Figure 10.10 shows the reconstruction results from actual MRI data of a
transverse slice through a human leg. For comparison, the high-resolution image
reconstructed using 256 Fourier data points along both the readout (horizontal)
and phase-encoding (vertical) directions is shown in Fig. 10.10a. On reducing the
number of phase encodings from 256 to 64, the Fourier series model produces the
image in Fig. 10.10b, which shows significant Gibbs ringing artifact and a loss
of spatial resolution, as expected. A simple way commonly used to reduce the
ringing artifact is to multiply the measured data with a Hamming window func-
tion, but this causes a further loss of image resolution, as is evident in Fig. 10.10c¢.
Using the generalized series method, the image in Fig. 10.10d was obtained. It
shows a noticeable improvement both in resolution (compared to Fig. 10.10c¢) and
in reduction of ringing (compared to Fig. 10.10b).

A practical limitation of this GS model-based reconstruction method is its
significant computation requirement. Although fast algorithms are available for
determining the GS coefficients ¢(n), solving for the nonlinear parameters in
the weighting function C(z) of the basis functions is computationally expensive.
Without a special array processor, this reconstruction algorithm is orders of mag-
nitude slower than the FFT algorithm, which is a significant practical limitation.

Figure 10.11 shows a set of representative results from a dynamic imaging
experiment with an injected contrast agent. In the experiment, a time series of
data sets with 128 phase encodings was obtained before and after the injection of
a contrast agent. The high-resolution preinjection image and one of the postinjec-
tion images are shown in the top row in this figure. The difference image between
the preinjection image and the postinjection image is included in the third column
to show how well the interimage variations are being reproduced. For the GS
reconstruction, a subset of eight encodings from the postinjection data sets were
used plus the preinjection image as the reference. For a comparison, results from
the keyhole-Fourier reconstruction method [171] are also included. This method
simply replaces the missing high-frequency encodings of the postinjection data
sets with those from the reference preinjection data set, followed by conventional
Fourier reconstruction.

As can be seen from Fig. 10.11, the keyhole-Fourier postinjection image
appears to have the same resolution as the preinjection reference image, but the
difference image suffers from the usual data truncation artifact. This means that
the high-resolution images produced by the keyhole-Fourier method could be mis-
leading, since they capture only low-resolution dynamic variations. This problem
is significantly reduced in the GS image, since the dynamic image variations are
produced at a much higher resolution. However, the GS model in the original form
is not capable of reproducing the interimage variations at the resolution of the ref-
erence image either, as demonstrated in this example. This is because dynamic
information in the GS model is contained exclusively in the series coefficients cy.
Since this model has only as many terms as the number of dynamic encodings,
the dynamic information “registered” on the reference image may not have the

i 3
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on can be alleviated by further improving

the data acquisition and image reconstruction steps. Eor exam?le, in some time-
sequential imaging applications, it is possible to acquire two hlgh—rc_sohft:on im-
4 ic imaging process such that their difference

ages at different times of the dynami TO! uch : :
wgill reflect the dynamic signal changes. By building this difference image into

the basis functions, one can reproduce the interimage variations at the resolution
of the reference images [153].

same spatial resolution. This limitati

Figure 10.10 Cross-sectional image
structed from a data set with 256 enco
method. The data set was truncated Lo 64 points alo
processed using three different reconstruction sch.emes: o) i
ming-windowed FFT, and (d) the GS model. Notice the ringing art
artifact in (c), and the improvement of (d) over (b) and (c).

dings along both directions using the standard FFT

s of a human leg. (a) The “gold standard” recon-

ng the vertical direction and then
(b) the standard FFT, (c) the Ham-
ifact in (b), the blurring
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pre-injection

post-injection difference

Fi : :
i l-llngeu:'edlo.ll Cross-sectional images obtained from a rat during a dynamic study of an
c;d;:nzs ac-l()nn'a.st a:::jnt: (a)-(c) high-resolution Fourier images reconstructed with 128 en
ong each direction; (d) and (f) postinjection i :
el ' jection images reconstructed with 8 i
Jection encodings and the preinjection i e
jection image as the reference using the ki i
and GS modeling methods, respecti 1 e
, respectively. The images in (c), (e) and ( i
3 e ERSPRCIY ; g) show the dynamic
variations between the preinjection image and the corresponding postinjection ima;e
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10.4 Appendix

This Appendix presents a brief review of several linear prediction (LP) estimation
algorithms useful for determining the nonlinear parameters in a boxcar model
introduced in Section 10.3.2.

Recall that a general boxcar model consisting of M boxcar functions can be
expressed as®

M -1
Cz)= Y amll {I 5(€Tj§”+‘)] (10.100)
m=1 m m

where it is assumed for convenience that By < B2 < < Bmsr- Fitting this
model directly to a set of Fourier transform samples is a highly nonlinear prob-
lem. We describe here a linear prediction-based algorithm that can determine the
nonlinear parameter Bm efficiently. After the B8, are known, the amplitude pa-
rameters a,, can be determined simply by solving a linear least-squares problem,
which will not be discussed here.

First, noting that

dC(z LW
d( b ): mb(z — Bm) (10.101)
& m=1
wherep = M + 1 and
4 =a
{&m=am—-am_1 for2<m< M (10.102)
AM+1 = —aM

Let S.[n] be the sample values of the Fourier transform of C(z)

o0
S.n] = f C(z)e " 2mmak=dg (10.103)
Then, based on the derivative property of the Fourier transform, we have
P
§.[n] = —i2mnAkSc[n] = D fge 2l (10.104)
m=1

Finally, making use of the result in Example 10.3, we can state that the data
sequence {S¢[n]} is (M + 1)th-order linearly predictable. Specifically, in the
forward prediction form, we have

P
Seln] = = ) hmSeln — m] (10.105)
m=1

6Note that only the magnitude part of this model should be used as the weighting function for the
GS basis functions in Eq. (10.87).
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for a proper set of coefficients h,,. An i
: m- Al Important consequence of Eq. (10. i
that the corresponding characteristic polynomial given l'?y & (10109

P(Z) =1+h12_1+"‘+hpz_p=0 (10.106)

has roots on the unit circle of th i
e z-plane, which are related i
Bm of the boxcar functions by e looxting

— p—i2wAkBm v
Zm=e L m=12,...,p (10.107)

This result suggests that the i i
by Bm can be determined efficiently by the way of find-

Determining z,, from a given set of data i i i
: s s a classical LP estimation probl
for which a large number of algorithms have been proposed [46, 68, 79 85]. Inelrel

ensuing discussion, we shall describ i
1 ) e a few algorithms relevant to
For notational simplicity, we use B

dn=S8[n~N/2|+e,, n=0,1,....,N—1 (10.108)

to represent the available data that are corrupted by additive random noise e
i

10.4.1 The Direct Least-Squares Method
According to Eqgs. (10.105) and (10.108), we have

P
dn = - E hm n—m
m=1

(10.109)
Let
h = [hphpetye.., 1y]T (10.110a)
d = [dp,dpir,...,dy_q]7 (10.110b)
do d; s dp gy
o d d2 - d
- : ‘ _ (10.110¢)
dN-p-1 dN-p -+ dn_2

whl:e it is _usually true that p 5 N — p; therefore, there are more equations than
unknowns in Eq. (10.109). Solving for A in the least-squares sense gives

_ -1
h = - (D"D)" D#4 (10.111)

for which a number of numerical algorithms are available [31]. After the A is

kl‘lOwn one can ﬂpply one Df the Olyl‘lOIIllal ot p ures to s 0106
3 p ro lng !oced T Eq (1 )
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10.4.2 SVD-Based Methods

Let us first review the basic concepts of singular value decomposition (SVD) of
an arbitrary matrix A. Assume that A is an M -by-N matrix. Its SVD is a product

of three matrices

A = USVH (10.112)

where U is an M-by-M unitary matrix, V is an N-by-NN unitary matrix, and X is
an M-by-N diagonal matrix. We may write these matrices as

U=[w u -+ um] (10.113a)
V=_[v v2 - vn] (10.113b)
¥ = diag [Al,Ag,...,Amm{M,N}} (10.113c)

In this notation, the ., and v,, are called the left and right singular vectors,
respectively, and the A, (taking real and nonnegative values) are the singular
values of A. It is customary to order the A, such that Ay > Az ... 2 Amin{aM,N}-
The SVD of A can also be expressed explicitly in terms of the wm, Vm, and Am

as
min{M,N}

A E /\mumvz (10.114)
m=1

where u, v/ represents the outer product of the two singular vectors. SVD has
several desirable computational properties.

