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Preface 

11lt story is lold that young Killg Solomon was given the choice 
betweell weallll alld wisdom. When he chose wisdom, God was so 
plea.sed Ihat he gave SolOIl/OIi 1101 Dilly wisdom bItt wealth also. 

So it is with science. 

Arthur Holly Comploll 

Because of the unique function of our visual system for information gathering 
and processing, images or pictures playa central role in our daily lives. In fact. 
much of what we know about ourselves and the world around us has been de­
rived from images produced by various imaging devices. Magnetic resonance 
imaging (MRI), in particular, can produce images from human or any biological 
system noninvasively that reveal the structure. metabolism. and function of in­
ternal tissues or organs. greatly extending the range of human vision into realms 
that would otherwise be inaccessible. The impact of this imaging technique on 
diagnostic radiology has been revolutionary in the last two decades because of its 
capability to produce anatomical images with unprecedented quality and safety 
to the patient. With the ever-improving technology to produce images at higher 
speed (ultra-fast imaging), higher resolution (micro imaging), and higher informa­
tion content (combined anatomical, metabolic , and functional imaging), MRI will 
likely have similar impact in biology and neuroscience in the years to come. 

Functionally, MRI can be regarded as one of the tomographic imaging tech­
niques that produce images of the interior of an object from data collected outside. 
What really makes it more fascinating and attractive scientifically than many other 
techniques are its versatility and flexibility. To quote a popular saying of Erwin 
Hahn, "there is nothing that nuclear spins will not do for you, as long as you treal 
them as human beings." 

This book is about MRL Although its working principles are not the easiest 
to understand for beginning students, they are certainly fun to learn. This book is 

xiii 
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Preface 

our attempt to help your endeavor. In contrast to many exis ting books on this sub. 
ject, Our discussions will be based on a signal processing approach in which the 
de~Crjplions of. the fu.ndamental concepts and principles center around a signal. 
This ~pproach IS motIvated largely by the consideration that understanding how 
MR sl~nals are generated, detected, manipulated, and processed into an image is 
essentJ~I. The boo~ has tcn chapters covering five major topics of MRI: (1) signal 
~eneratlon, detection, and characteristics. (2) spatial localization principles, (3) 
Image reconstruction, (4) image resolution, contrast, noise, and artifacts, and (5) 
adv~nced concepts ~n data acquisition (fast·scan imaging) and processing (can. 
stramed reconstruct ion). The style of presentation is aimed at upper-level under. 
graduate and graduate engineering students for use as a textbook on this subject. 
Toward this end, we have included homework problems in each chapter to assist 
the instructors in teaching and the students in learning the material. In addition, 
we hope that the materials are covered at an appropriate level to be useful as a 
reference for medical imaging scientists in this field. 

Zhi-Pei Liang 
Paul C. Lallterbur 

Ulliversity of Illinois at Urbana-Champaigll 
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Chapter 1 

Introduction 

Ajollmey of a thollsand miles mllJr begin with a single step. 

LaoZ; 

Tomography is an important area in the ever-growing field of imaging science. 
The term tomos (TOj.1.0r:;) means "cut" in Greek, but tomography is concerned with 
creating images ofthe internal (anatomical or functiona l) organization of an object 
without physically cutting it open. To a beginner, it might seem inconceivable, but 
as your reading of this book progresses. you will appreciate not only the feasibility 
but also the inherent beauty and simplicity of tomography. 

Tomographic imaging principles are rooted in physics, mathematics, com­
puter science, and engineering. However, development of these principles is 
traditionally tied to solving application problems-particularly biomedical prob­
lems. Therefore, their theoretical significance has not been well appreciated by 
researchers outside this field. Like any other scientific discipline, tomography has 
a unique history. Radon was perhaps the first to address the tomographic imaging 
issue, albeit from a purely mathematical standpoint. Unfortunately, his seminal 
work published in 1917 went unnoticed for half a century. The sixties :!nd the 
seventies were the formative years of tomography when ground-breaking work 
was done for both X-ray tomography and magnetic resonance imaging (MRI) . 
Now, a number of tomographic imaging modalities are available for medical and 
nonmedical uses. A partial list includes X-ray CT (computer tomography), MRI, 
PET (posi tron emission tomography), SPECT (single photon emission computed 
tomography), MEG (magnetoencephaiography), SAR (synthetic aperture radar), 
and various acoustic imaging systems. Although these systems use different phys­
ical principles for signal generation and detection, the underlying signal process­
ing principles for image formation are, to a large extent, the same. Therefore, it 
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2 Chapter 1 Introduction 

is fair to say that understanding how one imaging modality works will provide a 
significant insight into the working principles of other imaging modalities as well. 
. This book is about MRI. Its emphasis is on the principles of image forma­

lion rather than the hardware to build an MRI system or the applications of such 
a system. The reader is referred to the book by Chen and Houl! [I3] on MRI 
technology or to the two volumes edited by Stark and Bradley [62] on MRI appli­
cattons. 

1.1 What Is MRI? 

Simply pur, MRI is a tomographic imaging technique that produces images of in­
ternal physical and chemical characteristics of an object from externally measured 
nuclear magnetic resonance (NMR) signals. Physically, MRI is based on the well­
known NMR phenomenon observed in bulk matter independently by Felix Bloch 
at Stanford and Edward Purcell at Harvard in 1946. Image formation using NMR 
s ignals is made possible by the spatial information encoding principles, originally 
coined zellgmalOgraphy [182], developed by Paul Lauterbur in 1972, These prin­
ciples enable one to uniquely encode spatial infonnation into the activated MR 
signals detected outside an object. To help answer the question "What is MRI?" 
some notable features of MRI are listed below. 

First, like any other tomographic imaging device, an MRI scanner outputs 
a multidimensional data array (or image) representing the spatia) distribution of 
some measured physical quantity, But unlike many of them, MRI can generate 
two-dimensional sectional images at any orientation, three-dimensional volumet­
ric images, or even four-dimensional images representing spatial-spectral distri­
butions. In addition, no mechanical adjustments to the imaging machinery are 
invol ved in generating these images, 

Second, MR signals used for image formation come directly from the object 
itself. In this sense, MRI is a form of emission tomography similar to PET and 
SPEeT. But unlike PET or SPECT, no injection o f radioactive isotopes into the 
object is needed for signal generation in MRI. There are other forms of tomog­
raphy in use, including transmissioJl tomography and diffractioll tomography. X­
ray CT belongs to the first category, while most acoustic tomography is of the 
diffraction type, In both cases, an external signal source is used to "probe" the 
object being imaged. 

Third. MRI operates in the radio-frequency (RF) range, as shown in Fig. 1.1. 
Therefore, the imaging process does not involve the use of ionizing radiation and 
does not have the associated potential harmful effects. However, because of the 
unique imaging scheme used, the resulting spatial resolution of MRI is not lim­
ited by the "probing" (or working) frequency range as in other remote-sensing 
technologies . 

Section 1.1 What Is MRI? 
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Finally. and perhaps most importantly to an MRI user. MR images are ex­
tremely rich in information content. The image pixel value is in general dependent 
on a host of intrinsic parameters, including the nuclear spin density p. the spin­
lattice relaxation time T1 , the spin-spin relaxation time T2 , molecular mot ions 
(such as diffusion and perfusion), susceptibility effects. and chemical shift differ­
ences. The imaging effects of these parameters can be suppressed or enhanced 
in a specific experiment by another set of operator-selectable parameters. such 
as repetition time (TR). echo time (TE). and flip angle (a) . Therefore. an MR 
image obtained from the same anatomical site can look drastically different with 
different data acquisition protocols. An example is given in Fig, 1.2, in which the 
three images shown were obtained from the same cross section of a human head 
using a so-called spin-echo imaging sequence (discussed in Section 7.4), As can 
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Figure 1.2 Cross-sectional head image obtained using a spin-echo excitation sequence 
with (a) spin density-weighted contrast (TE = 17 ms, TR = 2000 ms); (b) T\-weighted 

contrast (TE = 18 ms. TR = 400 ms); and (c) T2 ·weighted comrast (TE = 80 ms, 
TR = 2500 ms). 

be seen. the image contrast corresponding to different TR and TE values is quite 
di~ferenl. Another example is shown in Fig. 1.3. in which signals from stationary 
SpinS .were suppressed so that only the flowing blood was imaged. In general. an 
MRI Image can be made to be a spatial map of the density of stationary spins or 
moving spins, or of relaxat ion times. or of the water diffusion coefficients. These 
are the subjects of study for subareas known as spectroscopic imaging. diffusion· 
weighted imaging. angiographic imaging. and functional imaging. Arguably, it is 
the flexibility in data acquisition and the rich contrast mechanisms of MRI that 
endow the technique with superior scientific and diagnostic values. 

Figure 1.3 An example of angiographic imaging. 

Section 1.2 A System Perspective 5 

1.2 A System Perspective 

An MR imager is shown in Fig. 1.4, which resembles an X-ray CT scanner. How­
ever, beyond the system appearance, an MR scanner and a CT scanner have little 
in common in tenus of hardware components. An MR scanner consists of three 
main hardware components: a main magnet. a magnetic field gradient system, 
and an RF system. This section briefly describes their functional characteristics. 
For a more in-depth discussion, the reader is referred to the literature (8 , 64}. 

Figure 1.4 A typical clinical MRI scanner. (Images courtesy of GE Medical Systems.) 

1.2.1 The Main Magnet 

The main magnet is either a resistive. a permanent, or a superconduct ing magnet. 
Its primary function is to generate a strong uniform static field. referred to as the 
Bo field, I for polarization of nuclear spins in an object. Resistive magnets are 
generally used at low field « 0.15 T); permanent magnets can operate at field 
strengths up to 0.3 T; superconducting magnets are normally used for generating 

I A magnetic fi eld is a vector quantity, but we will use the conventional scalar notal ion for a mag· 
netic field when only ilS magnilUde is concerned and its direction need not be made explicit Following 

convention, the Bo field is assumed to point along the z·direclion. 
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higher field strengths.2 The optimal field strength for imaging is application­
dependent. Advantages of high fields are better signal-to-noise ratio and spectral 
resolution. Disadvantages include RF penetration problems and higher costs. The 
field strength commonly encountered in a clinical whole-body system ranges from 
0.5 t02 T. 

The spatial homogeneity of the main magnetic fie ld is defined as the maxi­
mum deviation of the field over a given volume within the region of interest:3 

. Bo max - Bo min 
Homogeneity =' , 

BO,mean 
( 1.1) 

An imaging magnet requires moderate homogeneity over a large volume to pro­
vide good image quality. A typical requirement for a human system would be 
10 to 50 parts per million (ppm) over a 30 to 50 cm diameter spherical volume. 
For spectroscopic imaging, the requirement for field homogeneity is much more 
stringent. In practice, the main magnet alone is not capable of generating such a 
highly homogeneous field. The common approach to overcoming this problem is 
to use a secondary compensating magnetic field generated by a set of so-called 
shim coils to bring the overall field to the level of desired homogeneity . 

1.2.2 The Gradient System 

The magnetic field gradient system normally consists of three orthogonal gradient 
coils, an example of which is shown in Fig. 1.5 . Gradient coils are designed to 
produce time-varying magnetic fields of controlled spatial nonuniformity, whose 
formal definition is given in Section 4.4.1. The gradient system is a crucial com­
ponent of an MRI scanner because gradient fields are essential for signallocaliza­
tion, as will become evident in Chapter 5. 

Important specifications for a gradient system include maximum gradient 
strength and the rate at which this maximum gradient strength can be obtained. 
Gradient strength is normally measured in units of millitesla per meter (mT/m). 
and the higher it is the better. Most clinical imaging systems can provide a maxi­
mum gradient strength of approximately 10 mT/m. The lower limit of the gradi­
ent strength required is determined by the criterion that the gradient field must be 
stronger than the main field inhomogeneity. 

The time interval for a gradient to ramp up to its full strength is called the rise 
time; the shorter the rise time, the better the gradient system. For conventional 
imaging methods, ri se times of approximately 1.0 ms from 0 to 10 mT/m are 
considered to be good. For some fast imaging methods (especially echo-planar 
imaging methods to be discussed in Chapter 9), a shorter rise time is needed. 

2The strength of a nugnetic field is measured in the units of gauss (G) or tesla (T) with I T = 
104 G. The eanh's magnetic field is approximately equal to 0.5 G. 

30utside the region of inrerest, the Bo field is highly inhomogeneous. Therefore. various expres­
sions in the book are valid only within the region of interest and should be used as such. 
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z-gradient coil 

y-gradient coil 

Figure 1.S Schematic representation of the Maxwell coil 
pair (z-coil segment indicated) and the y-saddle coil set used 

to establish the z- and y-gradient, respectively. 

1.2.3 The RF System 

7 

The RF system consists of a transmitter coil that is capable of generating a rotating 
magnetic field, often referred to as the B 1 field, for excitation of a spin s.yste~, and 
a receiver coil that converts a precessing magnetization into an electrical sIgnal. 
Sometimes, a single coil can be used as both a transmitter and receiver coil, thus 
the name tramceiver coil. Both the transmitter and receiver coils are usually 
called RF coils because they resonate at a radio frequency, as required by spin 

excitation and signal detection. 
A desirable feature of the RF component is (Q provide a unifonn Bl field 

and high detection sensitivity. To do so, an MR system is often equipped with 
RF coils of different shapes and sizes for different applications. Some common 
examples are solenoidal coils. saddle coils. birdcage coils. and surface coi ls. as 
shown in Fig. 1.6. A long solenoidal coil consists of many closely spaced turns 
on a cylindrical form with a diameter much less than its length. It can produce 
a uniform Bl field in its interior. A saddle coil has a pair of coils wound on a 
cylindrical surface and is able to generate a relatively homogeneous field near its 
center. A birdcage coil consists of a series of identical loops connected together 
and located on the surface of a cylinder giving the appearance of a birdcage. It 
provides the best RF field homogeneity of all the RF coils currently in ~se. Su~­
face coils come in different forms and sizes. The simplest is a loop of wIre that IS 

useful for imaging of a limited region. 

1.3 A Signal Processing Perspective 

While an MRI system is rather complex, the imaging principles that such a system 
implements are much less intimidating. Especially when viewed from a signal 
processing standpoint, the imaging process essentially involves a pair of tra ns-
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o n 
I 

o 
(a) (b) 

(c) (d) 

Figure 1.6 Some examples of RF coils : (a) solenoidal coil. (b) saddle 
coil, (c) bi rdcage coil, and (d) surface coil. 

fo~alio~s as Sho~n in Fig. 1.7. The first transfonnalion. often referred to as 
the IIl1aglllg equatlOJI, governs how the experimental data are collected. and the 
second. often referred to as the image recOllstructioli equation, determines how 
the ~easured data are processed for image formation. In engineering. the first 
step IS known as the /onvard problem and the second step is the so-ca lled in­
verse ~ro.blem. This ~ook will adopt this transform-based approach to describe 
t~e pnnclple of MR Image formation. Specifically, we will focus on how MR 
~Ignal s are genera~ed, det~ted, manipulated, and processed into an image. In do-
109 so, we start with the microscopic magnetic moments ji in an object and then 
tr~ce step-by-step how t~ey.are s~bsequent l y converted to a bulk magnetization 
M ~ a transverse magneuzauon M zy , an electr ical signal S(t), a k-space s ignal 

8(k) , and finaiiy the desi red image I(i). Therefore, the main thread that links 
the book's materials together is 

[i --7 M --7 M%. --7 8(t) --7 8(k) --7 1(i) 

As wi ll become evident later in this book, ji --+ !Vi is accomplished b 
e~posing the object to [he B o fie ld; !Vi --+ Mzy is done with RF exci tation: 

fl!xll ---4 S(t). k~own as signal detection, is based on Faraday's Jaw of induc­

IIon;8 (t) --7 8(k) is the core ofMRI , which involves the use of magnetic field 
gradIents to encode spatia l Informa tion into the transient responses of a spin sys­
tem upon RF excitat ions; and finaiiy, 8(k) --7 I(i) is the weii-known image 
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reconstruction problem common to many tomographic imaging modalities. This 
book will focus on elucidating the underlying principles of each of these steps. 