(@) The rank of A can be easily determined from its SVD. Specifically, rank(A)
equals to the number of nonzero singular values of A.

(b) The Lz-norm of A is given by

(10.115)

(c) SVD is an effective computational tool for finding lower-rank approxima-
tions to a given matrix. Specifically, let p < rank(A). Then the rank p
matrix A, minimizing ||A — Ap||2 is given by

P
Ay =UE VA =) dumvy (10.116)

m=1

where X, is obtained from matrix ¥ after the singular values Apt1, Apt2, - -
are set to zero.
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SVD was introduced to LP parameter estimation by Kumaresan and Tufts
[179]._ Their seminal work stimulated active research in this area in the 1980s
resulting in a large number of papers published on this topic. The following i;
a summary of these techniques; more detailed discussion can be found in the
excellent review article by Kay and Marple [79).

10.4.2.1 The Original Kumaresan—Tufts Method

’Ijhe Kuma_resan—Tufts (KT) method (known as the LPSVD method in the MR
llter.aturc) improves parameter estimation over the basic least-squares by the fol-
lowing two important steps.

First, we model the data with a higher-order linear predictor. Specifically,
we assume that '

P
dn & = ) Amdnom (10.117)
m=1
where it is assumed that p = N/2 > p. In matrix form, we have
dy dy - diy hs ds
dy O hs—1 dst1
: . , ~— : (10.118)
dyn—p-1 dn—p -+ dy_2 hy dn_1
or
Dh ~ —d (10.119)

Sgcond, we find an optimal lower-rank approximation to D. Note that in
the noiseless case, rank(D) = p (see Problem 10.18). With noisy data, D often
becom_es full rank. Restoring D to the closest rank p matrix will filter out some of
the noise. Specifically, representing D in the SVD notation, we have

min{p,N—p}
D=USV"= Y nunvZ (10.120)
m=1
The optimal rank p approximation to D is given by
P
Dp= ) Amumvi (10.121)
m=1
Replacing D with D,, in Eq. (10.119) gives
D,h ~ —d (10.122)
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Because h is now underdetermined by Eq. (10.122), the minimum-norm solution
is often sought, which is given by

P
1
b= Y A—(uﬁd)vm (10.123)

m=1"mT

After h is known, rooting the corresponding polynomial will give the desired
values for z,,. Note that the KT method introduces p — p “extraneous” roots that
need to be identified and removed. This is not necessary, however, for the boxcar
model fitting because the additional edges associated with the extraneous roots
can be absorbed into the model without creating a model instability problem if
clustered edges are properly handled (see [186] for more details).

10.4.2.2 Total Least-Squares Method

In the original KT method, noise in d is not subject to numerical filtering by the
truncated SVD and will perturb the accuracy of the estimated h. Moving d into
the coefficient matrix results in the following homogeneous equation:

h

[D : d] = ot

(10.124)

Noise in D as well as in d will be filtered by applying truncated-SVD to this
new augmented coefficient matrix D and, thus the name total-least-squares (TLS)
method [228]. Using the notation of Eq. (10.121), we can write the truncated
coefficient matrix as

P
W (10.125)
m=1
Equation (10.124) then becomes
h
VI - | =0 (10.126)
1
or
Ch =~ —c (10.127)
where
vh vn ot Y "’(:ﬁ+1)1
C= vfz U?z v’_m and = ”(54'-1)2
Vip V3 v Vg Yip+1)p
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The minimum-norm solution for h is now given by

h=-CH(ccH) e (10.128)
Making use of the identity
Hy—1 Hy-1 cc”
(CC) ' =(I-cc) ' =14 ——— (10.129)
1— |||
we get
h=—CH (1 S —i‘?H—) c (10.130
T~ Tell? .
or
— cfe 10
T (10.131)

An equivalent expression can also be derived in terms of the noise singular vectors
as

- H
e
h=— (10.132
EE :
where
Vi) Yaen) T Ypip1) U(p+1)(p+1)
~ U‘ -u" Vs 'U: v‘_
€= 1{:7+2) 2{1?+2) :a(;.’+2) - i (P*l?(P+2)
Vi) Va1 T Yhse) Yip+1)(+1)

From expressions (10.131) or (10.132), one can see that the TLS method has
a computational advantage over the KT method, since the former requires only the
right singular vectors and thus eliminates the need for computing the full SVD.

10.4.2.3 The State-Space Method

The state-space formulation of the LP problem was initially developed by Kung,
Arun, and Rao [180]. A more detailed and rigorous discussion of this method can
be found in the review article [84). This method has been used for NMR spec-
troscopic data processing, where it is called the HSVD method [92]. Following
the derivation by Yan and Gore [276], one can treat the LP parameter estimation
problem as finding a matrix Z satisfying

DyZ =D, (10.133)
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where Dy, and D, are the matrices obtained by removing, respectively, the bottom
and top rows of D constructed as follows,

do d e dp
& da o

D=1 . i (10.134)
dyv_p dy—ps1 0 dN-1

It can be shown that the solution to Eq. (10.133) is [276]

0 00 -+ 0 —h
1 00 -+ 0 —hs

z=|0 1 0 -+ 0 —hsyg (10.135)
000 -~~~ 1 —h

where the h,, are defined through Eq. (10.118). Since the characteristic polyno-
mial of Z is

z 00 -~ 0 —=h;
1 20 - 0 —hsy
01 z --- 0 =hsa
det(zI—Z)Z : : s : )
000 --- 1 —-hi+z
S (10.136)

the eigenvalues of Z provide exactly the desired roots of the LP characteristic
polynomial but without explicitly solving for the polynomial coefficients hn, and
the rooting step as is done in the KT or TLS methods. One further important
result is that Dy and D, in Eq. (10.133) can be replaced by the truncated left or
right singular matrix of D without affecting the above property of Z [276]. For
example, if the left truncated singular matrix U, is used, the solution of Z from

UsZ = U, (10.137)
is given by [92]
ﬂﬁ—‘HﬁN-ﬁ-i-l H
Z= |1+ —F—————=| Uy U (10.138)
1—|an—psll

where @y _p41 is the (N — p + 1)th row vector of U, formed from the p prin-
cipal left singular vectors of D. A similar expression exists for the right singular
vectors. The Z defined above has p eigenvalues, and they are exactly equal to
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the p signal roots of the KT linear predictor in the noiseless case. Therefore, one
appealing feature of this state-space approach is that it directly gives the desired
Zm values and thus no further measures are necessary to deal with the extraneoug
poles present in both the KT and TLS methods. Also, similar to the TLS method,
this method requires only the left (or right) singular vectors and thus eliminates
the need to compute the full SVD of D.
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Exercises
10.1 Describe the truncation effect of direct Fourier reconstruction from asym-

10.2

10.3

10.4

10.5

10.6

10.7

10.8

10.9

10.10

10.11

10.12

metric k-space data.

Given that p(z, y) is a real function, how many quadrants of k-space data
are needed for its exact recovery?

Show that 2, and §2; defined in Egs. (10.15) and (10.14), respectively, are
convex sets.

Show that the points in any hyperplane form a convex set.

Show that gp, defined in Eq. (10.18) is an orthogonal projection operator
for {2, but g, defined in Eq. (10.18) is not an orthogonal projection opera-
tor for ;. Note that if p is an orthogonal projection operator of a convex
set 8, then ||z — pz|| = mingeq ||z — yl|.

Show that the POCS method is identical to the conjugate symmetrization
method when ¢(z) = 0.

Show that g; and g5 defined by Egs. (10.17) and (10.17) are nonexpansive
operators.

In half-Fourier reconstruction, the phase constraint is estimated from the
central symmetric portion of the measured k-space data. Assume that the
phase constraint is calculated using the entire asymmetric data set as fol-

lows: No1 |
¢($)=arg{ > S[nle-ﬂ“‘“’}

n=-ng

Discuss what would happen to the Margosian and POCS half-Fourier re-
constructions with this phase constraint.

Discuss why the support bandlimitedness constraint will have no extrapo-
lation effect when Ak = 1/W,, where Ak is the sampling interval of the
k-space data from a one-dimensional object of width W.

Implement and test the bandlimited extrapolation algorithm.

The more random a variable is, the more entropy it will have. True or
false?

Let I|n] = {0,0,3,3,3,1,1,2}. Calculate the entropy of this image func-
tion according to the definitions in Egs. (10.44) and (10.49), respectively.
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10.13 Implement and test the maximum entropy reconstruction method.

10.14

10.15

10.16

10.17

What is parametric image reconstruction?

The transfer function of a digital filter is given by

_bot+biz+ -4 byt
N l1+a1z+:--+ap2?

H(z)

Let €, be the input excitation sequence to the filter and d,, be the resulting
output data sequence. Show that

P q
dn = — Z: omdn—m + Z brmén—m
m=1 m=0

L& q i2rmAk
temm. 1
1(s) - —Zhgobme ™2t
1% Em=1 amet2rm kz
and
e -
S5(k) 2[ I(z)e " %"k= gy
- 5%
Show that

P q
Sinl =~ " amS[n—m] + 2;1_1: > byl
m=1

m=0

where S[n| = S(nAk) and 8, is the Kronecker delta function.

Let
dn - ale—i21rf,n " aze—ihrfgn
(a) Show that
dn = —h1dn_1 — hadn_2

where ) )
{hl a— _e-:ZWf; _ e—:21rfg

hy = e i2n(fi+f2)

(b) Determine the two roots of P(z) = 1+ hyz~* + hgz~2.

365

Exercises
10.18 Let i
d, = Z CmZ:I
m=1
and
do d - d;
dy dy - dpn
D= . ¥
dn—p-1 dn-p - dn-—a

where it is assumed that p > pand N — § < p. Show that

rank(D) = p
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Appendix A

Mathematical Formulas

For easy reference, this appendix summarizes some commonly used mathematical
formulas.

A.l1 Sums
N N+1_1
: S
ﬂzzo'r iy ik |
(=]
ZT“= 74 &
n=0

A.2 Power Series

f(z) = f(zo) + 220 f(o)+( )fm( i o

2 2:3

e—l+m+-——+-§~+
sinz =2z — a:3+:r:5 $7+
3 5 7
= z? zt 0
COST = '—E-{--"i—!—-a--{--”
1
——=14z+z?4+2%+--. lz] <1

l-2z
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A.3 Complex Numbers A.5 Short Tables of Convolutions

+@

e*" = cos@ L isinf Tables A.5a and A.5b list several pairs of functions (g and h) and their resulting

. convolution g * h.
a+ib=re®, wherer =+a? +b2andf = tan~!(b/a) ‘

(reia)n =0 e.‘ne

(r1€%%)(r26%2) = ryrqei(fr+62) Table A.5a Continuous Convolution
. . e h(t t) = h(t
A.4 Trigonometric Identities 9() ® 9(é) « A1)
: i 6(t—t t -t
cosz = 1 (€' + %) 9(t) =) 9{p-to)
1

sing = % (e"” — e~ ) ! e u(t) u(t) E(e‘“ = 1)u(t)

cos(z £ §) = Fsinz u(t) u(t) tu(t)

g . 1 a
sinz cosz = § sin 2z e*1tu(t) e*2tu(t) ﬂ[l—_m—?(em'l — e )u(t)
Sit’l2 x4 cos?zxr =1 e“‘u(t) Eat‘u(t) tealu(t)

Bl B
cos*z — sin”“ x = cos 2z : te®u(t) e=tu(t) %t’e“‘u(t)
cos?z = 1(1 + cos 2z) f
sin®z = 1(1 - cos 2z) |
sin(z & y) = sinzcosy + coszsiny Table A.5b Discrete Convolution
cos(z £ y) =coszcosy Fsinzsiny g
h h[n

tanz + tany ; gln] [n] g[n] * h[n]
tan(zty) = —————— |

1Ftanztany i g[n] §(n — ng) g[n — no

2 T | e 1 n

sinzsiny = 3[cos(z — y) — cos(z + y)) | o] il L (1 - ™ )ufn]

1
coszcosy = ;[cos(z — y) + cos(z +y |

3 fos( (o +) | @ s e
sinz cosy = j[sin(z — y) + sin(z + y)) i ‘ 1 " »

! 2 2 art —ap " )uln]
acosz + bsinb = rcos(z + 6) ‘ ofuln] A o = 02( = )
where r = v/aZ + 52 and § = tan~1(b/a) a”uln] a"uln] (n +1)a"u[n]
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A.6 A Short Table of Fourier Transforms

9(t) [ 9(t)e™ 2 dt

5(t) 1

1 é(f)

u(t) 28(6) + #

sgn(t) a_l?

-at 1

e u(t) atizaf *>0

e u(t) T

ze ™ u(t) __—(a y 1_121'_”2 a>0

t“e““u(t) (_a_-f%;ﬁ a>0

e—i2wj'ot J(t = tD)

cos(27 fot) SI6CF + fo) + 8(7 o)
cos(2m fot)u(t) [6(f + fo) + 6(f — fo)] + (—2;”;2_”(2-):—),

0 oy T

sin(27 fot) $6(f + fo) = 6(f — fo)]

sin(27 fot)u(t)
e cos(2m fot)u(t)

€™ sin(27 fot)u(t)
1(e)

A(t)

i §(t - nAt)

n=-oo

il ~8(f ~ fo)) + mho___
[ (f+fﬂ) (f f )] I (27l’f0)2 _ (zwf)z

a+ 2w f
@rfo) + (a+iznf? 2”0
2‘.‘Tfo
(27 f0)? + (a + 127 f)2

sinc(w f)

sinc?(x f)

a>0

Appendix B

Glossary

This appendix presents a glossary of technical terms used in this book. Note that
some of the terms have broader meanings than are described here in the context
of MRI applications. For a comprehensive glossary of MR terms, the reader is
referred to a publication by the American College of Radiology: Glossary of MR
terms (4th ed., ACR, Reston, VA, 1995).

Aliasing: Image error due to undersampling of k-space. In Fourier reconstruc-
tion, aliasing manifests itself as folding over (ghosting) of some parts of the ob-
ject. In projection reconstruction, angular undersampling results in streaking arti-
facts.

Angiography: Application of MRI techniques to produce images of blood ves-
sels.

Angular frequency: Frequency of oscillation or rotation commonly measured in
radians/second.

Angular momentum: Inertial property of a rotating body that, in the absence
of external forces (torques), tends to maintain the same axis of rotation. When
an external torque is applied to a rotating body, the angular momentum changes,
resulting in precession. ‘

Angular velocity: Vector quantity specifying both the speed and direction of
object rotation.

Artifacts: Spurious image features caused by imperfections in the imaging in-
strumentation and/or technique.

Asymmetric k-space sampling: Collection of more data points on one side of
the k-space origin than on the other. This data acquisition scheme is often used in
half-Fourier imaging experiments.
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Bandlimited function: A function is called frequency bandlimited if its Fourier
transform has nonzero values only inside a finite frequency band, whereas a func-
tion is said to be space bandlimited if it has nonzero values only over a finite
spatial interval.

Bandwidth: Frequency interval over which the Fourier transform of a (frequency)
bandlimited function has nonzero values.

Backprojection: Mathematical operation that maps a one-dimensional function
(_pro_;ecrmn profile) to a higher-dimensional function by assigning (backproject-
ing) the value of each point in the projection to a line, or a plane, or a hyperplane.