, , , 
.. 

Object 

-.. 

Dala Space 

'transform I 

~ 

Image 

Figure 1.7 The MR imaging process viewed as Lwo maLhemaLical Lransformat ions. 

1.4 Organization of the Book 

This book is intended to be useful to upper-level undergraduate and graduate stu­
dents in engineeri ng or physical sciences as a textbook for a course on this subject, 
as well as to practicing MRI scientists as a reference. It emphasizes the funda­
mental principles and concepts underlying signal generation and detection, spatial 
information encoding, and image reconstruction. The remainder of the book is or­
ganized as fo llows. 

Chapter 2 reviews some of the fundamental mathematical concepts that are 
key to understanding MRI principles. A pr imary objective is to make this book 
self-contained so that the reader will not require many reference books to review 
these materials. 

Chapter 3 covers the basic physical principles for signal generation and de­
tection. 

Chapter 4 discusses the excitation requirements and general characteristics 
of transient signals of various types generated from a spin system after pulse ex­
citations. 
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Chapter 5 discusses physical and mathematical principles for spatial local­
ization of activated MR signals. 

Chapter 6 discusses signal processing principles and techniques for image 
reconstruction from spatially encoded signals. 

Chapter 7 describes the rich mechanisms unique to MRI for manipulating 
image contrast 

Chapter 8 deals with practical imaging issues such as limited resolution, 
signal-la-noise ratios, and image artifacts. 

Chapler 9 discusses the principles and techniques of fast-scan imaging. 
Chapler 10 introduces the concept of constrained image reconstruction. 
Appendix A provides a summary of some commonly used mathematical for-

mulas. 
Appendix B contains a glossary of technical terms that frequently appear in 

the MR literature. 
Appendix C presents a partial list of mathematical symbols used in the book. 
Appendix D presents a partial li st of abbreviations used in the book. 
Appendix E contains the definitions of several physical constants. 
The bibliography provides a list of relevant references. Although MRI has a 

relatively brief history, the number of publications on this subject is overwhelm­
ing. The bibliography included is by no means comprehensive. However, it 
should provide the reader with some useful guidance in searching for further de­
tai ls on the main ideas discussed in this book. 

Exercises 11 

Exercises 

1.1 What is the radio-frequen.::y range? 

1.2 What is roughly the strength of the earth's magnetic field? What is the 
strength of the main magnet of a clinical MR imager? 

1.3 What are the main differences between emission, transmission, and diffrac­
tion tomography? 

1.4 In what sense can MRI be viewed as a form of emission tomography? 

1.5 MR imaging requires the use of three types of magnet fields: a strong 
uniform static field, an oscillating field, and three gradient fields . 

(a) Identify the hardware components in an MRI system that produce 
these magnetic fields. 

(b) Describe briefly the primary roles of these magnetic fields. 
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Chapter 2 

Mathematical Fundamentals 

If I"e ollly IDol you have is a hammer; you fend (0 
freal everythillg as if il were a nail. 

Abraham Maslolll 

This chapter reviews some mathematical concepts essential for understanding 
MRI principles. We will begin with a brief description of vector quantities and 
then review the definitions of some commonly used mathematical functions and 
two integral transforms: the Fourier transform and the Radon transform. 

Before we proceed, a word on the notation is in order. Throughout this 
text, we will use f(x) ,9(x),h(x) . and so on, to represent continuous-variable 
functions, and fin], gin]. h[n], or In, gn, hno and the like to represent discrete­
variable functions (or sequences) with the understanding that n is an integer vari­
able. In many situations when there is no confusion, we will also use J[n] or in 
to represent data samples from I(x) such that In = !In] = l(nClx) for some 
Ax. Multivariable functions are sometimes ex.pressed in vector notation such that 
I(r) may refer to I(x, Y) or I(x , y, z), depending on the context. 

2.1 Vectors 

Many physical quantities, such as velocity, magnetic field, and angular momen­
tum, have both magnitude and direction. These quantities, called vectors, are 
represented in this book by two types of symbols: symbols with an overhead ar­
row such as A (called explicit vector notations) and boldface symbols such as A 
(called implicit vector notations). To understand the subtle difference between 
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these two notations. consider a three-dimensional vector A shown in Fig. 2.1. In 
explicit form, 

(2.1) 

and in implicit form 
(2.2) 

where Ax. Ay. and Az are the X-, y-, and z-components of .4, and i, I. and 

k are the unit directional vec tors along the X-, y-, and z-axes, respectively. By 
definition, 

{ 

~- (1,0,0) 
J - (0,1,0) 
k-(O,O,l) 

(2.3) 

Within a single reference frame, both types of notations uniquely specify a vector. 
and we will use them interchangeably when there is no confusion. However. 
when multiple reference frames are used, as is often the case in describing MRI 
techniques. it is important to know which reference frame is used for vectors in 
the implicit notation. 

A, 

x 

A, 

A,. 
JE~------+---~----y 

. , 
~, . ,' 

-- -------- -------- -~ 

Figure 2.1 GraphicaJ representation of a vector. 

The magnitude and direc tion of A are represented by IA I and I'A' respec­
tively, such that 

(2.4) 

where J.L A is the unit directional vector of A . IAI and J.L A can be detennined from 
the components of A using the fo llowing formulas: 

(2.5) 

r Section 2.1 Vectors IS 

and 
(2.6) 

Alternatively, J.L A can be expressed in terms of the polar and azimuthal angles as 

follows: 
I'A = (sinOcosif>,sinOsin if>,cosO) (2.7) 

where 

(2.8) 

and 

if> = arctan (~:) (2.9) 

For planar vectors, a complex notation is often used in the MR literature. 
Specifically. let A = (A" A y ). We regard A as equivalent to A if A is con­

structed as 
A £ Az; +iAlJ (2.10) 

where i £ J=l. In the polar (or exponential) form, A can be expressed as 

A = IAlei
' = IAI(cosif> + i sin if» (2.11 ) 

where IAI = ...; Ai + A~. and if> is given in Eq. (2.9). Geometrically, if> is the 

smaller angle between A and the x-axis (real axis). 
The exponentia l fonn in Eq. (2.11) is used frequently at various places in 

this book. A special example is 

(2. 12) 

which represents a vector of length Ao rotating counterclockwise at an angular 

speed woo 
Vector quantities can be used in various operations. The simplest one is 

vector addition, which is defined as follows: 

(2.13) 

Vector addition can be performed graphically using the so-called parallelogram 
rule shown in Fig. 2.2. It is obvious that vector addition obeys the commutative 

and associative laws: 

Commutative law: 

Associative law: 

A+l3=l3+A 
A+ {13+ C) = (A+B)+C 

(2.14a) 

(2.14b) 
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, , 
"""'-------~ 

, , 

, , 

Figure 2.2 Parallelogram rule for veCLOr addition. 

Vector multiplication exists in two forms: scalar (or dot) product and vector 
(or cross) product. I The dot product of two vectors A and B. denoted by A· B. is 
a scalar that is equal to the product of the magnitudes of A and B and the cosine 
of the (smaller) angle between them. Let ¢AB be the smaller angle between A 
and jj. Then, 

It is easy to see that the dot product is commutative and distributive: 

Commutative law: A·B=B·A 
Distributive law: A· (B + 6) = A· B + A· 6 

(2.15) 

(2.16a) 

(2.16b) 

The associative law, however, does not apply to the dot product. Using the dis­
tributive property, one can show that 

A· B = A.B. + A.By + A,B, (2.17) 

The cross product of two vectors. A and jj, is defined by 

(2.18) 

where ilAB is determined according to the right-hand rule. That is, ilAB takes 
the direction of the thumb of the right hand when the fingers rotate from A to jj 
through the angle ~AB. as shown in Fig. 2.3. 

The cross product obeys the distributive law: 

(2.19) 

However, 
A x B = - B x A (2.20) 

I It is important to note that while addition of planar vectors is equivalent to addition of the corre· 
sponding complex numbers. vector multiplication (dot or cross product) does not correspond to com· 
plex multiplication. Therefore . the complex notation of planar vectors should be used with caution. 

Section 2.2 Basic Concepts of Matrix Algebra 

and 
A x (B x 6) '" (A x B) x 6 

Therefore. the cross product is neither commutative nor associative. 
Based on the distributive property, one can show that 

A x B = (A.B. - A.By)i + (A.B. - A,B.)) + (A.B. - A.B.)k 

Of in determinant fonn 

B 

A 

(a) 

i 
A. 
B. 

k 
A. 
B. 

(b) 
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(2.21) 

(2.22) 

(2.23) 

B 

A 

Figure 2.3 (a) A x 13, and (b) the right-hand rule. Note that 1J.AB is orthogonal to the 

plane containing A and B. 
The following identities for the unit directional vectors of the X-, y- and z­

axes directly follow from the definition of dot and cross products: 

i.i=.j.)=k.k=1 
ix i=)x)=kx k =0 

i x J = kj J x k = i; k x i = J 

2.2 Basic Concepts of Matrix Algebra 

(2.24a) 

(2.24b) 

(2.24c) 

The (implicit) vector notation is often used to represent one-d~mensional data 
sequences. Specifically. a column vector containing N elements IS denoted as 

"f 1 ".~) 
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Similarly, a row vector of size N is denoted as 

v£lvl,v2,···,VN] (2.26) 

A column vector of size N is also called an N x 1 vector and is written as 

v = {Vn}NXl (2.27) 

Likewise. a row vector of size N is called a 1 x N vector and written as 

v = {Vn}lXN (2.28) 

Two-dimensional data sequences can be represented by matrices. which are 
represented by boldface Roman symbols. A matrix of size M x N has M 
and N columns and is written as rows 

• Identity matrix: 

• Determinant: 

• Inverse, W- 1
: 

• Transpose: 

• Complex conjugate: 

• Hermitian: 

• Matrix addi tion: 

1 = {o(m - n)}MXM 

IWI = l{wmn}MxMI 

w-1w = WW- 1 = I 

w = {Wmn}MxN ~ WT = {Wnm}NxM 

W = {Wmn}MxN ~ W· = {W~n}MXN 

W = {Wmn}MxN ~ WH = {W~m}NxM 

A + B £ {amn + bmn}MxN 

• Scalar multiplication: cW { } = CWrnn MxN 

• Eigenvalues. A: 

• Eigenvectors. v: 

• Orthogonal matrix: 

• Unitary matrix: 

Roots of IW - >'11 

Nonzero solutions of Wv = AU 

W- 1 = WT or WWT = WTW = I 

W- 1 = WH orWWH = WHW = I 

(2.29) 

Section 2.3 Some Commonly Used Functions 

2.3 Some Commonly Used Functions 

This sec tion reviews the definitions of several commonly used functions. 

2.3.1 Unit Step Function 

The unil slep funclion, denoled by u(·). is defined by 

u(X)£{OI x > O 
x<O 

2.3.2 Signum Function 

The signum funclion. denoled by sgn(·). is defined by 

sgn(x) £ {I 
-1 

x>o 
x < O 

It can be expressed in terms of the unit step function as 

sgn(x) = 2,,(x) - 1 

2.3.3 Rectangular Window Function 

19 

(2.30) 

(2.31) 

(2.32) 

The unit-width rectangular window function. denoted as rrc). is defined by 

IT(x) £ {I Ixl < 1/2 
o otherwise 

(2.33) 

Clearly. 
IT(x) =u(x+~) - u(x-1) (2.34) 

2.3.4 Triangle Window Function 

The unillriangle window funclion, denoted by A(-), is defined by 

(2.35) A(x) £ {I - Ixl Ixl ~ 1 
o otherwIse 

2.3.5 Hamming Window Function 

The Hamming window function is a raised cosine function defined by 

H(x) £ {0.54 + 0.46COS(21TX) Ixl ~ 1/ 2 
o otherwIse 

(2.36) 
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2.3.6 Gaussian Function 

The Gaussian window function is defined as 

l!:. 1 _ ("- 1)2 
G(!" 0", x) = = e '0 

V27ru 
(2.37) 

where J.L and a are the mean and standard deviation of the Gaussian distribution 
because of the following properties: 

(2.38) 

and 

(2.39) 

2.3.7 Dirac Delta Function 

The Dirac delta function or impulse function, denoted by o(x), is a mathematical 
abstraction for pulses that are so brief and intense that making them any briefer 
and more intense does not matter as long as their integral stays the same. Mathe­
matically, o{x) is a generalized function because we cannot define its value point 
by point as with ordinary functions. A formal definition of o(x) is based on the 
distribution theory. In this definition, 6{x) is a functional such that 

1: \O(x)o(x)dx = \0(0) (240) 

for any !p(x) that is continuous at the origin. The definition above implies the 
following properties: 

(a) o(x)=Oforx;iO 

(b) o(x) is unbounded at x = 0 

(c) J~~ o(x)dx = 1 

Pictorially, 6(x) is represented by an upward arrow at the origin, as shown 
in Fig. 2.4, which signifies a pulse at the origin with an unbounded amplitude and 
zero duration. 

In practice, 6(x) is taken to be the limit of a function sequence 91l(X): 

o(x) = lim 9n(X) 
n~~ 

(241) 

provided that 

(242) 

, 
\ 
i 
I , 
i 
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8(x) 

------~~------- x 

Figure 2.4 Pictorial representation of the delta function . 

Many sequences with this property are available. Four well-known examples are 

as follows: 

1 (X) (243a) 
o(x) = lim --IT --

6.x-tO I::!:..x I::!:.. x 

o(x) = 1 eX) (243b) lim --sinc -z;:-
6.x-tO I::!:..x x 

1 (X) (243c) 
o(x) = lim --A --

.6.x-tO Ax I::!:..x 

o(x) = lim _l_ e -~ (243d) 
.6.x -tO I::!:..x 

The impulse function o(x) and the unit step function u(x) are closely related 

to each other by 
du(x) = o(x) (2.44) 

dx 
This relationship can be proved from the distribution definition of o(x) by noting 

that 

J~ d ( ) I~ J~ d\O(x) ~\O(x)dx = u(x)\O(x) - u(x)-d-dx 
-00 dx -(XI -00 x 

= \0(00) - [\0(00) - \0(0)1 = \0(0) 

The following properties of the impulse function o(x) immediately follow 

from the defining integral: 

(a) Scaling properry: 
1 

o(ax) = lal o(x) 
(2.45) 
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(b) Sampling property: 

",(x)o(x - xo) = ",(xo)o(x - xo) (2.46a) 

I: ",(x)o(x - xo)dx = ",(xo) (2.46b) 

(c) Derivative property: 

(2.47) 

2.3.8 Kronecker Delta Function 

The discrete counterpart of the Dirac delta function is the Kronecker delta func­
tion, written as ofnJ or simply On. Mathematically, it is defined as 

o[nJ = {I n = 0 
o Olherwise (2.48) 

Note that o[nJ is not a generalized function, but it has similar effects on dis­
crete functions as J(x) does on continuous functions. For example. similarly 
to Egs. (2.44) and (2.46), we have 

o[nJ = u[nJ - urn - IJ (2.49) 

and 
= 
L ",[nJo[n - noJ = ",[noJ (2.50) 

n = -oo 

2.3.9 Comb Function 

The comb function is a periodic function consisting of a sequence of equally 
spaced Dirac delta functions. A formal definition of cornb(x) is 

= 
comb(x) = L o(x - n) (2.51) 

n=-oo 

It is easy to show that 

= 
L o(x - n~x) = ;x comb C~J 

n= - co 
(2.52) 
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2.3.10 Sinc Function 

The sine function is defined by 

. () sin (x) smc x ::::-­
X 
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(2.53) 

This function is rather popular in the imaging literature because it is directly tied 
to the Fourier transform of a rectangular window function. as discussed in Sec­
tion 2.5. Inspection of both Eg. (2.53) and the plot in Fig. 2.5 reveals the following 
properties of the sine function: 

(a) It is an even function. 