Birdcage coil: RF volume coils with the appearance of a birdcage designed to
produce homogeneous B fields.

Bloch equations: Phenomenological equations of motion for the macroscopic
magnetization vector in the presence of a magnetic field, including the effects of
precession and relaxations.

!Soltzmann distribution: If a system of particles that are able to exchange energy
in collisions is in thermal equilibrium, then the relative number of particles, N;
and Ny, in two particular energy states with corresponding energies, E; and E5,
is given by

M _ ~E-E) (kT

N
where K is the Boltzmann constant and T is absolute temperature.

Burst pulse: A sequence of uniform low flip-angle RF pulses used to excite a
spin system for fast imaging.

Carr—Efurcell sequence: RF pulse sequence consisting of a 90° pulse followed
by a string of uniform 180° pulses to produce a train of spin echoes.

Carr-Purcell-Meiboom-Gill sequence: Modified Carr-Purcell sequence with
a 90° phase shift in the rotating frame of reference between the 90° pulse and
the subsequent 180° pulses to reduce accumulating effects of imperfections in the
180° pulses.

Chemical shift: Shifts in resonance frequency of a given nucleus when bound to
different sites in a molecule, due to the magnetic shielding effects of the orbiting
electrons. The amount of frequency shift is proportional to magnetic field strength
and is usually specified in parts per million (ppm) of the resonance frequency
relative to a reference.

Chemical shift artifact: Image artifact in the form of spatial shifts of regions
along the frequency-encoding direction when the regions contain different chem-
ical shifts.

-
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Circular navigator: See navigator echoes.

Coil: Single or multiple loops of wire (or other electrical conductor, such as
tubing, etc.) designed either to produce a magnetic field from current flowing
through the wire or to detect a changing magnetic field by voltage induced in the
wire.

Convolution: Mathematical operation between two functions, denoted by = and
defined, in the continuous case, by

fxs0= [ " f(r)glt - r)dr

or, in the discrete case, by

0
fa*xgn= z fmGn-m

m=-—00

Convolution kernel: In f * g, g is called the convolution kernel for f or f is the
convolution kernel for g, depending on the context. For example, if f * g is taken
to be the output of a linear system with input f, then g is the kernel function,
which is also called point spread function in imaging, because f xg = g if f =48,
a point source.

Data acquisition time: Time required to acquire an image, which equals to the
product of the number of different encoded signals Nenc, the excitation repetition
time Tg, and the number of signal averagings for each encoded signal Naeq-

DC artifact: A bright point in the center of an image caused by a constant offset
in signal intensity of measured k-space data.

Demodulation: Conversion of the raw NMR signal to a lower frequency signal
by removing the carrier signal.

Dephasing gradient: Magnetic field gradient pulse used to create spatial varia-
tions in the phase of transverse magnetization.

Diamagnetic: A substance that will slightly decrease a magnetic field when
placed within it (its magnetization is oppositely directed to the magnetic field,
that is, with a small negative magnetic susceptibility).

Diffusion: The process by which molecules or other particles intermingle and
migrate as a result of their random thermal motion.

Echo: A form of NMR signal consisting of a recalled transient signal and a natu-
ral transient signal. Also see gradient echo, spin echo, and stimulated echo.
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Echo-plgnar imaging: Ultra-fast imaging schemes that collects a complete set
of two-dimensional k-space data from a single excitation.

Eddy currents: Electric currents induced in a conductor by a changing magnetic
field or by motion of the conductor through a magnetic field.

Entropy: A measure of randomness of a random variable, or the uncertainty (or
information content) of a random event.

Ergodlc process: A stochastic process in which ensemble averages are equivalent
to time sample averages.

Ernst' angle: The RF excitation angle of a short-Tg spoiled steady-state sequence,
at which the resulting signal is maximum.

Excitation: Putting energy into a nuclear spin system.

Expaqsive operator: An operator p is called expansive if it amplifies the norm
(magnitude), that is, ||pz|| > ||z||-

Extended phase graph: Graph tool to show the phase evolution of the transverse
and longitudinal magnetizations as a function of time.

Extrapolation: The mathematical process of extending the definition domain of
a function.

Fast Fourier transform: An efficient algorithm to compute a discrete Fourier
transform.

Feasible reconstruction: Any image function that is consistent with the mea-
sured data.

Ferromagnetic: A substance, such as iron, that has a large positive magnetic
susceptibility.

Filtered backprojection: Mathematical technique used for image reconstruction
from a set of projection profiles. It essentially involves filtering the projection
Proﬁlcs by suitable filter function and then backprojecting the filtered projections
into image space.

Finite sampling: Acquisition of a finite number of samples or measurements
from a continuous function or a physical process.

Flip angle: Amount of rotation of the bulk magnetization vector produced by an
RF pulse, with respect to the direction of the static magnetic field.

Forced precession: Precession of the bulk magnetization about the excitation RF
field.
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Fourier transform: Integral transform whose kernel function is a complex sinu-
soidal function; a mathematical tool to separate out the frequency components of
a signal from its temporal or spatial variations.

Fourier transform imaging: Imaging technique that collects raw data directly in
the Fourier space. In MRI, the definition is narrower; it refers to techniques that
sample the Fourier space in a rectilinear fashion so that the measured data can be
processed directly by the discrete Fourier transform for image formation.

Free induction decay: Transient MR signal produced by the free precession of
the transverse magnetization vector after an RF pulse has been switched off. The
signal decays exponentially with a characteristic time constant T3 (or 73).

Free precession: Precession of the bulk magnetization vector about the static
magnetic field after a pulse excitation. Free precession of the transverse magneti-
zation at the Larmor frequency is responsible for the detectable NMR signal.

Frequency encoding: Technique to establish a linear correspondence between
the spatial location and the oscillating frequency of an NMR signal.

Frequency-selective RF pulse: An RF pulse containing energy only within a
specific frequency interval.

Gibbs artifact: Signal error associated with the approximation of a discontinuous
function by a truncated Fourier series. This artifact is characterized by spurious
ringings near the area of discontinuities.

Gradient coil: Current-carrying coil designed to produce a desired magnetic field
gradient so that the magnetic field will be stronger in some location than others.

Gradient echo: Echo signal generated by first dephasing and then rephasing the
transverse magnetization with a bipolar gradient pulse.

Gradient magnetic field: Magnetic field that changes in strength in a certain
given direction. Magnetic field gradients are usually denoted by G, Gy, and G,
where the subscripts represent the spatial direction along which the field strength
changes.

Gradient pulse: Briefly applied gradient magnetic field.

Gyromagetic ratio: Physical constant measuring the ratio of the magnetic mo-
ment to the angular momentum of a particle.

Hahn echo: Echo signals created by multiple RF pulses.
Hard pulse: Short intense RF pulse; also see nonselective pulse.

Helmholtz coil: Pair of current-carrying coils used to create uniform magnetic
field in the space between them.
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Image contrast: The relative difference in image intensity of different tissues,

Inversion pulse: A 180° RF pulse that cause precessing nuclei to shift to the
opposite state.

Inversion-recovery sequence: RF pulse sequence that applies a 180° inversjon
pulse before each 90° excitation pulse.

Inversion time: Time interval between the middle of a inversion pulse and that
of the subsequent 90° excitation pulse in inversion-recovery pulse sequence.

Isochromat: A group of spins with the same resonance frequency.

K-space: Spatial-frequency domain: it is the mathematical space in which the
Fourier transform of a spatial function is represented.

K -space trajectory: The Path traced in k-space when a transient time signal is
mapped to k-space by a magnetic field gradient function.

Laboratory frame: The Cartesian coordinates (z,y, z) that are stationary with
respect to the observer.

Larmor equation: Equation relating the resonance frequency of a nuclear mag-

netic moment to the magnetic field it experiences via the gyromagnetic ratio, usy-
ally written as wp = vBj.

Larmor frequency: The frequency at which resonance can be induced from a
nuclear spin system.

Line shape: Distribution of the relative strength of resonance as a function of
frequency, which forms a particular spectral line.

Line width: Spread in frequency of a resonance line in an NMR spectrum. A

common measure of line width is the ful] width at half-maximum of a resonance
peak.

Linear navigator: See navigator echoes.

Longitudinal magnetization: Component of the macroscopic magnetization vec-
tor pointing along the direction of the static magnetic field.

Longitudinal relaxation: See spin-lattice relaxation.
Longitudinal relaxation time: See spin-lattice relaxation time.

Lorentzian line: Spectral line shape characterized by a narrow peak and long
tails, with amplitude proportional to 1 [[/TE + (f - fo)?], where f is the fre-

quency variable and f; is the frequency of the peak (i.e., central resonance fre-
quency).
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Magnetic field: The region surrounding a magnet (or current-can:ymg c;mc;it.::t::nﬂrr)l
is endowed with certain properties. One is thaf a sm?ll magnet in suc g rldgis "
experiences a torque that tends to align it in a given dll:CCIl-Oﬂ. Magnl?tlc n:.h i
vector quantity whose direction is defined as the direction in which the north p

of the small magnet points when in equilibrium.

Magnetic moment: A measure of the net magnetic prope_rties of an ob__lect or par‘-
ticle. A nucleus with an intrinsic spin will have an associated magnetic moment,

so that it will interact with a magnetic field.
Magnetic resonance: See nuclear magnetic resonance.

Magnetic resonance imaging: Methods whereby NMR si_gna]_s are spatially Ier,a-
coded using magnetic field gradients so that spatial distribution of a sample ds
NMR properties, such as spin density and relaxation times, can be reconstructe
and presented in an image format.

Magnetic resonance spectroscopy: Method to ob'tain NMR spectra ilSp!ayi
ing chemically shifted resonance peaks that provide 1nfor.mauon on the chemica
species present in the system and their relative concentrations.

MR spectroscopic imaging: MR imaging techniques to obtain spatially resolved
NMR spectra.

Magnetic susceptibility: Measure of the ability of a substance to become mag-
netized.

Magnetization: Magnetic polarization of a material produced by a magnetic field
(magnetic moment per unit volume).

Navigator echoes: Auxiliary echoes collected in the imaging process for detec-
tion of object motions or other purposes. Navigator.cc-hocs collefcted aiogg a
straight line in k-space are called linear navigators; similarly, na\flgator echoes
collected along a circle centered at the k-space origin are called circular (or or-
bital) navigators.

NMR signal: Electrical (voltage) signal in the radio-frequency range produced
by a precessing transverse magnetization.

Nonselective pulse: RF pulse with large frequency bandwidth that excites all
nuclei of a particular type indiscriminately.

Nuclear magnetic resonance: The absorption or emission of electromagnetic en-
ergy by nuclei in a static magnetic field, after excitation by a suitable RF magnetic

field.

Nuclear spin: Anintrinsic property of certain nuclei that gives them an associated
characteristic angular momentum and magnetic moment.
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Nuclear spin quantum number: See spin quantum number.

Nyquist frequency: The critical sampling frequency of a signal beyond which
aliasing will occur in the sampling process. The frequency is twice the maximum
frequency of a bandlimited signal.

Nyquist interval: Inverse of N yquist frequency. The critical sampling interval of
a signal beyond which information loss will occur in the sampling process.

Off resonance: A state occurring when the Larmor frequency of a spin isochro-
mat is different from that of an excitation RF field.

On resonance: A state occurring when the Larmor frequency of a spin isochro-
mat matches that of an excitation RF field.

Paramagnetic: A substance with a small but positive magnetic susceptibility
(magnetizability). The addition of a small amount of paramagnetic substance may
greatly reduce the relaxation times of water. Typical paramagnetic substances
usually possess an unpaired electron; examples are atoms or ions of transition el-
ements, rare earth elements, some metals, and some molecules, including molec-
ular oxygen and free radicals. Paramagnetic substances are considered promising
for use as contrast agents in MR imaging.

Permanent magnet: Magnet whose magnetic field originates from permanently
magnetized material.

Permeability: Tendency of a substance to concentrate magnetic field.

Partial saturation: Excitation technique applying repeated RF pulses in times
on the order of or shorter than T3.

Phase coherence: Maintenance of a constant phase relationship among all spin
isochromats.

Phase encoding: Technique to establish a linear relationship between the spatial
location and the phase of an NMR signal.

Phase sensitive detector: A detector whose output is the product of the input
signal and a sinusoidal reference signal so that it depends on the amplitude of the
input signal and its phase relative to the reference.

Pixel: Picture element.
Point spread function: See convolution kernel.

Precession: Comparatively slow gyration of the axis of a spinning body caused
by the application of a torque. The magnetic moment of a nucleus with spin will
experience such a torque when inclined at an angle to the magnetic field, resulting
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in precession at the Larmor frequency. Another example is the effect of gravity
on the motion of a spinning top or gyroscope.

Precession frequency: See Larmor frequency.
Pulse length (width): The time duration of an RF pulse.

Pulse sequences: A timed diagram showing RF and/or gradient pulses used to
manipulate a spin system.

Quadrature detection: Method to detect NMR signals that cmplc.\ys .two phase-
sensitive detectors, one measuring the z-component of the magnetization and the
other measuring the y-component. The reference signals are 90° out of phase.

Radon transform: Mathematical operation to generate projection profiles from
an object function by line, or planar, or hyperplanar integrals.

Receiver coil: RF coil converting a rotating magnetization to an electrical voltage
signal.

Relaxation times: NMR time constants characterizing the longitydinal (spin-
lattice) and transverse (spin-spin) relaxations. Most frequently menu.onecl are_Tl,
T3, and T;. T (spin-lattice relaxation time) is a m‘eas_ure of the ulmc rcqullre.d
for a spin system to return to thermal equilibrium with its suz_-roundmg§ (]at.tlce)
following perturbations (e.g., by an RF pulse). T3 (spt.n-st relaxatlor! tlmfa)
is a measure of the decay time of the transverse magnetization due_to spin-spin
interactions; Ty accounts for the effect of both T3 decay and magnetic field inho-

mogeneities.
Rephasing gradient: Magnetic field gradient pulse, of opposite polarity to the

previously applied dephasing gradient, to rephase transverse magnetization. It is
usually used for generation of a gradient-echo signal.

Resistive magnet: Magnet whose magnetic field originates from current flowing
through an ordinary (nonsuperconducting) conductor.

Resonance frequency: Frequency at which the resonance phenomenon occurs;
given by the Larmor equation for a nuclear spin system.

RF coil: Coil used to generate RF pulses and/or detect MR signals from a rotatiqg
magnetization. Commonly used are birdcage coils, saddle coils, and solenoid

coils.

RF pulse: Burst of oscillating magnetic field rotating in the radio-frequency range
about the direction of the static magnetic field.

; s !
Rotating frame of reference: Cartesian coordinate system (z’,y’, z’) whose
transverse plane is rotating about the z-axis with respect to the laboratory frame.
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Rotating frame zeugmatography: Technique of MR imaging that uses a gradi-
ent of the RF excitation field (to give a corresponding variation of the flip angle
along the gradient as a means of encoding the spatial location of spins in the di-
rection of the RF field gradient) in conjunction with a static gradient magnetic
field (to give spatial encoding in an orthogonal direction). It can be considered to
be a form of Fourier transform imaging.

Saturation: A nonequilibrium state of a spin system, in which equal numbers
of spins are aligned against and with the magnetic field, so that there is no net
magnetization.

Saturation-recovery sequence: Particular type of pulse sequence in which the
preceding pulses leave the spins in a state of saturation, so that recovery at the time
of the next pulse has taken place from an initial condition of no magnetization.

Selective excitation: Frequency-selective RF pulses used to excite all but a de-
sired region, such as a plane.

Shim coils: Coils carrying a relatively small current that are used to provide
auxiliary magnetic fields to compensate for inhomogeneities in the main static
magnetic field.

Shimming: Correction of inhomogeneities in the main static magnetic field.
Sinc pulse: RF pulse whose envelope is a sinc function.