(b) It has a peak value 1 at x :::: 0 by the L'H6pi tal rule. 

(e) Its zero crossings are located at ± ml'. The region between x = - 71' and 
x:::; 71' is called the maill/obe, and the regions between x = - (n + 1)10 and 
x = -mT' or between x = n1l' and x = (n + 1)71' for n > 1 are called the 
side lobes. 

(d) Since sinc(x) is the product of an oscillating sin(x} and a monotonically 
decreasing function l /x , sinc(x) exhibits sinusoidal oscillations of period 
271', with amplitude decreasing continuously as l / x. 

sinc(x) 

-3n -2n 3n x 

Figure 2.5 Pictorial representation of the sinc function. 

2.3.11 Dirichlet Function 

The Dirichlet function is defined as 

. sin (Nx) 
DIr( N, x) = . ( ) 

sm x 
(2.54 ) 

It is easy to show that Dir(N, x) is a periodic funct ion of period 11' for N odd but 
21r for N even. Within the region - 1r /2 < x < 1r / 2, Dir(N, x) looks like a sine 
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func tion in the sense that it has a main lobe spanning over the region between 
x = -1f / N and x = 1r / N and a sequence of side lobes spanning over the regions 
between x = -(n + l)7r/N and x = - n7r/N or between x = n7r/ N and 
x = (n + 1)1r / N. Two examples of Dir(N, x) are shown in Fig. 2.6. 

Dir(l6.x) 

I" . \ ' v I v • \ x 

(a) 

D~( t 7 . .» 

x 

(b) 

F1gure2.6 Plotsof Dir(N,x) for (a) N = 16 and (b) N = 17, respectively. 

2.3.12 Bessel Functions 

Bessel functions of the first kind of integer order n, denoted by In (x). are useful 
for describing some imaging effects. One definition of In (x) is given in terms of 
the followi ng integral: 

(2.55) 
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A special case is the zero-order Bessel function of the first kind, which, according 
to Eq. (2.55). is defined by 

(2.56) 

Equivalently, we have 

Jo(x) = ~ rtf e-i:l:siIl9dB = ~ { 1r ei:J:t058d(J = ~ (r e-i:J:t058d(J 
27r J-1f 27r J- 1f 27r J-Tf 

Some useful relations of In{x) are summarized below . 

In( -X) = (-I)nJn(x) 

Ln(x) = (_ I)n in(x) 
00 

eluin8 = L Jo {x)e in8 

0 =-00 

00 

eiztos8 = L in I n (x)e in8 

0 =-00 

00 

cos (x sin 0) = Jo(x) + 2 L 1,n(x)cos2nO 
n=l 

00 

sin(x sin 0) = 2 L 1,n+l (x) sin(2n + 1)0 
n=1 

(2.57) 

(2.58,) 

(2 .58b) 

(2.58c) 

(2.58d) 

(2.58e) 

(2.58f) 

Plots of Jo(x). J1 (x). and 1,(x) are given in Fig. 2.7. As can be seen. 
the Bessel functions oscillate (but are not exactly periodic), and their ampli tudes 
decay gradually (asymptotically as 1/ ..;x). 

1.0 J,J,<' 

Figure 2.7 Plots of Bessel functions Jo(x). Jdx), and J2 (x). 
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2.4 Convolution 

Convolution is an important mathematical operation between two functions. For 
two continuous-variable functions g(x) and h(x ). their convolution is defined as 

f(x) = I: g(r)h(x - r)dr = I: g(x - r)h(r)dr (2.59) 

Symbolically, Eq. (2.59) is often written as 

f(x) = g(x) * h(x) (2.60) 

For discrete-variable functions (or data sequences), the integration in Eq. (2.59) 
is replaced by a summation such that 

fin] = gin] * hln] = L glm]hln - m] (2.61) 
m= -tx) 

The following is a summary of some useful properties of convolution: 

(a) Commutativity: 

(2.62) 

(b) Associativity: 

f*(g*h)=(f*g)*h (2.63) 

(e) Disrribllfiviry: 

!*(g+h)=f*g + !*h (2.64) 

Cd) DijJeremiariofJ property: 
For continuous convolution, it is easy to show that 

d dg dh 
-(g * h) = - * h = 9 *­
dx dx dx 

(2.65) 

(e) Shifting property: 

(f) 

Ifg*h=!,then 

g(x - xo) * h(x) = g(x) * h(x - xo) = !(x - xo) (2.66) 

Width property: 

If g(x) and h(x) are functions of finite widths Wg and W h , respectively, then 
g(x) * h(x) is another finite duration function with width Wg + Who 

The width property can be extended to discrete convolution. but it takes 
a slightly different form. Suppose that gin ] and hln] are sequences of finite 
widths N9 and Nh. respectively; then g[n] * h{n] is another finite duration 
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sequence with width Ng + Nh - 1. This property can be understood. by con­
sidering the simple example, where gin] = h ln] = {l , l , l} are sequences 
of width 3, while gin] * hln] = {I, 2, 3, 2,l} is a sequence of width 5. 

Theorem 2.1 (Central Limit Theorem) When a function h(x) is convolved 
with itself n times, in the limit n --7 00, the convolution product is a Gaussian 
function with a variance that is n times the variance of h(x), provided the area, 
meall, and variance of h(x) are fi'lite. 

One may have seen this theorem in the statistical literature. It can be inter­
preted here as saying that convolution is a smoothing process. Therefore, it is 
often appropriate to say that an image obtained from a practical imaging system 
is a smoothed version of the true image function. 

• Example 2.1 

This example evaluates the convolution of two exponential functions from 
the definition. 

ae-QXu(x). be-PXu(x) = I: ae-QTu(r)be-P(X-T)u(x - r)dr 

Note that both exponential functions have a step discontinuity at the 
origin, but their convolution is smooth throughout the entire x-axis, as shown 
in Fig. 2.8. 

* 

x x 

Figure 2.8 Convolution of two exponential functions. 
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III Example 2.2 

This example calculates !I(x) * !I(x) using the derivative property. 
First, the derivative property gives 

Then, 

:" [!I(x) * !I(x)) = [d: !I(X)] * !I(x) 

= [0 (x +~) - o(x - ~)) * !I(x) 

=!I(x+~) - !I(x-~) 

!I(x) * !I(x) = l~ [!I(T +~) - !I(T - ~)l dT 

= { 1 - Ixl Ixl ~ 1 

o otherwise 

which is a triangular pulse, as shown in Fig. 2.9. Note that the resulting 
triangular pulse is wider and smoother than the rectangular pulse. This result 
is to be expected from the central limit theorem. 

A 
.J I X 

• 

x x 

Figure 2.9 Convolution of two identical rectangular pulses yields a triangular pulse. 

2.5 The Fourier Transform 

The Fourier transform is of fundamental importance in MRI as will become ev­
ident in the subsequent chapters. This sec tion reviews its definition and some of 
its properties relevant to MRI. A number of excellent books provide in-depth dis­
cussions of the theory and applications of the Fourier transform. For engineering 
students, Bracewell [6) and Papoulis [51] are especially suitable. 

, 
I 
i 
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2.5.1 Definition 

The Fourier transform of a spatial function p(x), denoted by F{p(x)), or {F p }(k), 
or simply S(k), is defined as 

S(k) = F{p(x)) = Fp = I: p(x)e- i2rrh dx (2.67) 

where k is a spatial frequency variable having the unit of cycles per unit distance. 
In signal processing, S(k) is called the frequency spectrum of p(x). In gen· 

eral, S(k) is a complex~valued function of k and is often conveniently written 

as 
S(k) = IS(k) le'y>(k) (2.68) 

where IS(k)1 is the magnitude spectrum and 'P(k) is the phase spectrum. In MRI, 
S(k) are the experimental data measured in the Fourier space (often called k· 
space), while p(x) is the desired image function representing, for example, the 
spin density function. Variables x and k are termed conjugate variables of the 
Fourier transform. Another pair of conjugate variables frequently mentioned in 
the MRI literature consists of time t and spectral frequency 1. 

Given S(k), we can recover p(x) using the inverse Fourier transform: 

p(x) = .1'- 1 {S(k)) = I: S(k)e i2rrkrdk (2.69) 

The functions p(x) and S(k) are said to constitute a Fourier transform pair. 
A shorthand notation "i---+" is often used to signify this pairing relationship such 
that 

p(x) ? S(k) or simply p(x) <--> S(k) (2.70) 

The definitions above can be extended to higher dimensions. In vector nota· 
tion, the forward and inverse Fourier transforms can be written as 

(2.71) 

and 

p(r) = I: .. I: S(k)ei2rrk
.
rdk (2.72) 

These formulas apply to functions of any dimensionality if k and T are defined 
appropriately. For instance. in two dimensions. k = (kl!' ky) and T ;::: (Xl y); then 

(273) 

and 

(2.74) 
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An important property of higher-dimensional Fourier transforms is that they 
can be expressed as sequential one-dimensional transforms along each dimension. 
For example, the two-dimensional forward Fourier transform can be written as 

(2.75) 

This properly makes it possible to treat higher-dimensional Fourier transform 
imaging problems in the one-dimensional setti ng. In general, the following re­
cursive relationship exists for expressing the n-dimensional Fourier transform in 
terms of lower-dimensional transforms: 

(2.76) 

where Fn is the n-dimensional Fourier transform operator. As an example, we 
have;:4 = :F3;:1 = ;:2;:2 = F IFt/iFl. which means that the four-d imensional 
Fourier transform can be decomposed into one three-dimensional transform cas­
caded with a one-dimensional transform. or in to two cascaded two-dimensional 
transforms. or into four cascaded one-dimensional transforms. 

2.5.2 Properties 

Some properties of the Fourier transform relevant to MRI are summarized below 

for easy reference. For notat ional simplicity, we assume p{x) 8 S(k) when­
ever appropriate. Al l the formulas li sted are based on the one-dimensional Fourier 
transform; extension to higher dimensions is in most cases straightforward and 
left to the reader. 

(a) Uniqueness: 

(b) Li/learity: 

(c) SIll/ring theorem: 

p(x - xo) <--t S(k)e- i2
•

kz
, 

ei2
•

k ,Xp(x) <--t S(k - ko) 

(d) Modlilation: 

p(x) cos(2rrkox) <--t HS(k + ko) + S(k - ko)] 

p(x) sin(2rrkox) <--t ~i]S(k + ko) - S(k - ko)] 

(2.77) 

(2.78) 

(2.79a) 

(2.79b) 

(2.80a) 

(2.80b) 
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(e) Conjugate symmetry: 
p'(x) <--t S·( -k) (2.81) 

= p·(x). then Specifically. if p(x) is a real·valued function, that is, p(x) 
S(k) = S·(-k). 

(f) Scaling property: 

1 (k) p(ax) <--t j;;fS ;;: (2.82) 

(g) Parseval's fo rmula: 

(h) 

(i) 

i: Pl(x)p;(x)dx = i: Sl(k)S2(k)dk 

Setting Pl(X) = p,(x) = p(x) yields 

i: Ip(x)I'dx = i: IS(k) I'dk 

(2.83) 

(2.84) 

which states that energy is conserved in both the space and frequency do-

mains. 

Derivative property: 

(_i2u)np(x) <--t 

dnp(x) 
<--t 

dxn 

Convolwion theorem: 

Pl(X). p,(x) <--t 

Pl(X)P'(x) <--t 

dnS(k) 

dkn 

(i21rk)n S(k) 

Sl(k)S,(k) 

Sl(k). S,(k) 

(2.85a) 

(2.85b) 

(2.86) 

(2.87) 

U) Analyticity: 
Functions that we deal with in imaging applications have nonzero values 
only in a finite spatial region. Functions of this type are called spatially 
support-limited, and their Fourier transform are analytic over the entire k­
space. In the one-dimensional case, this property states that 

dnS(k) 
dkn exists for all nand k 

(k) Asymptotic property: 
If p(x) and all of its derivatives up to order n exist and are bounded. then 
S(k) decays as fast as l /kn+l as Ik l --+ 00. 
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2.5.3 Examples 

This section presents several examples of Fourier transform calculations based on 
the definition or properties. 

• Example 2.3 

This example analyzes the Fourier transfann of a rectangular pulse with unit 
width and amplitude. From the definition, 

1 -"'hl! =--e 
-i21rk %~-t 

= sinc(1rk) (2.88) 

Several properties of the Fourier transform can be observed from the above 
result. 

(a) Analyticity: F{IT(x)) = sinc(1rk) is analytic along the entire k.axis 
because IT (x) is support-limited. 

(b) Asymptotic property: F{II (x)) decays as fast as l/k as JkJ approaches 
infinity because II(x) has zero·order discontinuities. 

(c) By the scaling property, 

(2.89) 

(d) Based on the Parseval/onnula, 

[ : sinc'(1rk)dk = [ : IT'(x)dx = 1 (2.90) 

Also of interest is that 

r~ sinc(1rk)dk = lim r~ sinc(d)e,,·hdk = IT(O) = 1 (2.91) 
} -00 x-tO J_OQ 

----------
I 

...... ...-JP 
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• Example 2.4 

This example illustrates the use of the properties for simplifying Fourier 
transfonn calculations. 

Consider the unit triangular pulse A(x) defined in Section 2.3. Noting 
that 

dA(x) = IT(x +~ ) -IT(x - ~) 
dx 

and the derivative property, we have 

{FAHk) = -. -F --1 {dA(X)} 
.21rk dx 

• Example 2.5 

= -,2-k [F{II(x+~)} -F{IT(x- ~)}j 
.21r 

= _. _1_ [sinc(x)e'd _ sinc(x)e- "'j 
.21rk 

= sinc'(1rk) 

(2.92) 

(2.93) 

The Gaussian function has an interesting Fourier transfonn relationship. For 
simplicity, consider the nonnalized Gaussian function (Jl = 0 and u = 1). 
Its Fourier transfonn is given by 

(2.94) 

which is another Gaussian pulse of variances 1/(4,,-'). 
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• Example 2.6 

In this example. we derive the following transform pairs: 

c5(x) 8 1 

:F 1 
sgn(x) <-'-t -. -."k 

u(x) 8 ~c5(k) + '2~k 

(2.95a) 

(2.95b) 

(2.95c) 

First. Eq. (2.95a) can easily be obtained from the definition. That is, 

[: c5(x)e- i2
•

h dx = 1 

Second, Eq. (2.95b) can be derived as follows . 

.:F{sgn(x)} = ~ [10"" e-axe-i2dxdx - [: e aXe-'2dXd X] 

= lim [ 1 _ 1 ] 
a--+O a + i27rk a - i27rk 

Incidentally, the preceding expression implies that sgn(x) has an unbounded 
de term; in fact, .:F{sgn(x )} = 0 for k = 0 because sgn(x) is an odd func. 
tion. However, this subtlety is widely ignored in the signal processing texts. 

Finally, the Fourier transform of u(x) can be derived from the forgoing 
results. Specifically, noting that 

u(x) = ~ + ~sgn(x) 

and 

.:F{l} = c5(k) 

we have 

.:F{u(x)} =.:F U + ~sgn(x)} = ~6(k) + i2~k 
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• Example 2.7 

In this example, we derive the Fourier transform of the comb function de­
fined in Section 2.3. 