Singular value decomposition: Generalized eigen decomposition of a rectangu-
lar matrix.

Slice selection: Excitation of spins in a predetermined plane using a selective RF
pulse in the presence of a field gradient.

Soft pulse: RF pulses with a smooth envelope; also see frequency-selective RF
pulse and tailored pulse.

Solenoid coil: A coil of wire wound in the form of a long cylinder. When a
current is passed through the coil, it produces a relatively uniform magnetic field
within the coil.

Spin: The intrinsic angular momentum of an elementary particle, or system of
particles such as a nucleus. The spins of nuclei have characteristic fixed values.
Pairs of neutrons and protons align to cancel out their spins (Pauli exclusion prin-
ciple), so that nuclei with an odd number of neutrons and/or protons will have a
net angular momentum, known as nuclear spin.

Spin echo: Echo signal generated by multiple RF pulses that refocus the dephased
transverse magnetization.
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Spin-echo imaging: MR imaging techniques in which spin-echo signals rather
than the FID signals are used.

spin-lattice relaxation: The process by which the longitudinal magnetization
returns to its equilibrium value after excitation; it involves exchange of energy
between the nuclear spins and the lattice.

spin-lattice relaxation time: The characteristic time constant for nuclear spins to
realign themselves with the external magnetic field. Starting from zero, the bulk
magnetization will grow 63% of its final maximum value in a time T}.

Spin quantum number: Property of all nuclei related to the largest measurable
component of the nuclear angular momentum. Nonzero values of nuclear angular
momentum are quantized (fixed) as integral or half-integral multiples of (h/2),
where h is Planck’s constant. The number of possible energy states for a given
nucleus in a fixed magnetic field is equal to 2] + 1.

spin-spin relaxation: The process by which the transverse magnetization decays
to zero due to spin-spin interactions resulting in a loss of phase coherence.

spin-spin relaxation time: The time constant characterizing spin-spin relaxation
process. Starting from a nonzero value, the transverse magnetization will decay
to 37% of its initial value in a time T5.

Spin-warp imaging: Fourier transform imaging in which phase-encoding gra-
dient pulses are applied for a constant duration but with varying amplitude, in
contrast to the original FT imaging method in which phase encoding is performed
by applying gradient pulses of constant amplitude but varying duration.

Spiral imaging: Ultra-fast imaging schemes that collect k-space data in spiral
trajectories.

Spoiler gradient pulse: Magnetic field gradient pulse applied to effectively de-
stroy a transverse magnetization by producing a rapid phase variation along the
gradient direction.

Steady-state free precession: Method of MR excitation in which a sequence of
uniform RF pulses are applied with interpulse intervals that are short compared to
both T1 and Tz.

Stimulated echo: A form of spin echo produced by a sequence of three RF pulses,
appearing at a time delay after the third pulse, which is equal to the interval be-
tween the first two pulses.

Superconducting magnet: Magnet whose magnetic field originates from current
flowing through a superconducting coil.

Surface coil: RF coil that is placed close to the surface of the object being imaged.
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It increases signal-to-noise for regions close to the coil.

Tailored pulse: RF pulse whose envelope is varied with time in a predetermined
manner, for example, a sinc function.

Thermal equilibrium: A state in which all parts of a system are at the same
effective temperature. In thermal equilibrium, relative numbers of nuclear spins
at different energy states is given by the Boltzmann distribution.

Tip angle: See flip angle.
Transceiver coil: RF coil used as both a transmitter and a receiver.
Transmitter coil: RF coil that produces an oscillating magnetic field.

Transverse magnetization: Component of the macroscopic magnetization vec-
tor at right angles to the static magnetic field.

Transverse relaxation: See spin-spin relaxation.
Transverse relaxation time: See spin-spin relaxation time.

Truncation artifact: Image artifact due to the loss of high spatial frequency data.
With the Fourier reconstruction method, it manifests itself as image blurring and
spurious ringing near sharp edges.

Vector: A quantity with both magnitude and direction.

Volume imaging: Imaging techniques in which NMR signals are gathered simul-
taneously from the whole object volume to be imaged.

Voxel: Volume element.

Zero-filled FFT: A data sequence is padded with zeros at one or both ends before
the FFT algorithm is applied.

Zeugmatography: The original name given to MRI by Lauterbur.
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Appendix C

Abbreviations

ARMA
ART
BP

Cp
CPMG
CSI
CT
DANTE
DFT
DIME
EPI
FBP

fe

FISH
FLASH
FSE

FOV

GE

GPC
GRASS

Autoregressive moving average
Algebraic reconstruction techniques
Backprojection

Carr-Purcell (sequence)
Carr-Purcell-Meiboom-Gill (sequence)
Chemical shift imaging

Computerized tomography

Delays Alternating with Nutations for tailored excitation

Discrete Fourier transform

Dynamic imaging by model estimation
Echo-planar imaging

Filtered backprojection

Frequency encoding

Fast Fourier transform (algorithm)
Free induction decay

Fast Imaging with Steady-state Precession
Fast Low-Angle SHot

Fast spin echo

Fourier transform

Field of view

Full width at half-maximum

Gauss

Gradient echo

Ghost phase cancellation

Gradient Recalled Acquisition in the Steady State
Generalized series

Hertz (1 cycle/second)

Inversion recovery

Kevin

Kilo Hertz

Linear prediction

~ana
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MEG Magnetoencephalography

MHz Mega Hertz

MR Magnetic resonance

MRI Magnetic resonance imaging

MRS Magnetic resonance spectroscopy

NMR Nuclear magnetic resonance

pe Phase encoding

POCS Projection onto convex set

ppm Parts per million

PS Partial saturation

PSD Phase-sensitive detection

PSF Point spread function

RARE Rapid Acquisition with Relaxation Enhancement

RF Radio frequency

RIGR Reduced-encoding imaging by generalized-series
reconstruction

s Second

SAR Synthetic aperture radar

SE Spin echo

SNR (S/N) Signal-to-noise ratio

SPECT Single photon emission computed tomography

s Slice selection; steady state

SSFP Steady-state free precession

STE Stimulated echo

SVD Singular value decomposition

i Tesla

i e

(asstarrien. -
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Appendix D

Mathematical Symbols

The following is a partial list of symbols used in the book. A few symbols are
used for more than one purpose, and their meaning should be interpreted in the

context.

Vector quantities

Matrix

Maximum amplitude of an echo signal
Maximum amplitude of an FID signal
Magnetic field

Static magnetic field

Radio-frequency (RF) field

RF field in the rotating frame

Pulse envelope function

Effective magnetic field in the rotating frame
Gradient field

Receiver sensitivity

Comb function

sin(Nz)/sinz

Mathematical expectation operator

Spin energy in the pointing-up state

Spin energy in the pointing-down state
Frequency bandwidth of a time signal
Sampling frequency

Forward/inverse Fourier transforms
m-dimensional forward and inverse Fourier transforms
Frequency-encoding gradient
Phase-encoding gradient

Slice-select gradient

Field gradients along the z-, y-, and z- directions
Gaussian window function
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Sy
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=Q
D
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STy

-
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-

o

N

RN
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=

M.i+ M,
zy = Mz +iM,
Mz, My, M
Myy 2 Mp? + My
Mgy 2 My + iMy,
M

M.(0-)

My (0-)

M. (0—)

Mx’y’(u—)

Mo (04)

My’ (0+)

M(04)

Mz:y:(04)

mp

Ny, N,

N;

»(f)

ps()

P(p, ¢)

R

R, R1!

R B2

Rﬂ

Rz (a), Ry (a), R (a)
sgn(z)

LS
e 1l

<

Planck’s constant

Shannon entropy

Spin quantum number

Unit directional vectors of the z-, y-, and z-axes
Unit direction vectors of the z'-, y'-, and z'-axes
Taking the imaginary part of a complex number
Image function

Identity matrix

Angular momentum

Jacobian matrix

Bessel functions

Spatial frequency variables

Boltzmann’s constant

Bulk magnetization vector

Bulk magnetization vector in the rotating frame
Components of M

Transverse magnetization

Complex transverse magnetization

Components of M,q,

Rotating frame transverse magnetization
Rotating frame complex transverse magnetization
Thermal equilibrium value of M established by Bg
Prepulse value of M-

Prepulse value of M,

Prepulse value of M,/

Prepulse value of M/,

Postpulse value of M,

Postpulse value of M,

Postpulse value of M,/

Postpulse value of M/,

Magnetic quantum number

Number of spins pointing up and down, respectively
Total number of spins in a sample

Frequency selection profile of an RF pulse

Slice selection profile of an RF pulse
Projections of an object

Taking the real part of a complex number
Forward/inverse Radon transforms
m-dimensional forward and inverse Radon transforms
n-dimensional Euclidean space

Rotation matrix about the z'-, y'-, and 2'-axes
Sign function
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sinc(z)
S(k)
S(t)
Ty
Ty, T;
Tacq
T
Ty
Toe
TR
Ts
V(t)

Vpsd (t)

u(-)

w(-)

Wi

W, W, W,

x5, 2

zl‘ yl’ zl

o

8

é(z)

é(n)

Ak, Akz, Aky, Ak,
At

Az, Ay, Az
A:EF, Ayp, AZ’F
T ¥ ==

I

A

Hzy fys Bz

It

7]

fs

7

¢

®(t)

wo

wy

Wrf

Weff

p(°)

o

sinz/z

k-space signal

Measured time signal

Longitudinal relaxation time constant
Transverse relaxation time constants

Data acquisition interval

Echo time

Inversion time in an inversion-recovery sequence
Phase-encoding interval

Repetition time in an imaging sequence
Absolute temperature of a spin system
Induced voltage signal

Voltage signal from a phase-sensitive detector
Unit step function

Window function

Effective width of A(-)

Spatial support bounds of an object

Axes of the laboratory frame

Axes of the rotating frame

Flip angle

Shielding constant

Dirac delta function

Kronecker delta function

k-space sampling interval

Time sampling interval

Pixel size

Fourier pixel size

Gyromagnetic ratio

Mean value of a Gaussian function
Magnetic moment vector

Components of /i

Unit directional vector

Gradient direction

Slice direction

Azimuthal angle; initial pulse angle
Projection angle

Magnetic flux through a receiver coil
Larmor frequency corresponding to the By field
Precessional frequency about the B, field
Excitation frequency of the RF field
Precessional frequency about the B.g field
Spin density function

Standard deviation
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Standard deviation of data noise

Standard deviation of image noise

Time interval between the 90°- and 180°-pulse
Time duration of an RF pulse

Gradient operator V = ;% + }"% + E%
Triangular window function

Rectangular window function

Dot product of vectors

Convolution operator (or Hermitian symmetry
operator when used as a superscript)
Two-dimensional convolution
Three-dimensional convolution

Appendix E

Physical Constants

Boltzmann constant (K): Universal constant that relates macroscopic parameter

to an absoluté temperature; K = 1.38 x 10723 J/K

Gyromagnetic ratio (y): The ratio of the magnetic moment to the angular mo-
mentum of a particle. This constant is nucleus-specific; its values for some

NMR-active nuclei are given in the following table.

v/2n
MHzT

'H

IJC

19F

JIP

42.58

10.71

40.05

11.26

Planck constant (h): Constant of proportionality (6.6 x 10734 J-s) that relates
the amount of energy emitted or absorbed by a photon to its oscillation fre-

quency.
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Absorption-mode spectrum, 112-113
Algebraic reconstruction techniques
(ART), 210-212
Aliasing artifact, 255-257, 306
Angiographic imaging, 4
Angular momentum, 58-59
AR filter, 341-342, 346
ARMA model, 340-347
Artifact, 151, 255-270, 275,
281-284, 306
aliasing, 255-257, 306
chemical shift, 258-259
cross talk, 151
data clipping, 281-282
ghost, 267, 275
Gibbs ringing, 251-254
motion, 260-270
noisy spike, 282-284
Azimuthal angle, 15

B

By field, 5

B, field, 7, 70-72

Backprojection, 202-206

Bandlimited extrapolation, 332-333

Bandlimited function (signal),
173-174

Bessel function, 24-25

Birdcage coil, 7

Bloch equation, 76-77

Boltzmann constant, 65

Boltzmann relationship, 65

Bulk magnetization, 8, 64-67

Burst imaging, 311-314

C
Characteristic polynomial, 342, 356
Chemical shift, 68
Chemical shift artifact, 258-259
Circular sampling trajectory, 161
Coil, 6-7
birdcage, 7
gradient, 6-7
receiver, 7
shim, 6
surface, 7
transceiver, 7
transmitter, 7
Comb function, 22
Conjugate variables, 29
Convex set, 325
Convolution, 26-28
associativity, 26
central limit theorem, 27
commutativity, 26
continuous functions, 26
differentiation property, 26
discrete functions, 26
distributivity, 26
shifting property, 26
width property, 26
Convolution theorem, 31, 50
Correlation coefficient, 242
CPMG echo train, 130
Cross product, 16-17
Cross-talk artifact, 151

D
DANTE, 311
Data clipping artifact, 281-282
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Data-consistency constraint, 188—189
Decimation-in-time radix-2 FFT
algorithm, 196
Detection sensitivity, 95
DIME, 277-281
Dirac delta function, 20
differentiation property, 22
Fourier transform of, 34
sampling property, 22
scaling property, 21
Direct backprojection method, 204
Direct Fourier reconstruction, 210
Dirichlet function, 23-24
Discrete Fourier transform (DFT),
195-196
Dispersion-mode spectrum, 113
Dot product, 16
DUFIS, 312
Dynamic equilibrium, 228, 297

E
Earth’s magnetic field, 6
Echo signals, 114-135
Echo-planar imaging (EPI), 304-311
Effective field, 77, 87-88
Electromagnetic induction, 94
Electromagnetic spectrum, 3
Energy states, 64-65
Entropy measure, 334, 336
Envelope function, 71-72
Ernst angle, 298
Excitation, 77-88
Off resonance, 87-88
On resonance, 77-86
Excitation frequency, 71-72
Extended phase graph, 125-130
branching rules, 127-128

F

Faraday law, 94-95

Fast Fourier transform (FFT), 196

Fast gradient-echo imaging,
297-303

FISP, 302-303
FLASH, 297, 302-303
GRASS, 297
Fast spin-echo imaging, 291-296
Feasible reconstruction, 188, 194
Field gradient system, 5
Field homogeneity, 6
Field of view (FOV), 193
Filtered backprojection
reconstruction, 207-209
Finite sampling, 194
FISP, 302-303
FLASH, 297, 302-303
Flip angle, 79-80
Forced precession, 79
Fourier pixel size, 236
Fourier reconstruction, 194
Fourier transform, 28-35
analyticity, 31
asymptotic property, 31
conjugate symmetry, 31
convolution theorem, 31
definition, 29
derivatives, 31
linearity, 30
modulation property, 30
Parseval’s theorem, 31
scaling property, 31
shifting theorem, 30
uniqueness, 30
Free induction decay, 109-113
Free precession, 91-92
Frequency encoding, 153-155
Full width at half-maximum, 112

G
Gauss, 6
Gaussian function, 20
Fourier transform of, 33
mean of, 20
standard deviation of, 20
Gaussian pulse, 91, 152
Gaussian random variable, 241
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Generalized projection-slice theorem,
49-50