First, recognizing that comb(x) is a periodic function of period 1, we 
can express it in terms of a Fourier series as 

"" comb(x) = L cn e i2 :rrnz (2.96) 
n =-oo 

where the coefficients en are determined by 

Second, applying the Fourier transform to both sides of Eq. (2.96) yields 

.:F{comb(x)}= L .:F{e"·nx} 
n =-oo 

"" 
= L c5(k - n) = comb(k) (2.97) 

n =-oo 

Using the scaling property of the delta function and that of the Fourier trans­
form, we have the following morc general result (shown in Fig. 2.10); 

"" "" L o(x - nll.x) 8 ll.k L c5(k - nll.k) (2.98) 
n=-oo n= - oo 

where ll.k = l / 11.x. 

lcomb{1xl 

---.J·l--L..L.ll I I-,l±-tUll::":-J--l-1 1-'-----.....( . x 

Figure 2.10 The Fourier transfonn of a delta function train. 
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2.6 The Radon Transform 

The Radon transform is known as the mathematical basis for tomographic imag. 
iog from projection (line, plane, or hyperplane integral) data. Unlike the case 
of the Fourier transform, the popularity and growth of the Radon transform have 
been closely tied to tomographic imaging (16. 32] . In fact. the basic Radon trans­
form theory was ignored for nearly haifa century following its invention in 1917 
until its first successful use for generating X-ray tomographic images in 1972. For 
this reason, this transform has been reinvented severallirnes in different forms and 
in different areas. In this section, we first present its mathematical definition and 
then discuss some of its fundamental properties. To bring out the concept, we 
begin with the definition of the two-dimensional Radon transfonn. Then we will 
define higher-dimensional Radon transforms and partial Radon transforms. Fi­
nally, we describe the projection-slice theorem and other properties of the Radon 
transform. The inverse Radon transfonn is discussed in Chapter 6 in the context 
of image reconstruction from projection data. 

2.6.1 Two· Dimensional Radon Transforms 

The two-dimensional Radon transform is simply a line integral, as shown in 
Fig. 2.11. More specifically, for an arbitrary function p(x,y), its Radon trans­
form, denoted as R{p{x, y)}, or {Rp}(p, ¢), orsimply P{p, ¢), is the integration 
of p{x, y) along a line (ray) L, 

P{p, 0) = R{p{x,y) } = i p{x,y)dl (2.99) 

where the integral path L is defined by 

xcos¢ + ysin¢ = p (2.100) 

In some medical imaging literature, {R.p} (p, ¢) is called a raysum since the 
line integral is accomplished physically by passing a ray through an object. For 
a fixed ¢, {Rp}(p,¢), as a function ofp, is a projection of p{x,y) along L, and 
¢ is referred to as the projection angle. It is important to note, however, that the 
projection angle is defined as the angle between the x-axis and the line normal to 
the ray path (not the orientation angle of the ray path itself). 

Mathematically, R{p{x, y)} can be written in several equivalent forms. For 
example. the line integral in Eq. (2.99) can be converted to a one-dimensional 
integration as 

{Rp}(p, ¢) = I: p{pcos¢ - qsin¢,psin¢ + qcos¢)dq (2.101) 

Equation (2.101) is obtained by transfonning the (x, y) coordinate system to the 
rotated coordinate system (p, q), shown in Fig. 2.12. The required transformation 

section 2.6 The Radon Transform 

p 

Figure 2.11 Two-dimensional Radon transform as line integrals. 

y 

Figure 2.12 Ray path L relative to the original and rotated coordinates. 

is given by 

{
p = xcos¢ + ysin¢ 
q = -xsin¢+ ycos¢ 

or {

X = pcos¢ - qsin¢ 
y =psin¢+qcos¢ 

37 

(2.102) 

Another more convenient fonn of the two-dimensional Radon transform is 

{Rp}(p, ¢) = i: i: p{x, y)o{xcos¢ + ysin ¢ - p)dxdy (2.103) 
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The equivalence between Eqs. (2.101) and (2.103) can be justified using the co­
ordmate transformation defined in Eq. (2.102). Specifically, upon performing the 
v3nable substitutIOn 

Eq. (2.103) becomes 

{
X = p cos</> - qsin</> 
y = psin</> + qcos</> (2.104) 

{np}(p ,</» = II p(pcosq,-qsin</>,psin</>+qcos</»8(p-p)IJldfidq (2.105) 

Equation (2.101) immediately follows by making use of the property of the delta 
function and noting that 

ax ax 

IJI = op oq 

=1 
cos </> - sin</> 1=1 oy oy sin</> cos</> 

(2.106) 

ap aq 

• Example 2,8 

This exa~ples calculates {np}(p,OO) for p(x,V) = IT(~)IT(~). Based on 
the defimtIon. we have b 

{np}(p,OO) = [: [: IT (~) IT (~) o(xcosO° + ysinO° - p)dxdy 

1'/21°/2 = 8(x - p)dxdy 
-b/2 -0/2 

1
0/2 

= b 8(x - p)dxdy 
-0/2 

= {Ob -a/2 S p S a/2 
otherwise 

= bIT (~) 

2,6,2 Higher-Dimensional Radon Transforms 

!he Radon transfor~ of h~gher-~imensional functions can be defined by extend­
Ing Eq. (2.103) to higher dimenSIOns. First, we rewrite Eq. (2.103) in vector form 

Section 2.6 The Radon Transform 39 

with the dimension of the transform operator and the vector variables being made 

explicit: 
(2.107) 

where JL2 = (cos</>, sin </», r2 = (x, V), and dr2 = dxdy. Extending Eq. (2.107) 

to n dimensions gives 

(2.108) 

which is called the nth-dimensional Radon trallsform of p(rn). 
To gain a better understanding ofEq. (2.108), consider the three-dimensional 

case. In the spherical coordinate system, 

JL3 = (sin 6 cos </>, sin 6 sin </>, cos 6) (2.109) 

and 
JL3' r3 = x sin 6 cos </> + ysin6sin</> + zcos6 (2.110) 

where 0 and </> are the polar and azimuthal angles, respectively. Substituting 
Eq. (2.110) into Eq. (2.108) yields 

(n3P}(p , JL3) = /1/ p(x,y,z)8(xsin6cos</>+y sin 6 sin</>+z cos6- p)dxdydz 
(2.111) 

Noting that 
xsin6cos</> + ysin6sin</> + zcos6 = p (2.112) 

defines a plane as shown in Fig. 2.13, it is clear that Eq. (2.111) is a plane integral 
in contrast to the line integral given by Eq. (2.103) for the two-dimensional case. 

For n > 3, it is convenient to employ the hyperspherical polar coordinates 

(T,Ol,··"On-2J¢) with 

Tl :;:: rcosOl 
r2 :;:: rsinOl cos 02 

r~-2:;:: TsinOl " ,sinOn_3cosOn_2 
Tn-I:;:: rsinOl ,··sinOn_2COS</> 
Tn :;:: T sin 01 , ,. sin (In-2 sin rp 

(2. 113) 

for 0 S 6, S "., 0 S </> S 2"., and r 2: O. The unit vector in Eq. (2.108) is now 
given by 

JJ.n = (cos 011 sin 01 cos O2 ,'' ', sin 01 . . ,sin On_2 sin 4» (2.114) 

and the volume element is 

dr = r n - 1 (sin 61 )n - 2 (sin 62)" -3 (sin 62)d61 d02 ... d6n _ 2d</> (2.115) 
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Figure 2.13 wee-dimensional Radon transfonn as plane integrals. 

2.6.3 Partial Radon Transforms 

For ~unctions of more than two dimensions. it is sometimes useful to define a 
par~lal.RadDn trans/oml, which is the mathematical foundation for the multistage 
projectIOn reconstruction algorithm to be described in Chapte 6 B' . 
d ' hr. Clore Intra-

ucmg t e general definition, let us first consider the three-dimensional Radon 
transform. From Eq. (2.111), we have 

R 3P = III p(x, y, z)o(x cos¢sinO + ysin ¢sinO + zcosO - p)dxdydz 

= III p(x, y, z)o[(x cos¢ + ysin¢) sin 0 + zcos 0 - pjdxdydz 

= IIII p(x,y,z)o(qsinO+zcosO _ p) 

o{x cos ¢ + y sin ¢ - q)dqdxdydz 

= II [jl p(x,y,Z)O(xcOs¢+YSin¢-q)dxdY] 

o(qsinO + zcosO - p)dqdz (2.116) 

~he double integral ins~de the brackets is a line integral in the (x, y)-plane. Treat­
g p(x~ y, z) as a functl~n of x and y with z being a free parameter. the bracketed 

double mtegral can be viewed as a two-dimensional Radon transform and written 
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as 

{7<.2P}(q,¢;Z) = II p{X,y,z)o(xcos¢ + ysin¢ - q)dxdy (2.117) 

where 1"2 = (cos ¢, sin 4». Substituting Eq. (2.117) into Eq. (2.116) yields 

{R3P}(P,¢,O) = II R2p(q,¢;z)o(qsinO+zcosO-p)dqdz (2.118) 

We refer to {R2P }(q, ¢; z) as a partial Radon transform of p(x, y, z) because the 
function is only partially transformed (along the x- and y-directions). As with 
Eq. (2.117), we also have other partial transforms such as {R2P}(q,¢;x) and 
{R.2P}(q,<l>; y), as well as those not in the cardinal directions. In general, we 

define a partial Radon transform as a lower-dimensional transform of a higher­
dimensional function . A more formal definition is as follows. 

Definition 2.1 For an n-dimensional junction p(r), its m-dimellsional partial 
Radon transform along the first m cardinal directions Tll T21 .. . IT m with m :::; n 
is defined as 

R.mp(p, I-Lm; Tm+l,···, Tn) = J. p{rmi Tm+l,· .. , Tn)O{P - J1.m . Tm)dTm 
Om 

(2.119) 
where rm = (TlI T2, .. . , Tm) and J..Lm is a ullit directional vector ill IRffl defining 
the projection direction. 

It is clear from this definition and from Fig. 2.14 that a notable distinction 
between partial and full Radon transforms is that, for a given projection angle, 
the Radon transform reduces a function p{ r) to a one-dimensional projection 
profile, while the partial Radon transforms are planar or hyperplanar projections 
of p{r). Specifically, for an n-dimensional function, its m-dimensional partial 
Radon transform has (n - m) untransformed spatial dimensions which. combined 
with distributions along the p-axis, form an {n - m + 1 )-dimensional projection 
of the function for 2 :::; m :::; n. For the special case m = n, the partial Radon 
transform becomes the (full) Radon transform. 

Similarly to the Fourier transform. a higher-dimensional Radon transform 
can be expressed as cascaded lower-dimensional (partial) Radon transforms. This 
is demonSlrated by Eq. (2.118), in which the three-dimensional Radon transform 
is equivalent to two cascaded two-dimensional Radon transforms. It is also easy 
to visualize that a four-dimensional Radon transform can be expressed as three 
cascaded two-dimensional Radon transforms, or as one two-dimensional Radon 
transform followed by a three-dimensional Radon transform, or vice versa. In 
general, the following recursive relationship exists for the partial Radon transform 
operator: 

2:::;m :::; n-landn>2 (2.120) 
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z 
Z, ' 
Z " 

Zn , 

Figure?14 . Graph.i~aJ representation of two-dimensional partial Radon transforms of a 
three-dlmenslonal obJecl. 

where Rn represen~s. the, n-dimensional (partial) Radon transform operator. To 
prove the decomposlllOn In Eq. (2.120). we rewrite Eq. (2.108) as 

{7?nP}(P,JLn) = 1.." P{Tn)O{P - JL:n'Tm-JL~_m'Tn_m)dTmdrn_m (2.12 1) 

where it is assumed that 

such that 

Jl~ ::;:; (J.ll, J.L2 " .. I Ilm) 
rm ::;:; (Tl,T2, ... , Tm ) 

-, ( 
J-Ln - TTl = JLrn+ll Jlm+21" " J.'n) 

Tn - m ::;:; (TT1l+1 , Trn.+2, ... , r n ) 

(2.122a) 

(2.122b) 

(2.122c) 

(2.122d) 

( , -, ) 
J.l. n = J1.m , l-'n - m (2.123,) 

(2.123b) 

Th,e prime superscripts ,on J.l.~ and jJ.~-m are used to indicate that they are not 

umt vectors. Let q ::;:; I ~C I . T m· Then 

O(p - I 'I -, - -P.m q - J.l. n - TTl • Tn_m)dqdrn_ fn (2.124) 
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Equation (2.120) immediately follows from Eq. (2.124) by noting that I~!: I is a 

unit directional vector in Rm and (lJ.L~I, Jl~ -m) forms a unit directional vector 

in Rn - rn+1
. 

2.6.4 Basic Properties 

The Radon transform possesses many useful properties. Some of the straight­
forward ones for the two-dimensional case are listed below; others are discussed 
subsequently in detail. Most of them can be extended to higher dimensions. For 

notational simplicity, we assume that p{x, y) A P{p , <P). 

(a) Linearity: 

(2.125) 

(b) Symmetry: 
P{p, <P) = P{ - p, <p ± 1r) (2.126) 

(e) Periodicity: 

P(p, <P) = P(p, <p + 2n1r) for integer n (2.127) 

(d) Shifting propeny: 

p{x - xo , y - Yo) <--+ P{p - xocos<P - Yo sin <p,<p) (2.128) 

(e) Rotatioll by <Po: 

p{x cos <Po - ysin<po,xsin<po + ycos<Po) <--+ P{p,¢ + ¢o) (2.129) 

(I) Scaling property: 
1 

p{ax, ay) <--+ r;;tP{ap, ¢) (2.130) 

(g) Energy conservation i: i: p{x, y)dxdy = i: P(p, ¢)dp (2.131) 

2.6.5 Sinogram 

The two-dimensional Radon transform maps the spat ial domain (x1y) to the 
Radon domain (p, q,). This mapping exhibits some interesting properties. For 
example. each point in the Radon space corresponds to a straight line in the spa­
tial domain; in other words. the data value at a particular point in the Radon space 
receives contributions from data points along a line in the spatial domain. On the 
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other hand, a poio.t i~ the spatial domain is mapped to a sinusoid in the Radon 
space: The first pOint IS clear from the definition of the Radon transform. The lat­
te~ ~mt ca~ be understood by considering a point source located at T O = (x ) 
with intenSIty A. Its Radon transfonn is 0, Yo 

'R{M(r - ro)} = I: I: Ao(r - ro)o(p - I-" r)dr 

= M(p - I-' . r o) 

= Ao(xo cos 4> + Yo sin 4> - p) (2.132) 

which is a sheet of impulses supponed on a sinusoidal curve in the ( ¢)- I 
as shown in Fig. 2.15, defined by P, pane, 

p = xo cos 4> + Yo sin 4> = TO cos(4) - 4>0) (2.133) 

":here ~o = Jx? + y~ and ¢Jo = arctan (yo/xo). For this reason, the two­
dimensIOnal functJ~n fo:me? by stacking up all the projections taken sequentially 
along the angular duectlOn IS called a sinogram. 

',. ' t 
,. J 

..... 

o 
(a) (b) 

Figure 2.15 Sinograms of (a) a point SOurce and (b) a rectangular func tion. 
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For an arbitrary function p(x, y). the sinogram may be more complicated. 
Based on the sampling property of the delta function, we can rewrite p(x, y) as 

p(x, y) = I: I: p(xo, yo)o(x - xo, y - yo)dxodyo (2. 134) 

Since the Radon transform operation is linear, by superposition the sino gram for 
p(x, y) is a continuous sum of sinusoidal sheets with intensity p(xo, yo). ampli­

tude TO = v'x~ + Y5, and initial phase 4>0 = arctan(yo/xo)· 

2.6.6 The Projection·Slice Theorem 

The Radon transform is closely related to the Fourier transform by the famous 
projection-slice theorem, which is the theoretical basis for several image recon­
struction algorithms. This theorem actually ex.ists in two fonns. although only the 
first form is popularly known. We will describe them both here. The first form 
of this theorem is for the (full) Radon transform, which relates a one-dimensional 
projection to a line of data in k-space, while the second fonn is for the partial 
Radon transform, which connects planar or hyperplanar projections to the k-space 

data . 

Theorem 2.2 (Projection-Slice Theorem) For an n-dimensional junction p( r), 
the one-dimensional Fourier transform of {'Rp }(P, i-L) along the p-axis for afixed 
projectiofl angle J.L is identical to the n-dimensional Fourier transform of p( r) 
evaLuated along a Line passing through the origin with the same orientation angle 
in the Fourier space. Mathematically, this theorem can expressed as 

(2.135) 

where :Fp represents one-dimensionaL Fourier trans/om1 along the p-axis. 