Generalized Hamming filter, 208

Generalized Series Model, 347-351

Ghost artifact, 267, 275

Ghost phase cancellation, 275-277

Gibbs ringing artifact, 251-254

Gradient coil, 6-7

Gradient echo, 131, 133-135
imaging, 227-229, 297-303

Gradient field, 131-132

Gradient moment nulling, 271-272

GRASS, 297

Gyromagnetic ratio, 59

H

Half-Fourier imaging, 322-330

Hamming window function, 19, 195,
253

Hard pulse, 91

Hermitian symmetry, 322

HSVD, 360

Hyperbolic secant pulse, 152

Hyperplanar projection, 41

Hyperspherical polar coordinates, 39

I

Ill-conditioned, 189

Ill-posed, 189

Image artifact, see Artifact

Image contrast, 3, 217-230

Image noise, 239-250

Imaging equation, 8, 165, 167, 171,
188

Infinite sampling, 193

Interlaced k-space coverage, 304

Interlaced sampling, 174-175, 305

Inverse Radon Transform, 200-202

Inversion recovery, 221, 224

Isochromat, 68, 86, 88

Isofrequency line, 155

Isofrequency plane, 155

K
k-space, 29
coverage, 169
signal, 8
trajectory, 304
(k, t)-space trajectories, 268

Keyhole-Fourier imaging, 350

Kronecker delta function, 22

L

Larmor equation, 68
Larmor frequency, 63, 67
Left-hand rule, 63

Line integral, 36

Line width, 112

Linear interpolation, 206
Linear prediction, 341, 355
Longitudinal relaxation, 91
Lorentzian distribution, 108
Lorentzian line, 112
Low-pass cosine filter, 208
Lower-energy state, 64, 66
LPSVD, 358

M
M filter, 208
MA filter, 341
Magpnet, 5
permanent, 5
resistive, 5
superconducting, 5-6
Magnetic moment, 8, 58
Magnetoencephalography, 1
Magnitude spectrum, 29
Margosian Method, 323
Matrix, 18
addition, 18
complex conjugate, 18
determinant, 18
eigenvalues, 18
Hermitian, 18
inverse, 18
multiplication, 18
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Index

orthogonality, 18

scalar multiplication, 18

transpose, 18

unitary, 18
Maximum entropy reconstruction, 334
Minimum cross-entropy principle, 348
Minimum-norm solution, 332
Motion artifact, 260-270
Motion compensation, 270281

N
Natural resonance frequency, 68
Navigator echo, 272-274
circular, 272-274
linear, 272-273
spiral, 304, 309-311
zigzag, 304, 305, 313
Nearest-neighbor interpolator, 206
NMR-active nucleus, 60
Noise, 239-250
direct FFT reconstruction, 246
filtered backprojection reconstruc-
tion, 250
zero-padded FFT reconstruction,
248
Noisy spike artifact, 282-284
Nonselective pulse, 91
Nuclear magnetic moment, 58
Nuclear precession, 62-63
Nuclear spin, 58, 64
Nyquist frequency, 174
Nyquist interval, 174
Nyquist sampling criterion, 174, 176

0

Off-resonance excitation, 87-88
On-resonance excitation, 77-86

P

Parallelogram rule, 15

Partial Radon transform, 4041
Perfect spoiling condition, 298
Phase encoding, 155-157

Phase memory, 125
Phase spectrum, 29
Phase-sensitive detection, 97
Planar projection, 41
Planar vector, 15
complex notation, 15
Planck’s constant, 60
Plane integral, 40
Point spread function, 233-239, 262
backprojection reconstruction, 237
Fourier reconstruction, 235
Poisson formula, 191
Polar angle, 15, 39
Polar sampling, 176-177
Polarization, 5
Population difference, 6667
Positron emission tomography, 1
Post-excitation rephasing, 149
Precession frequency,
see Larmor frequency
Probability density function, 240
Projection, 36
Projection angle, 36
Projection onto convex sets (POCS),
325
Projection profile, 41
Projection-slice theorem, 45
generalized, 49
Pulse truncation effect, 151

Q

Quadrature detection, 94, 99

R
Radio frequency, 7
Radix-2 FFT algorithm, 198
Radon, |
Radon transform, 36-51, 200-202
inverse, 200-202
linearity, 43
periodicity, 43
rotation property, 43
scaling property, 43
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shifting property, 43
sinogram, 43
symmetry, 43
Ram-Lak filter, 208
Random signal, 244-245
correlation function, 244
ergodicity, 245
mean, 244
stationarity, 244
variance, 244
Random variable, 239-244
mean, 240
variance, 241
statistical properties, 241-242
Raysum, 36
Receiver coil, 95
Rectangular pulse, 72, 80, 91
Rectangular window function, 19
Rectilinear sampling, 176
Rectilinear trajectory, 170-171, 188,
307
Reduced-scan imaging, 321
Refocusing gradient, 149
Relaxation, 91-93
phenomenological description, 91
Rephasing condition, 149
Rephasing process, 115
Resolution limitation, 233
Resonance condition, 70
RF coils, see Coil
RF echoes, 114-125
RF excitation, see Excitation
RF pulse, 70-72
envelope function, 71
excitation frequency, 71
frequency selectivity, 88
Gaussian, 91, 152
hyperbolic secant, 152
initial phase angle, 71
RF system, 5,7
Riemann-Lebesgue lemma, 189
Right-hand rule, 16
RIGR, 350

Rise time, 6
Rotating reference frame, 72-75
Rotation matrix, 63, 81

S
Saddle coil, 7
Sampling requirements, 176-179
Sampling trajectory, 158
circular, 161
rectilinear, 170-171, 188, 307
Saturation recovery, 218-221, 223
preparatory pulse, 219
saturation condition, 219
Scalar (dot) product, 16
Selective excitation, 141, 142
Selective pulse, 91
Shannon entropy, 334
Shannon sampling theorem, 173-174
Shaped RF pulse, 142
Shepp-Logan filter, 208
Shielding constant, 68
Shim coil, 6
Signal averaging, 243, 291
Signal demodulation, 94, 97
Signal detection, 94
Signal expression, 97, 99, 100, 124
Signal-nulling effect, 222
Signum function, 19
Fourier transform of, 34
Sinc function, 23, 90
Sinc pulse, 72, 91
Single photon emission computed
tomography (SPECT), 1
Single-shot imaging, 304, 309
Singular value decomposition, 357
Sinogram, 4344
Slice selection, 142-152
equation, 142-152
excitation, 141
gradient, 143, 145, 149
orientation, 142-144
pulse, 145, 152
thickness, 142
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Al

Small-tip-angle assumption, 147-148

Soft pulse, 91
Solenoidal coil, 7
Spatial encoding, 141, 153
Spectral density function, 109-110
Spectroscopic imaging, 6
Spherical coordinate system, 39
Spin density contrast, 218
Spin echo, 114
Spin population difference, 65
Spin quantum number, 60
Spin-echo imaging, 223-226
Spin-lattice relaxation, 3
Spin-spin relaxation, 3
Spiral trajectory, 304, 309-311
Spoiled steady-state imaging,
297-300
spoiler gradient, 219, 297
spoiling condition, 298
SSFP signal, 300, 302
State-space method, 360
Statistical independence, 242
Steady state, 219, 223
Steady-state free precession, 300
Steady-state imaging, 297, 298, 300,
302
Steady-state signal, 297
Stimulated echo, 120, 124-126
Surface coil, 7
Synthetic aperture radar, 1

T

Ti-contrast, 218

T;-weighting, 218

T»-contrast, 218

T»-weighting, 119

TERA, 344

Tesla, 6

Thermal equilibrium, 91

Tomography, 1
diffraction, 2
emission, 2
transmission, 2

Total least squares, 359
Transient response, 9
Transmitter coil, see Coil
Transverse magnetization, 8, 88
Transverse relaxation, 91
Triangle window function, 19
Fourier transform of, 33

U

Uncertainty relation, 236

Uniform sampling, 174

Unit directional vector, 14, 17

Unit step function, 19
Fourier transform of, 34

Unitary matrix, 18

A%

Vector (cross) product, 16

Vector addition, 15

Vector components, 14

Vector multiplication, 16

Vector notation, 13-14
complex form, 15
explicit form, 13-14
implicit form, 13-14

W

Windowed Fourier reconstruction,
195

Woessner decomposition, 126-127

X
X-ray tomography, 1

Z

Zeeman splitting, 65

Zero-filled FFT reconstruction, 198

Zero-filled Fourier reconstruction.,
326

Zeugmatography, 2, 141

Zigzag trajectory, 304, 305, 313
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