This theorem can be proven easily from the definition as follows: 

Fp{ {'Rp )(P, I-')}= I: {'Rp Hp, l-')e-
i2

•
kp

dp 

=;= [ r p(r)o(p - 1-" r)dr] e- i2
•

kP dp 
- 00 irER" 

= r p(r) [;= o(p - I-" r)e- '2'kPdP] dr 
irER" - 00 

= r p(r)e -i21rkW1"dr 
ir ER" 
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For a better appreciation of the theorem, we take a closer look at it for the 
two- and three-dimensional cases. In two dimensions. we have f-L = (cos fiJI sin ifJ) 
and, consequently, 

.1"p{fRp}(P,4>)} = {.1"p}(kcos4>,ksin4» (2.136) 

which is depicted in Fig. 2.16. It is clear from this example that projections of 
p(x, y) correspond to slices of its Fourier transform {.1" p }(k., k.), thus the name 
projectiofl-slice theorem. 

In three dimensions, I-' = (sin 0 cos 4>, sin 0 sin 4>, cos 0) and the projection­
slice theorem states that 

.1"1 {{Rp }(P, 4>, O)} = {.1" p}(k sin 0 cos 4>, k sin 0 sin 4>, k cos 0) 

Note that 

or equivalently, 

{ 

k% = ksinOcos4> 
k. = ksinOsin4> 
k, = kcosO 

k:r; ky kz 
sin () cos if> = sin () sin rP = cos 9 

defines a line along the direction of f-L in the three-dimensional k-space. 

:F2 -

(2.137) 

(2.138) 

(2.139) 

------~~~--__ k. 

Figure 2.16 Pictorial representation of the projection-slice theorem in two dimensions. 
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• Example 2.9 

This example calculates the Radon transform of the object shown in Fig. 2.17. 

x 

Figure 2.17 Graphical representation of p(x, y). 

First, we express the object function as 

{
A r2 < x2 + y2 :5 R2 

p(x, y) = 0 oth;-rwise 

Second. noting the object has a circular symmetry, it suffices to calculate 
{p}(P,4» for only one projection angle. say 4> = 0°. 

Third, let p(x, y) = p,(x, Y) - P2(X, V), where 

{
A x2 + y2 :5 R2 () {A x2 + y2 :5 r2 

Pl(X,V) = 0 otherwise P2 x,V = 0 otherwise 

By definition, 

{Rpl}(P, 4> = 0°) = i: i: Pl(X, y)5(P - x)dxdy 

= {R {..;n=;" M(p _ x )dydx 
J -R J -..;n=;" 

= {R 2AJR2 _ x25(p _ x)dx 
J-R 

= {02AJR2_p2 - R :5p:5R 
otherwise 
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Similarly. we have 

{Rp.}(p, '" = 0°} = {~AJT2 - p2 -r ~p::; r 
otherwise 

Finally, based on the linearity of the Radon transform, we have 

R{p(x, V)} = {Rpl}(P, ¢> = 0°} - {Rp2}(P, ¢> = 0°} 

• Example 2,10 

-R 5 p $ -T, T $ p $ R 

JT2 - p2] -T $ p 5 T 

otherwise 

This example calculates the Fourier transfonn of R{p }(P, 45°) for a square 
object defined by p(x,y} = II(x/2}II(Y/2}, We will do so directly and by 
the projection-slice theorem. 

First, we evaluate {Rp }(P, 45°) for the given object. It is clear from 
Fig. 2.18 that the projection is taken along the diagonal of the square. Simple 
geometric analysis shows that the result is a triangular pulse. Namely, 

fRp}(P, W}= 2V2A (~) 

Based on the result in Example 2.4 and the scaling property· of the 
Fourier transform, we have 

F{ fRp}(P, 45°)} = F {2V2A (~) } = 4sinc2 (V21fk} 

We next derive the result by using the projection-slice theorem. We first 
find the two-dimensional Fourier transfonn of p(x,.y}, which is 

{Fp}(k., ky} = 4sinc(21fk.}sinc(21fky } 

Then, from the projection-slice theorem, we immediately get the following 
result. 
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F{{Rp }(P, 45°)} = {Rp}tk cos 45° , k sin 45°} 

= 4 sinc( V2rrk }sinc( V21fk} 

= 4sinc2 (V2rrk} 

Figure 2.18 Projection of a square object. 
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Theorem 2.3 (Generalized Projection-Slice Theorem) For an n-djmens~'onal 
function p( r), the Fourier transform of its partial Radon transfonn 'RmP IS re­
lated to its Fourier transform F p by the following relationship: 

{Fn_=+l R=p}(k, k=+1 , .. . ,kn } = {F p }(kl"=, k=+lo ' " ,kn ) (2.140) 

where it is understood that 'RmP is afunction of (PI J-Lm; Xm+ l l ... I Xn) such that 
p and k, and (Xm + l ) ' . . I xn) and (km + 1 , .. . I kn) are conjugate varia~le pairs of 
.rn-m+l' Thefunction on the right-hand side of Eq. (2.140) should be Interpreted 
as {FnP }(kl' k" _ .. , kn ) evaluated at (kl' k" .. . ,k=) = kl"=. 

We call Eq. (2.140) the generalized projection-slice theorem because it i~­
eludes the basic projection-slice theorem as a special case with m = n. Th~s 
theorem can be proven following the same procedure used to prove the baSIC 
projection-slice theorem as follows. 

- -
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{Fn_m+lRmp}(k, km+l,"" kn) 

= f f~ [f p(rm ;Xm+I, ... ,Xn)O(P - l-'m . r m)drm] J W, -m J - CoO } Rm 

e-i21fkpe-i2x(k"' + I:tm + 1 + ... +k,,:Z: n)dpdxm+l ... dXn 

- /, p(r . x x )e-i21f(k~", .r ... + k"'+I:Z:",+I+·· ·+k" ,z,, ) 
- 1111 m+l,··" n 

Rn 

drmdxTTl+l ... dxn 

• Example 2.11 

In this example, we take a look at the generalized projection-slice theorem 
for a special case with n = 3 and m = 2. Specifically, if we chocse the 
projection direction such that 1-'2 = (cos 90' , sin 90') = (0, 1). we have 

{R2p}(P = y, z) = i: i: p(x, y, z)o(p - y)dxdy 

= i: p(x,y,z)dx 

which is a two-dimensional projection of the object along the x-axis. Based 
on the foregoing result, we easily get 

= Fp(O,k.,k,) 

which is exactly what the generalized projection-slice theorem predicts not­
ing that kl-'2 = (0, k) = (0, k.) . 

2.6.7 Convolution Theorem 

Another useful relationship associated with the Radon transform is the convolu­
tion theorem, which states that the Radon transform of the convolution of two 
functions P1 (r ) and P2 (r ) is equal to the one-dimensional convolution of their 
Radon transforms. That is. 

R {J PI (f )P2(r - f)df} = i: {Rpd(q, I-'){Rp2}(P - q, I-')dq (2. 141) 
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Equation (2.141) can be obtained directly from the definition of convolution 
and the Radon transform. Specifically. 

R{PI • P2}(P, 1-') = /.. [I.. PI (f)p,(r - f)df] o(p - I-' . r )dr 

= I.. PI(f) [I.. P2(r - f )o(p - I-" r )dr] df 

= I.. PI(f) [I.. p,(f l )c5[(p - I-" f ) - I-" h [df , ] df 

=/. PI(f){Rp2}(p - l-'·f , l-')df 
R· 

= I.. PI(f) [J: {Rp2}(P - q, I-') c5(q - I-" f )dq] df 

= L~ (Rp2}(P - q, l-' ) [I.. PI(f)o(q - I-" f)df] dq 

= L~ {Rpd(q, I-' ){Rp2}(P - q, I-' )dq 
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Exercises 

2.1 Let v = (I, - 2, 3). Determine Ivl and Ji.v' and graph v. 

2.2 Let A = (1,1 , 0) and B = (I , 2, -2). 

(a) Graph A and B. 

(b) Evaluate and graph A + B. A· B, and A x B. 

(c) Determine the angle between A and B . 

2.3 Derive Eq. (2.17) from Eq. (2.15). 

2.4 Derive Eq. (2.22) from Eq. (2.18). 

2.5 Consider the following two matrices: 

1 [1 1] WI =.,f2 1 -1 and [ .,f2i] 
W 2 = -i .,f2 

(a) Determine if they are orthogonal or unitary matrices. 

(b) Evaluate W IW2 . 

(c) Determine Wl 1 and Wi l , 

2.6 Sketch the following functions: 

(a) rrm 

(b) rr{2x - 10) 

(c) A{2x + 5) 

(d) A{-2x + 5) 

(e) sinc{',3) 

(I) sinc{K)rr{I~") 

(g) n2{u[n)- urn - 4]} 

(h) urn + 3) - urn - 5) 

(i) u[- n + 5)u[n + 3) 

U) u [-n)u[n - I) 
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2.7 

2.8 

For the Gaussian function defined in Eq. (2.37), show that 

J.I = i: xG{J.I,.,.,x)dx 

and 

.,.2 = i: (x - J.I)2G{J.I , "', x)dx 

Hint: 

Prove the following propenies of the Dirichlet function Dir{N, x) defined 

in Eq. (2.54): 

(a) Dir{N, x) is a periodic function of period" for N odd but 2tr for N 
even. 

(b) 

(c) 

N-l L e i2nz = Dir(N, x)ei(N-l):t 

0 = 0 

1" {2" Dir{N, x )dx = 
- w 0 

Nodd 

Neven 

2.9 Use the distribution definition to show that i: 'I'{x)6'{x)dx = -'I"{O) 

2.10 Justify the formula given in Eq. (2.43a). 

2.11 Show that 1" 6{x cos q, + ysinq,)dq, = VX2\ y2 

Hint: x cos q,+y sin q, = VX2 + y2 cos{q,-q,o) where q,o = arctan{y/x). 

2.12 Based on Eq. (2.55), show that 

1 1" In{x) = - cos{nO - x sin O)dO 
" 0 
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2.13 Show that 

2.14 Show that 

~ ~ 

e;u'n. = Jo(x) +2 L J2n (X) cos(2nO)+i2 L J2n- 1 (x) sinl(2n - l)O) 
11 = 1 n = 1 

2.15 Show that i,comb(x/ t.x) is a comb function of periodicity t.x, namely, 

1 ~ 

t.x comb(x / t.x) = L J(x - nt.x) 
1'10=-00 

2.16 Calculate the following convolutions and sketch the resulting fu nctions: 

(aJ !I(x/a). !I(x/b) 

(bJ !I(x/ a). A(x/ b) 

(cJ 

(dJ G(I'}'U},x) • G(1'2 ,U2,X) 

(eJ (··,O,05 , O,1,O,05,O'··}'H,~,n 

2.17 Show that 

2.18 Let S(k) = F{p(x)}. Prove the following properties: 

(a) Henniriall symmetry: 
If p(x) is a real function, then S(k) = S'( - k) 

(b) Modulatioll property: 

1 
F{p(x) cos(27l"kox)} = -IS(k + ko) + S(k - ko») 

2 

2.19 Prove the convolution theorem, namely, 

2.20 Calculate F{ sinc2 (7l"ax)} based on the convolution theorem. 
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2.21 Calculate the Fourier transform of the trapezoidal pulse in the following 
figure using the derivative and shift theorems. 

P(x) 

a b x 

2.22 Calculate the Fourier transform of the following functions using the prop­
erties: 

(a) nC- :; /2)e-i21rlot 

(bJ !I( '-:;12 )e-;2./, ('-t,/2) 

(cJ sincl7l" /w(t - to)[e-;2./" 

(dJ sinc [7l" /w(t - to»).-;2./,(' - I,) 

2.23 Show that any periodic function /(t) of period T can be written as 

/(t) = fr(t). ~comb (~) 
where fr(t) is a period of /(t ). 

2.24 Show the following Fourier transform relationship: 

2.25 Calculate the following convolution: 

sinc(7ralx) * sinc(7Ta2x) * ... * sinc(7Tan x) 

where it is assumed that 0 < al < a2 < _. - < an -

2.26 A function p(x) can be expressed as a sum of its even and odd components 
as p(x) = p,(x) + Po(x). 

(a) If p(x) is a real function, show that 

------ --

p,(x) t--t !R{Fp(k)} 

Po(x) t--t i~{Fp(k)} 
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2.27 

2.28 

2.29 

2.30 

2.31 

2.32 
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(b) Verify the result in (a) with p(x) = e-'u(x). 

Let S(k) be the Fourier transform of a real function p(x) with S, and S, 
bemg ~h,e real and Imaginary parts of S. respectively. Find F- 1{S,(k)} 
and F {S,(k)} and express the results in terms of p(x). 

Let p(x, y) be a circularly symmetric function and let S(k k) be its 
Fourier transform. Show that %, 11 

S(kcos¢,ksin¢) =2" 10'''' p(rcos¢,rsin¢)Jo(2"kr)rdr 

Given that L-CO 

e - %2 dx = Vi 

find the Radon transform of e - 1r (z2+y2) 

Calculate the partial Radon transform {'R,p }(P, ¢; z) for the following 
function: 

p(x, y, z) = {z x' + y' ::; 1 and Izl ::; 1 
o otherwise 

Prove the properties of the Radon transfonn listed in Section 2.6.4. 

~et S(k., ky) be the two-dimensional Fourier transform of p(x, y) and 

S(k) be a. one-dimensional obtai~ed from it by setting kz = k cos 4>0 and 
ky = ksm¢o + ko· Namely, S(k) is the value of S(k.,ky) evaluated 
along the hne ky = tan tPokz + leo in the two-dimensional k-space, as 
shown in the following figure. Find F-l{S(k)} and express the result in 
termS of p(x, y). 

ky 

k, 

Chapter 3 

Signal Generation and 
Detection 

TIle magnetic moments of nuclei in normal maueT will result in a nu­
clear paramagnetic polarization upon establishment of equilibrium in 
a constant magnelic field. It is shown thaI a radio{requency field at 
righl angles to the constant field causes a f orced precession of the (0-

lal polarization around the constant field with decreasing latitude as 
the Lormor frequency approaches adiabatically the frequency of the 
r{ field. Thus there results a component of the nuclear polarizatio/1 
in right angles to both the constant and the r1 field and it is shown 
that under nonnal laboratory conditions this componellt can induce 

observable voltages. 

Felix Bloch 

Having reviewed the mathematical fundamentals. we now begin to discuss the 
image fonnation principles of MRl. This chapter focuses on the signals: what 
they are. and how they are generated and detected from an object. To gain some 
fundamental understanding. we will start with a description of the nuclear mag­
netic resonance (NMR) phenomenon and then gradually arrive at various signal 

expressions. 
As its name implies. NMR involves nuclei (of an object to be imaged). mag­

netic fields (generated by an imager). and the resonance phenomenon (arising 
from the interactions of the nuclei with the magnetic fields). Therefore. to master 
the mechanism underlying signal generation and detection in MRI and to un­
derstand the characteristics of the signals measured, we need, in principle, to 
start from the nuclear level. As we know, subatomic particles behave quantum-

57 
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mechanically, but, fortunately, MRI principles can often be accurately described 
using classical vector models because MRI deals with the collective behavior of 
an ensemble of a huge number of nuclei present in a macroscopic object. Specif. 
ically. we will adopt a system approach for our discussions. In this approach, the 
object being imaged is viewed as a linear system I (magnetized nuclear spin sys­
tem), and the signal detected is a response activated from the system by an input 
radio-frequency (RF) excitation that drives the system to a state of resonance. In 
the rest of the chapter, we will first describe what a magnetized spin system is , 
then discuss the effects of RF excitations on a spin system, and finally characterize 
the observed signals. 

3.1 Magnetized Nuclear Spin Systems 

To understand the NMR phenomenon, we begin wi th the objec t to be imaged. We 
know from basic chemistry that a biological sample or any physical object can be 
broken down successively into its constituent molecules, then to atoms, and then 
to nuclei and their orbiting electrons. Nuclei have a finite radius ("'-' 10- 14 m), 
a finite mass ("'-' 10-27 kg), and a net electric charge ("'-' 10-19 coulomb). A 
fundamental property of nuclei is that those with odd atomic weigh ts andlor odd 
atomic numbers, such as the nucleus of the hydrogen atom (which has one pro­
ton), possess an angular momentum J, often called spill. Although nuclear spin 
is a property characterized by quantum mechanics, in the classical vector model, 
spin is visualized as a physical rotation similar to the rotation of a top about its 
axis. In MRI, an ensemble of nuclei of the same type present in an object being 
imaged is referred to as a (nuclear) spin system. For example, all the protons (at­
tached either to water or fat) form one spin system while the nuclei of 31 P form 
another spin system. One important property of a nuclear spin system is the so­
called nuclear magnetism created by placing it in an external magnetic field. This 
magnetism is the physical basis of MRL In the rest of this sec tion we will discuss 
its origin and characteristics. 

3.1.1 Nuclear Magnetic Moments 

Nuclear magnetism of a nuclear spin system originates from the microscopic mag­
netic field associated with a nuclear spin. A classical argument for the existence 
of this magnetic field is twofold: (I) a nucleus such as a proton has electrical 
charges, and (2) it rotates around its own axis if it has a nonzero spin. Like any 
spinning charged object, a nucleus with a nonzero spin creates a magnetic field 
around it , which is analogous to that surrounding a microscopic bar magnet, as 
shown in Fig. 3.1. Physically. it is represented by a vec tor quantity iI, which 

1 While imaging can be treated as a linear process, a spin system behaves nonlinearly during exci­
tation, as described 1,lIer in this chapter. 

- ----------

section 3.1 Magnetized Nuclear Spin Systems 
59 

r 

Figure 3.1 Nuclei with nonzero j1 are regarded as microscopic magnets. 

is called the nuclear magnetiC dipole momelll or mag.netic moment. One funda­
mental relationship of particle physics is that the spm angular momentum and 
magnetic moment vectors are related to each other by 

(3.1 ) 

where I is a physical constant known as the gyromagnelic ratio. 
stant "t is also widely used, which is defined as 

A related can· 

'Y 
-r = 2.-

(3.2) 

Note that the value of 1 or "t is nucleus-dependent. For instance, "I = 2.675 X 

108 radlsff (-r ~ 42.58 MHzff) for IH while 'Y = 7.075 X 10
7 

radlsff (-r = 
11.26 MHzff) for 31 P. The -r values of some diagnostically relevant nuclei are 

listed in Table 3.1. 

Table3.l Properties of Some NMR·Active Nuclei 

Nucleus Spin Relative Gyromagnetic Ratio 
Sensitivitya ,.(MHzfI') 

IH i/2 1.000 42.58 
13C 1/2 0.016 10.71 
19F 1/2 0.870 40.05 
lip 1/2 0.093 11.26 

a Calculated at constant field for an equal number of 
nuclei. 

Since magnetic moment is a vector quantity, we need to kno~ both its mag­
nitude and its orientation to define it uniquely. Based on the theones of quantum 
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mechanics, the magnitude of ji. often denoted as jjij or simply j.J. when there is no 
confusion. is 

fl. = I'IiJI(I + 1) (3.3) 

where fi is Planck's constant h (6.6 x 10-34 1-s) divided by 211" and I is the nuclear 
spin quantum number. The spin quantum number takes integer or half-integer or 
zero values such that 

(3.4) 

The value that I assumes for a particular nucleus is governed by the following 
three simple rules: 

(a) Nuclei with an odd mass number have half-integral spin. 

(b) Nuclei with an even mass number and an even charge number have zero spin. 

(c) Nuclei with an even mass number but an odd charge number have integral 
spin. 

For IH. l3C. 19Ft and 31p nuclei, I = ~. and such a spin system is called a spin- ~ 
system. A nucleus is NMR-active only if I I- O. 

Although'the magnitude of j1 is certain under any conditions (with or with­
out an external magnetic field), its direction is completely random in the absence 
of an external magnetic field due to thermal random motion. This is somewhat 
analogous to the situation with a collection of compass needles (analogous to the 
magnetic moments) sitting on a vibrating table (analogous to thermal motion). 
Therefore. at thermal equilibrium. no net magnetic field exists around a macro­
scopic object. 

To activate macroscopic magnetism from an object, it is necessary to line up 
the spin vectors. This is accomplished by exposing the object to a strong external 
magnetic field. Following convention, we assume that an external magnetic field 
of strength Bo is applied in the z-direction of the laboratory frame such that 

(3.5) 

Unlike a compass needle which lines up exactly with an external magnetic field. 
a magnetic moment vector can assume one of a discrete set of orientations. an 
essential characteristic of the quantum model. In this model, the z-component of 
j1 becomes certain due to the Bo field and is given by 

(3.6) 

where mI is called the magnetic quantum number. For any nucleus with nonzero 
spin, ffit takes the following set of (21 + 1) values: 

ffit= - I, - I + 1, .. . ,I (3.7) 
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. ds to (21 + 1) possible orientations for j1 with respect to the 
which correspon .... d 
. . of the external field. The angle 0 between ji. and Bo can be calculate 

dlfecUon 
using the following formula: 

IJ.z ml 
cos 9 = - = r,~"=;;<' 

fl. JI(I + 1) 
(3.8) 

While the orientation of j1 is quantized along the direction of the e~ternal field. 
the direction of its transverse component j1Xll remains random. Specifically, let 

fl •• = fl..i + fl..; (3 .9) 

Then, Ill: and IJ.y can be expressed as 

{
fl., = I ~ •• I C?s~ 
fl.y = Ifl..yi sm~ 

(3.10) 

where ~ is a random variable uniformly distributed over [0, 27f) and lt1xy l is given 

by 
(3.11) 

For a spin-~ system, I 
Eqs. (3.8) and (3.11), that 

= ~ and ml = ±~. It is easy to show, based on 

and 

9 = ±54°44' 

_ 1''' 
ifl..y i = -12 

(3.12) 

(3.13) 

Equation (3.12) implies that in a spin-~ system, any magnetic mo~e.nt vector 
takes one of two possible orientations: pointing up (parallel) and pOlfitmg down 

(anti parallel), as shown in Fig. 3.2. . . 
We next describe the motion of j1 when placed 10 an external magneh~ field . 

We will use a classical treatment by assuming that j1 is a classical magne~lc mo­
ment vector without mutual interactions. According to classical mech~01cs, th_e 
torque that j1 experiences from the external magnetic field is given ?y J.L x Bok, 
which is equal to the rate of change of its angular momentum. That IS, 

Since j1 = "'fl, we have 

dJ _ -
- =fl. x Bok 
dt 

dfl = I'fl x Bok 
dt 

(3.14) 

(3 .15) 

which is the equation of motion for isolated spins in the classical treatment. The 
solution to Eq. (3.15) can be expressed by (see derivation in Example 3.1) 

{ 
fl.%.(t) = fl.%y(O)e - ioB

" 

fl.,(t) = fl.,(O) 
(3 .16) 
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Parallel 

AnriparaJlei 

(a) (b) 

Fi.gure ~.2 N~c1e~ magnetic moment vectors (a) pointing in random directions and (b) 
aligned In the direction of an external magnetic field. 

where J.Lxy(O) and JI..z(O) are the initial values and it is understood that 

jJ.~!I = J1.% + iJl.y "'-' Ji.z!J = I-'~} + J1.,,3 (3.17) 

. E~ualjon (3. 16) describes a precess ion of ji aboul the z-axis (or the Bo fie ld) 
~hlC~ Is.ca.lled nuclear pre~ession . In the classical vector model, nuclear preces~ 
Sill on IS slm.llar ,to the wobblmg of a spinning top about the gravitational axis as 
I ustrated In Fig. 3.3. • 

Z Z 

y y 

x x 

Figur~ 3.3 Pre~ess.ion of ~ nuclear spin aboul an external magnetic field is similar to the 
wobbhng of 3. spmnlng top In a gravitational field. 
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Two important points about nuclear precession are evident from Eq. (3.16). 

First, the angular frequency of nuclear precession is 

Wo = -yBo (3.18) 

which is known as the Larmor frequency . Second. precession of j1 about Eo is 
clockwise if observed against the direction of the magnetic field. In practice, it is 
easy to determine the precession direc:!ion using the left·hand rule. That is. if the 
left thumb points in the direction of Bo. nuclear precession follows the direction 

of other fingers. 
In addition to Eq. (3.16), nuclear precession can be described by an angular 

velocity vector defined as 

w = --yBo = -wok (3.19) 

Another common way to describe the nuclear precession is through the use of a 

rotation matrix . Specifically. let 

R,(a) = [ 

Equation (3.25) can be expressed as 

cos 0: 

-sino: 
o 

sin 0: 

coso: 
o 

where J.1. should be interpreted as a column vector J.L = 1J.Ll:1 J.LY I J.L%jT. 

• Example 3.1 

(3.20) 

(3,2 1) 

This example derives the solution to Eq. (3.15). We first rewrite Eq. (3.15) 

in scalar form as 
dp.. Tt = -yBop.. = wop.. 

dIJ. Tt = --yEW. = - wop.. (3.22) 

dp., = 0 
dt 

The first two equations become decoupled after additional derivatives with 

respect to time. More specifically, 

(3.23) 
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and 

(3.24) 

These decoupled second-order differential equations have solutions of the 
general form A cos(wot)+B sin(wot). Setting the initial conditions to 1',(0). 
1'.(0). and 1',(0). we get 

{ 

I',(t) = 1',(0) cos(wot) + 1'.(0) sin(wot) 

I'.(t) = -1',(0) sin(wot) + 1'.(0) cos(wot) 

I',(t) = 1',(0) 

(3.25) 

which yields the result in Eq. (3.16) immediately when put in complex nota­
tion. 

3.1.2 Bulk Magnetization 

To describe the collective behavior of a spin system, a macroscopic magnetization 
vector !Vi is introduced, which is the vector sum of all the microscopic magnetic 
moments in the object. Specifically, let jin represent the magnetic moment afthe 
nth nuclear spin. Then, 

(3.26) 

where Ns is the total number of spins in the object being imaged. This section 
analyzes M for a spin-t system. 

Recall that M = 0 in the absence of an external magnetic field. We shall now 
focus on how fin behaves collectively when the object is placed in Bo. Based on 
the discussion in the previous section, fin takes one of two possible .orientations 
with respect to the z-axis at a given time. Spins in different orientations have 
different energy of interaction with the external magnetic field .80 . Specifically, 
according to the quantum theory, 

Hence, for pointing-up spins (ml = ~), 

Et = -bliBo 

and for pointing-down spins (mI = - 4), 

(3.27) 

(3.28) 

(3.29) 

Equalions (3.28) and (3.29) indicate that the spin-up state is the lower-energy 
state, while the spin-down state is the higher-energy state. The energy difference 
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between the twO spin states is given by 

t:.E = E. - Et = ')IiBo 
(3.30) 

ero difference in energy level between the two spin states is known as 
The nonz d' F 34 the Zeeman splitting phenomenon and is illustrate tn 19. . . 

E = -bliBo 

Booff Eo on 

Figure 3.4 Zeeman splitting for a spin-t system, 

The s in population difference in the two spin states i,s rela~ed to their energy 
difference: According to the well-known Boltzmann relauonshlp, we have 

where 

In practice, 

.-1 = exp - -N (t:.E) 
N. KT, 

number of pointing-up spins 

number of pointing-down spins 

absolute temperature of the spin system 
23 ) Boltzmann constant (1.38 x 10- J/K 

t:.E« KT, 

Consequently, by first-order approximation, 

Therefore, 

( 
t:.E) ')IiBo 

exp -- ",,1+ KT. 
KTs 5 

Nt ')IiBo 
- ",,1+ KT. 
N. ' 

(3.31) 

(3.32) 

(3.33) 

(3.34) 
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and 
-rIiBo 

N+ - N. '" N --• ~ s2KTs (3.35) 

Equation (3.35) indicates that there is an excess of a very small fraction 
ci~~) of spins in the lower-energy state. This uneven spin distribution between 
the two spin states occurs because a spin is more likely to take the lower-energy 
state (with higher stability) than the higher-energy state. Although it is very small, 
the population difference between the two spin states generates an observable 
macroscopic magnetization vector M from a spin system. Such a spin system is 
said to be magnetized. The resulting bulk magnetization, according to Eq. (3.26), 
is 

if = M.l + M.] + M,k 

(3.36) 

where J.'Z ,TH Ji.lI,n and jJ.z,n are the projections of {in along the X-, y-, and z· 
axes. The first two terms of Eq. (3.36) are zero because the projection of j1n onto 
the transverse plane has a random phase while it precesses about the z-axis,2 as 
discussed in Section 3.1.1. The value of /J%,n is given, according to Eq. (3.6), by 

{ 
+ ~ ')' Ii if {in is pointing up 

/J% ,n = _ ~')'Ii if {in is pointing down 

Substituting Eq. (3.37) into Eq. (3.36) gives 

(3.37) 

(3.38) 

Therefore, the bulk magnetization vector points exactly along the positive direc­
tion of the z-axis at equilibrium. Its magnitude is 

(3.39) 

Equation (3.39) indicates that the magnitude of if is directly proportional 
to the external magnetic field strength Bo and the total number of spins Na• The 
value of Ns is characteristic of an object being imaged and cannot be changed in 
general; therefore, Bo and Ts are the only controllable parameters. For a given 
spin system, one can increase the magnitude of M by increasing Eo or decreasing 

2According to Eq. (3 . 10), E;:'~l J.i.;r: ,n = ~%II E;:'~l COS~n = 0 for a random variable {n 
uniformly distributed over [0, 211") . 
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S' MRI experiments are often carried out with the object being at room 
Ts ' lnce one is limited to increasing the magnitude of the applied magnetic 
temperature,. 'n the bulk magnetization. The optimal field strength for 
field for an Illcrease I .. I MRI t B 
. . . dependent on the application.3 For most chOlca sys ems, 0 
Imaglng IS 

nges from 0.2 to 2 T. . I t 
ra Note that Eq. (3.39) is only valid for a spin- ~ system. For a SPIll- sys em, 

we have 0 -r2 1i2 BoN, I(1 + 1) (3.40) 
M, = 3KT, 

Detailed discussion of this formula can be found in [1]. 

• Example 3.2 
We calculate the spin population difference in the two energy states for a 

spin system consisting of protons. 

d· t Eq (3 35) the fractional population difference is Accor lOgo . . • 

Nt - Ni _ -rIiBo _ -rhBo 
N. - 2KT, - 2KT. 

Substituting in the following values: 

-r = 42.58 x 106 Hzff 

h = 6.6 X 10-34 J-s 

T, = 300 K (room temperature) 

K = 1.38 X 10-23 JIK 

Bo = 1T 

we have 

Nt - N. _ 42.58 X 106 x 6.6 X 10-
34 

'" 3 X 10-6 

" - 2 x 1.38 x 10 23 X 300 ," 

Th· s that effectively, about three in a million protons in an o~ject can 
IS mean , . I Th" h r{MR IS known 

be "activated" for generation of NMR signa s. 1S IS W Y 

as a low-sensitive technique. 

3The penetration depth or an RF field decreases with increasing rrequency;. ~~t there is a dramatic 

increase in detection sensitivity with field scrength , roughly proportional to Bo . 
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3.1.3 More on the Larmor Frequency 

Let us restate that the precession frequency of j1 experiencing a Bo field is given 
by 

Wo = -yBo (3.41) 

This relation. popularly known as the Larmor equation, is an important equation 
because the Larmar frequency is the natural resonance frequency of a spin system. 

Equation (3.41) shows that the resonance frequency of a spin sys tem is lin­
early dependent on both the strength of the external magnetic field Bo and the 
value of the gyromagnetic ratio 'Y. This simple relationship is the physical basis 
for achieving nucleus specificity. As a case in point, nuclei of IH and 3I p in an 
object resonate at 42.58 MHz and 1l.26 MHz. respectively. when the object is 
placed in Bo = 1 T; this difference in resonance frequency enables us to selec­
tively image one of them without "disturbing" the olher. 

In practice, a specific spin system (say, protons) may have a range of res­
onance frequencies. In this case, we call each group of nuclear spins that share 
the same resonance frequency an isochromat. There are two main reasons for a 
magnetized spin system to have multiple isochromats: (a) the existence of inho­
mogeneities in the Bo field, and (b) the chemical shift effect. 

It is obvious from Eq. (3.41) that when Eo is not homogeneous. spins with 
the same 'Y value will have different Larmor frequencies at different spatial loca­
tions. It is easy to derive the frequency distribution of a spin system if the inhomo­
geneity of a given Bo is known. The chemical shift effect is due to the fact that nu­
clei in a spin system are attached to different chemical environments (molecules) 
in a chemically heterogeneous object. Since each nucleus of a molecule is sur­
rounded by orbiting electrons, these orbiting electrons produce their own weak 
magnetic fields, which "shield" the nucleus to varying degrees depending on the 
position of the nucleus in the molecule. As a result. the effective magnetic field 
that a nucleus "sees" is 

Eo = Bo(l - 0) (3.42) 

where 0 is a shielding constant taking on either positive or negative values. Based 
on the Larmor relationship, the resonance frequency for the nucleus is 

Wo = Wo - /),.w = wo(l - 0) (3.43) 

Equation (3.43) indicates that spins in differen~ chemical environments will have 
relative shifts in their resonance frequency even when Bo is perfectly homoge­
neous. 

Clearly. the frequency shift /),.w is dependent on both the strength of the 
external field Bo and the shielding constant o. The value of 0 is very small, 
usually on the order of a few parts per million (ppm) and is dependent on the local 
chemical environment in which the nucleus is situated. A well-known example 
is that "fat" (CH2 ) protons in biological objects display about a 3.35 ppm shift in 
Larmor frequency from "water" (H2 0) protons. 
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biolo ical objects, a large range of 0 values could exist •. giving. ri~e 
For reson:nce frequencies. Assuming that the maximum chemical shift IS 

to IDj;y the resonance frequency range of a spin system can be expressed as 

WM • I I < /2 (3.44) 
W -Wo _WM 

is called the (chemical shift) frequency bandwidth of the spin system. 
wherelW~e of these chemical shift frequencies and the correspOndlOg spmb~en­
~~ow. e f . partance for determining the chemical structures of an 0 ~ect. 
slues IS a great 1m 
which is the subject of NMR spectroscopy. 

3.2 RF Excitations 
ve thus far discussed two aspects of an NMR phenomenon:. nuclei ~nd a 

We ha f field The macroscopic effect of an external magnetic field Bo on 
static mat~~ ~cf nucl~i with nonzero spins is the generatio~ of an observable h.ulk 
an ense~ 1" vector if pointing along the direction of Bo. Although there IS a 
magneUza .Ion panent for each magnetic moment vector, the trans­
microSCOPic transvers:. c.om .l·b. m because the precessing magnetic 

anent of M IS zero at eqUl 1 flU 
verse camp . d· ted by Eq (3 16) A snapshot of an en-

t have random phases, as In Ica ... . 
momen s s ins (I _ 1) will be a set of vectors spreadmg out 

~e":~et~~ ~~:~!:s~~:~~~~:' ! illustr~te~ in Fig .. 3 . ~. Establish~ent 0: a phase 
In th se "randomly" precessing spms m a magnetlled spm system 
coherence among e 
is referred to as resonance . 

3.2.1 Resonance Condition 
. . I I k t the popular "swing" anal-

Before we state the resonance condItIOn. et uS 00 a h I th 
e that a row of swings at a children's playground have t e same ~ng 

ogy. Suppos . -child com lex has the same natural frequency) .. If the chIldren 
(dthUS, ebeac~ SWl~ggl.ng at the~ame time a random phase relationship eXists among 
o not gm SWtn • . . f h ·ng­

the swings; that is, at a given time, the children are atdtfferent pOInts a ~e SW\. d 
ing arc For the swings to reach phase coherence. external forces ~ust app ~e d 

at the ~atural frequency of the swings. For e~ample. if all the sWtn:~~~~U~a~h 
in unison at the natural frequency of the swmg by ~ parent place ~ the 
swing. the children will soon swing in phase. exertlOg a coherent orce on 

suspension bar. ) f om an 
For a rna netized spin system. t~e external .for~e (energy com~s ! 

oscillating ma:netic field denoted as Bl(t) in distl.nct~on from_the static Bo.fie:. 
The resonance condition based on classical phYSICS IS that Bl(t~ rotateds 10 the 

. . A re rigorous argument IS base on t e 
same manner as the precessmg sptns. mo . . . 
quantum model. In this model, electromagnetic radiation of frequency Wrf carnes 

energy (Planck's law): (3.45) 
Err == liwrr 
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Figure 3.5 Distribution of nuclear magnetic moments observed at an 
arbitrary time instant. The excess of vectors pointing along the external 
field is greatly exaggerated. 

To induce a coherent transition of spins from one energy state to another. the 
radiation energy must be equal to the energy difference !::J.E between the adjacent 
spin states. That is, 

Iiw,r = 6E = -rIiBo (3.46) 

or 
Wr( = Wo (3.47) 

Equation (3.47) is known as the resonance condition. In the following, we first 
describe what an RF pulse is and then discuss in detail the effect of RF excitations 
under on- and off-resonance conditions. 

3.2.2 Characteristics of an RF Pulse 

RF pulse is a synonym of the Bl field. so called because the Bl field is short· 
lived and oscillates in the radio-frequency range. Specifically, the BI field is 
nonnally turned on for a few microseconds or milliseconds Also, in contrast to 
the static magnetic field Eo. the El field is much weaker (e.g .. BI = 50 mT while 
Bo = 1.5 T). 
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A typical Bl field takes the following form: 

where 

B1{t) = 2Bi(t) COS{Wdt + 'P)i 

B1(t) : pulse envelope function 
excitation carrier frequency 
initial phase angle 

Wrf: 

'P: 
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(3.48) 

This field is said to be linearly polarized because it oscillates linearly along the 
x-axis. Mathematically, it can be decomposed into two circularly polarized fields 
rotating in opposite directions, that is, 

B1{t) = Bi(t)[cos (w,rt + 'P)i - sin {w,r t + 'P)J] 

+ B1(I)[cos (w,rt + 'P)i + sin (w,rt + 'P)J] (3.49) 

where the first bracketed term rotates clockwise and the second rotates counter­
clockwise, as illustrated in Fig. 3.6. Since the counterclockwise component ro­
tates in the opposite direction of the precessing spins, it exerts negligible effe~ts 
on a spin system if Wrf is near the Larmor frequency.4 Therefore, the effective 
Bl (t) field thai needs to be considered here is 

B1{t) = B1(I)[cos{w,rt + 'P)l' - sin{w,rt + 'P)J] (3.50) 

which has an x-component as 

B 1 . % = Bi(t) cos{w,rt + 'P) (3.51 ) 

and a y-component as 

(3.52) 

Many modem NMR systems use so-called quadrature RF transmitter coils 
to generate this circularly polarized field directly, with th~ advantage of re~uced 
RF power deposition. Unless specified otherwise, the Bl (t) field used tn the 
remainder of this book will be assumed to be in this form. For brevity, we will 
also adopt the following complex notation: 

(3.53) 

In summary, an RF pulse generates an oscillating H1 (t) field perpendicular 
to the Eo field . The main parameters characterizing an RF pulse include (a) the 
envelope function Bi{ t). (b) the excitation carrier frequency W,r. and (c) the initial 

4The main effect of this off-resonance component is a very slight shirt of the observed resonance 
line, which is known as the Bloch-Sj~gm shift . This frequency shift disappears when the 8t field is 
turned on. 
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8, 

8, 

Figure 3.6 A linearly polarized field represented as two 
counter·rotating circularly polarized fields. 

phase angle !.p. The initial phase <p, if it is a constant, has no significant effect on 
the excitation result and is assumed [0 be zero for the present discussion. The 
excitation frequency Wrf is a constant for most RF pulses5 and is determined by 
the resonance condition. The envelope function Bf(t) is the heart of an RF pulse. 
It uniquely specifies the shape and duration of an RF pulse, and thus its excitation 
property. In fact, many RF pulses are named based purely on the characteristics of 
this function. For example, the envelope function of the widely used rectangular 
pulse (shown in Fig. 3.7a), is defined as 

OS t S Tp 

otherwise 
(3.54) 

where Tp is the pulse width. Another popular pulse, called the sillc pulse (Fig. 3.7b), 
uses the following envelope function: 

Bi(t) = {B1 sinc[1f iw(t - Tp /2)]' 
0, 

OS t S Tp 

otherwise (3.55) 

Before describing the effect of such a pulse on a spin system, we next introduce 
two mathematical tools: the rotating reference frame and the Bloch equation. 

3.2.3 Rotating Frame of Reference 

A rotating frame is a coordinate system whose transverse plane is rotating clock­
wise at an angular frequency w. To distinguish it from the conventional stationary 
frame, we use x', y', and Zl to denote the three orthogonal axes of this frame, 
and correspondingly, '[I, p, and k' as their unit directional vectors. Mathemati­
cally, this frame is related to the stationary (laboratory) frame by the following 

5 For some special pulses. such as adiabatic pulses, Wrf can be a function of time. 
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(a) (b) 

Figure 3.7 RF pulses with (a) a rectangular envelope function, and (b) a 

sinc envelope function. 

transformation: 

{ 

~ £ cos(wt)r - sin(wt)~ 
j' £ sin(wt). + cos(wt)) 
k' ~k 
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(3.56) 

Two special rotating frames are in use, which correspond to w = Wo and 
respectively In the first case the (x', y')-plane precesses at the Larmor 

W = Wrf, " . I h 
frequency of the spin system, and we call it t~e Larmor-rotalmg fra~e. n t e 
second case, the (x', y')-plane rotates as the Bl(t) field, and we call" the RF­
rotating frame. When Wrf = ,Bo, both rotating frames are the same. Theref~re, 
when there is no confusion, we use the generic term, rotating frame or w-rotatmg 
frame, to refer to either, depending on the context. . 

The advantage of introducing the rotating frame lies in the conce.ptual SIm­
plicity it affords in describing the excitation eff~t of an RF pulse, as will bec~me 
evident later in this chapter. In the sequel, we wIll present several useful relation-
ships associated with this transformation. . 

First, the. time derivatives of the unit directional vectors of the rotatmg frame 
are given by 

if' -0 ~ 
-=WX1. 
dt 

dP -0 ""'!I 
-=WX) 
dt 
k" d 'k" -=wx 

dt 

(3.57) 

where w can be arbitrary but is equal to -wk for the transfonnation specified by 
Eq. (3.56). 

Second, let 
- 6 -:' ""'! -M = M,. + My) + M,k (3.58) 
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and 
M- o M "" M-' -rot = X'! + 'II'} + M:,k' 

Setting M = Mrot yields 

Similarly, leI 

and 

We then have 

[z::]=[ 
CQswt 
sinwt 

o 

- sinwt 
coswt 

o 

jj °B "" B -, I ,rot:::; l ,z,t + I,y'} 

[ 
BI ,x' ] = [ coswt 
B1,y' smwt 

-Sinwt][Blx ] 
coswt BI ,l! 

(3.59) 

(3.60) 

(3.6 1) 

(3.62) 

(3 .63) 

Equations (3.60) and (3.63) specify how to convert the magnetization vector and 
Bl vector belw~en the laboratory and rotating frames. The transformation rules 
can also be SUCCInctly written in complex notation. Specifically, 

where M:r;y = M:r; + iMlI and M:t'Y' = M:t' + iMlI" Similarly. 

BI"o,(t) = B 1(tkwt 

where I!l = B1,;r + iB1 ,y and B1 ,rot = B1 ,:r:' + iBI ,_ 
Third, leI ,Y 

Then, 

(3.64) 

(3.65) 

(3.66a) 

(3.66b) 

(3.67) 

Clearly. based on the definitions in Eq. (3.66), df! is the rate of change of M­
as observ~d in the I~boratory frame, while a~;o' is the rate of change of M as 
observed m (he rotatmg frame. Therefore, 

dM = dMrot :j= aMrot 

dt dt 8t (3.68) 
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• Example 3.3 
We prove the first relationship in Eq. (3.57) with respecl 10 the Iransform in 
Eq. (3.56). Taking the time derivalive of the first equation in Eq. (3.56) gives 

di' . -;' ~ 
dt = -w smwh - w C05wt) 

Replacing i and; with i' and J' according to the transformation rule in 

Eq. (3.56), we obtain 

[, ~ = -w sin wt(cos wti' + sinwtJ') - w cos wt( - sinwtf + cos wtJ') 
dt 

= -w(cos2 wt + sin2 wt)]' 
", =-w) 

Noting that}' = k' x i' and w = -wk'. we immediately obtain 

d'" ~ = -w(k' xi') = (-wk') xi' = w x i' 
dt 

• Example 3.4 
We derive the result in Eq. (3.67). Taking the first-order derivalive with 

respect 10 time on both sides of Eq. (3.59) yields 

dM _ (dMx'"" dMy' ", dM., k') (Wi ' di' M ,if' M , dk') 
dt- dt'+ dt J + dt + " dt+ "dt+ 'dt 

Making use of Eq. (3.57), we have 

~ ~, -, 
M d, M dJ M dk - (M"" M"' M k-') - M-:r:'-+ 11'-+ ,' - =wX :r:/l + II') + z' =w x rot 

dt dt dt 

Combining the two foregoing equations yields 

dM _ 8M,0' - M 
dt-~+wx rot 
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• Example 3.5 

Given that 

B,(t) = B, cosw"ti - B, sinWrltJ 

we determine the RF field as observed in the wrf-rotating frame. 
Since 

[ B",] = [ B, cosw,rt ] 
B 1,1I -Bl smwrft 

the B, field observed in the wrl-rotating frame. according to Eq. (3.63). is 
given by 

In vector notation, 

= [ ~' ] 

- sinWrft 
COSWrft 

- .. B,,>e,(t) = B" 

Therefore, the given RF field becomes a stationary field pointing along the 
x' -axis in the wrf-rotating frame. 

3.2.4 The Bloch Equation 

The time-dependent behavior of .M in the presence of an applied magnetic field 
B, (t) is described quantitatively by the Bloch equa'ion. In the context of MRI. 
the Bloch equation takes the following general form:' 

(3.69) 

where M~ is the thermal equilibrium value for M in the presence of Bo only. 
which can be calculated from Eq. (3.39) or (3.40); T, and T2 are time constants 
characterizing the relaxation process of a spin system after it has been disturbed 
from its thennal equilibrium state, a topic to be further discussed in Section 3.3 
and in Chapter 7. For the present discussion, we drop the last two terms in 
Eq. (3.69) because we are interested only in the behavior of M during the RF 
excitation period. This treatment is acceptable if the duration of an RF pulse is 
short compared to Tl and T2 , as is often the case in practice. 

6 A more general fonn of the Bloch equation was given by Torrey 1256}. 

Under this assumption, the Bloch equation takes a simpler form: 

dM - -
-=1MxB 
dt 
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(3.70) 

nize that this Bloch equation is identical to the equation of mot~on 
One may re<:0g. E (3 15) if M is replaced by ji. We next express the equauon 
& a free spm 10 q. . 
,or . f arne Substituting Eq. (3.67) into Eq. (3.70). we get 
in the rotatlOg r . 

8M,., M- B- - - x M ___ = "'( rot X rot W rot 
8t 

= 1M,., x (B,., + ~) (3.71) 

We may rewrite Eq. (3.71) as 

8M,., M- B--- = "'( rot X elf 
at 

(3.72) 

where _ _ W 
Beff = Brot + -

1 

(3.73) 

. the e"ective magnetic field that the bulk magnetization vector "ex~riencfiesld" 
IS 11' . Eq (3 73) sents a fiCtihOUS e 
'n the rotating frame . The second term 10 . . repre --
~omponent for s~mplified behavior of Mrot . To see this more clearly, let B = Bok 

and w = -1Bok. Then, 

- - 1Bok B k- B k- 0 B -B ---= 0 - 0 = eff - rot "'( 
(3.74) 

. . fi ld . h nd M appears to be sta-Therefore, the apparent longltudmal e vams es a rot 

tionary in the rotating frame. .' 69) b 
Following the same analysis, the general Bloch equation to Eq. (3. can e 

expressed in the rotating frame as 

8M -0 - M-z'i,' + My,)' 
~ = ",(Mrot x Beff - IT' 

8t '2 

(3.75) 

3.2.5 On.Resonance Excitations 
We now look into the effects of an RF pulse on a spin system by examining. the 
time-dependent behavior of M during the excitation period. We first co~slder 
the simple case in which a spin system has a single isochromat resonat1Og ~t 
Wo = "'(Bo. For simplicity, we further assume that the initial phase angle I{J IS 
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zero for the generic RF pulse defined in Eq. (3.50). Using the transformation rule 
specified by Eq. (3.63). we have 

(3.76) 

The effective field that the nuclear spins see in the rotating frame is 

(3.77) 

Invoking the on-resonance excitation condition that 

Wrr = Wo = '"'(Eo (3.78) 

we immediately get 
(3.79) 

Substituting the above result into the Bloch equation in Eq. (3.72) yields the fol­
lowing equation of motion for the bulk magnetization vector Ail: 

(3.80) 

In scalar form, we have 

dM., 
dt'=O 
dM, 
--' = ~B'(t)M , dt lIz (3.81) 

dMz • dt' = -'YB~(t)M., 

A closed-form solution to Eq. (3.81) under the initial conditions M.,(O) = 
M.,(O) = 0 and Me,(O) = M~ is as follows: 

M.,(t) = 0 

My,(t) = M~ sin ([ 'YBf(i)di) 
(3.82) 

Me ,(t) = M~ cos ([ 'YB!(i)di) 

These equations indicate that the effect of the on-resonance excitation .81 field, 
as observed in the RF-rotating frame, is a precession of the bulk magnetization 

- - ---- ---
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abOut the x' -axis. This is not surprising since the effective field Beff points along 
the xl-axis. As an example, consider the case where 

(
t--c /2) 

Bf(t) = B,rr T; 
Then. Eq. (3.82) becomes 

{ 

M.,(t) = 0 

M.,(t) = M~ sin(wlt) 

Me,(t) = M~ COS(Wlt) 

(3.83) 

(3.84) 

where WI = 'YB1' It is now apparent that the bulk magnetization vector precesses 
about the x'-axis with angular velocity 

(3.85) 

as shown in Fig. 3.8. The precession of !if about the B, field is called forced 
precession. Equation (3.85) can tx: derive~ directly f:om the L~rmor ;elationship, 
since the effective field that the SpinS see In the rotating frame IS Bll . 

z' z 

__ ___ WI 
" 

····.M 

JL----l ~---f-y 

x' 
x 

(a) (b) 

Figure 3.8 Motion of the bulk magnetization vector in the presence of a rotating RF field 
as observed in (a) the RF-rotating frame, and (b) the laboratory frame. 

3,2.5.1 Flip Angle 

As a result of the forced precession. the bulk magnetization_ is tipped away from 
the z'-axis, creating a measurable transverse component M% , y" The flip angle 
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Q is defined as the smaller angle between !VI and the z-axis. Clearly. based On 

Eq. (3.82), the value of Q at the end of an RF pulse is given by 

fTp f Tp 
Q = 10 w, (t)dt = 10 ,,{BW)dt (3.86) 

In the case of a rectangular pulse, 

(3.87) 

As a numerical example. let Tp = 0.1 ms and Bl = 0.6 G. We then have a = ~ 
for protons. 

It is obvious from Eqs. (3.86) and (3.87) that the flip angle depends on both 
the magnitude of the B, (t) field and the duration of exposure. Normally, the pulse 
width is chosen based on the frequency selectivity desired, and we can adjust the 
excitation power to vary the flip angle. For example, for a given Tp. increasing 
the pulse intensity by a factor of 2 (namely. setting B1 to 2B1), will double the 
flip angle according to Eq. (3.87). Another important point to note here is that 
the shape and form of the pulse envelope function are unimportant as long as 
the area under Bf(t) is the same. In other words, for different Bf(t), M travels 
in different trajectories during the excitation period but will end up in the same 
spatial location if the area under Bf(t) is the same. 

3.2.5.2 Calculation of M after an Q Pulse 

Before we describe how to calculate the effect of an RF pulse through the use of 
a rotation operator, it is useful to make clear several notations. 

(a) If an RF pulse rotates M about the B, field in the rotating frame by an angle 
0, we commonly call the pulse an 0: pulse. Clearly, a 900 or ~ pulse rotates 

M by 900
; likewise, a 1800 or 7r pulse rotates Ai by 1800

• Sometimes, it 
is necessary to make the axis of rotation explicit. Assume that the Bl field 
in the rotating frame points in a direction specified by (<1'19), as shown in 

Fig. 3.9; we call the corresponding B, field an Q(~,,) pulse. In practice, it 
is usually assumed that (J = 0 and the pulse is simply written as 0V" Two 
popular choices of <I' are 0 or 900

• corresponding to a 0:1:' pulse and a O:y' 

pulse, respectively. 

(b) We use t = 0_ and t = 0+ to represent the time instants immediately before 
and after a pulse, respectively. 

(c) We will use ---+ as a general spin processing operator. For example, 

(3.88) 

means that an Q., pulse transforms M.,(O_) to M.,(O+). 
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z' 

B, 

y' 

, 
v 

x' 

Figure 3.9 A tilted RF field with an initial phase angle t.p and a tilt angle B. 

With these clarifications, let us first consider the effect of an 0:1:' pulse. Based 

on Eq. (3.82), we have 

My'(O+) = M2sinQ (3.89) 
{ 

M.,(O+) = ° 
Mz'(O+) = M2COSQ 

if the spin system was at thermal equilibrium b~fo~e t~e ~ulse. Under a more 
general prepulse condition, the postpulse magnetization IS given by 

{ 

M.,(O+) = M.,(O_) 
My' (0+) = M.,(O_) cos Q + Mz'(O-) sin Q 
Mz'(O+) = -My,(O_)sinQ + Mz,(O_)cOSQ 

(3.90) 

Similarly to Eq. (3.20), we define a rotation operator about the x'·, y'., and 

z' ·axis, respectively, as 

and 

Rz'(Q) = [ ~ ° 0] cos a sin 0 

-sino coso 

[ 

cO.OSQ 
Ry,(Q) = 

sma 

coso 
-sino 

° 
sino 
coso: 

° 

(3.91) 

(3.92) 

(3.93) 
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As illustrated in Fig. 3.10, R:r:I, Ryl, and RZI specify a clockwise rotation as 
observed against the x' -, y' -, and Zl -axis, respectively. 

z' z' 

~--y' J--_y' 

(a) x' 
(b) x' (c) 

Figure 3.10 Graphical representation of (a) Rz ', (b) R
lI
,. and (c) R",I. 

With the matrix operators defined in Eqs. (3.91), (3.92), and (3.93), the effect 
of an a pulse applied along the x' - or y' -axis can be calculated as follows: 

M,o' (0+) ~ R., (a)kI,o' (0_ ) (3.94a) 

M,o,(O+) 
0; _ "" 

R_.,(a)Mw,(O_ ) = R.,(-a)M,o, (O_) (3.94b) --> 

M,o,(O+) 
0,' 
--> Ry.(a)M,o,(O_) (3.94c) 

M,o,(O+) ~ R_y.(a)M,o'(O_ ) = Ry,( - a)M",(O_) (3.94d) 

where it is understood that A-f:.ot = IMxl1 My' ) Mz' JT, 
The effect of an ex", pulse can be represented by three cascaded spin rotations: 

- cpz,D::r;HPZI, Or in terms of the rotation matrices, we have7 

(3.95) 

which gives the following postpulse magnetizations: 

M •• (O+) = M" (0_ )(cos a sin' <p + cos' <p) + My'(O _ ) sin' ~ sin 2<p 

-M •• (O _ ) sin a sin <p (3.96a) 

M" (0- ) sin' ~ sin 2<p + My'(O _ )(cos a cos' <p + sin' <p) 

+M,.(O_) sin Ct cos <p (3.96b) 

M" (0_) sin a sin <p - My' (0_ ) sin a cos <p 

+ M" (0_ ) cos a (3.96c) 

7Note that the operator precedence is from right!O left. 
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The effect of an Ck(<p,9) pulse can be calculated in an analogous manner. 
specifically, it can be shown that 

M,o,(O+) = R,.(<p)Ry.(8)R,,(a)Ry.(-B)R,.( - <p)M,o,(0_ ) (3.97) 

where {j = - ~ + (). The resulting magnetization is given by 

M,,(O+) = M,. (0_ )[cos a(sin' <p + cos' <p cos' 0) + cos' <psin' OJ 

+My ' (O_)[sin' ~ sin 2<p sin' 0 + sina cos OJ 

+M,.(O_ )[sin' ~ sin 20 cos <p - sin a sin <p sin OJ (3.98a) 

My'(O+) = M,.(O_)[sin' ~ sin 2<p sin' 0 - sin a cos OJ 
, . 2 , 0) ., ., OJ +My,(O_ )[cosa(cos <p+sm <pcos + sm <psm 

+M" (O _ )[sin' ~ sin 20 sin <p + sin a cos <p sin OJ (3.98b) 

M,.(O+) = M,.(O_)[sin a sin <p sin 0 + sin' ~ cos <p sin 20J 

+My' (0_)[- sin Ct cos <psin 0 + sin' ~ sin <p sin 20J 

+M" (0- )[cos a sin' 0 + cos' OJ (3.98c) 

The postpulse magnetization can also be expressed in the laboratory frame. 
According to Eq. (3.60). we have 

by noting that 

COS Wo'Tp 

- sinwoTp 
o 

sinwoTp 

COSWOTp 

° 
(3.99) 

[ 

C?SWo'Tp -sinwoTp O~] -, [CO~WOTP sinwOTp ~1] 
smwo'Tp COSWo'Tp = -smwOTp COSWo'Tp (3.100) 

° 0 ° 0 

where T is the pulse duration and it is assumed that the rotating reference frame 
was set in motion immediately before the pulse is applied. 

3.2.5.3 Examples 

Through the next three examples, we show how to use (he formulas in the preced­
ing section for calculating the excitation effects. 

-- - -- .~~=-.......... -""""""--
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• Example 3.6 

Assume that a spin system was at thermal equilibrium when an RF pulse was 
applied. Calculate the resulting magnetization if the RF pulse is (a) a 90., 
pulse and (b) a 45., pulse. 

The prepulse magnetization value is 

After a 90., pulse. we have 

=[~ j ~][J2] 
= [ ~2 ] 

Similarly, the magnetization after a 45 .. , pulse is given by 

o -:I,} 1 
1 0 

o ,/i 
2 

= [-:~ 1 
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• Example 3.7 

In this example. we derive the following relationship: 

(3,101) 

which describes the effect of a 180~ pulse. 

According to Eq. (3.95), we have 

For simplicity. consider only the transverse magnetization. Then, we have 

[
cosV' 

R.,,(7f) = _ sin <,0 
Sin<,O] (1 0] (COS<,O -Sin<,O] 
cosV' 0 -1 sincp COS'P 

= [ C?s<,O Sin<,O] [ C?s<,O - sin <,0 ] 
-SIDV' cosV' - SIDt.p -coscp 

= ( cos2 cp - Si?"2 tp :-; cos tp 5in2'P ] 
- 2coscpsmtp sm tp - cos cP 

( 
cos2<,O -sin2<,O] 

= -sin2<,O -cos2<,O 

This equation implies that 

Therefore, 

M.,(O+) = M.,(O_) cos 2<,0 - M.,(O_) sin 2<,0 

M.,(O+) = -M.,(O_) sin 2<,0 - M.,(O_) cos 2<,0 

M.,., (0+) = M.,(O+) + iM., (0+) 
= M.,(O_) cos 2<,0 - M.,(O_) sin 2<,0 

_ iM.,(O_) sin 2<,0 - iM., (0_) cos 2<,0 

= (M.,(O_) - iM.,(0_)](cos2<,O - isin2<,O) 

M • (0) -i2~ = z'll' - e 

which proves Eq. (3.101). Based on the result, it is easy to show 

noting that <,0 = ° and 7f / 2, respectively, for 1f.' and 'If y" 

(3.102) 

(3,103) 

(3,I04a) 

(3, I04b) 
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• Example 3,8 

A~sume a spin system has two isochromats at thermal equilibrium condition 
Wl~ ~sonance frequency Wo and Wo + OWQ . We calculate the effect of the 
excltallon sequence 90°, - T - 90° wI'th _ ~ I , • V T-~~, 

Ignonng any off-resonance effect (to be discussed in Section 3.2.6), we 
~nd that the effect of the first 90~, on both isochromats is the same, resulting 

{ 

MI,.' = 0 {M2 . = 0 M 0 ,% 

1.11' = M1,:: and M 2,y' = M~,z 
MI,z' = 0 M2;;r;' = 0 

During ..... the time delay, Ml stays the same (ignoring any relaxation ef­
fects), but M2.,precesses at an ang~lar frequency of oWo in the rotating frame. 
As a result, M2 takes the followmg value immediately before the second 
pulse: 

( 

M2,.' = sin(6woT)M~ = sin "Mo = :flMo ,z 4 2,% 2 2,2: 

M 2 ,.' = cOS(6WOT)M~ = cos "Mo = :flMo 
,l: 4 2,% 2 2,% 

M 2 ,;;r;1 = 0 

The second . pulse is applied along the y' -axis and. therefore, has no 
effect on the first Isochromat because it has been lying along the y' -axis since 
the first pulse. Consequently, the final value for Ml after the two pulses is 

For the ~ec~nd i~~hro.mat, the magnetization vector will be flipped 90° 
around the y-axIS, glvmg nse to the following postpulse value: 

- sin 900 

o 
cos 90° 
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3.2.6 Off· Resonance Excitations 
Most excitations are assumed to be on-resonance. However, in practice. if mag­
netic field inhomogeneities and chemical-shift effects are not negligible, excita­
tions rarely are exactly on-resonance for all the isochromats. When the excitation 
field is off-resonance for a certain isochromat, the effective magnetic fie ld that the 

isochromat sees in the rotating frame is 

(3.105) 

where 6wo = Wo - Wrf measures the degree of off-resonance. 
Equation (3.105) suggests that the effective field has two components: the 

usual B1 component pointing along the x'-axis and a residual component D.wo/'Y 
pointing along the z'-axis, as shown in Fig. 3.~ lao Intuitivl?,ly, based on the above 
discussion one can predict a precession of Mrot about Beff· A more rigorous 
analysis can be obtained by directly solving the following Bloch equation: 

l
dM •• 
-- =D.woMy' 

dt 
dMy ' ---;It = - tlwoM •• + oyB1(t)M., 

dM.· 
---;It = - oyB1(t)My' 

(3 .106) 

which governs the motion of M during the RF pulse. Unfortunately, a c1osed­
form solution to the above equations is not available for an arbitrary envelope 
function Bi(t) . To illustrate the difference between on-resonance and off-resonance 
excitations, we consider a simple case with a rectangular pulse for which Bi(t) = 

B1n( t - T p /2). For this pulse, a closed-form solution to the Bloch equation indeed 
" exists, which is given by 

where 

and 

{ 

M •• (t) = M~sin9cos9[1- COS(W.ff t )] 

My.(t) = M~sin9sin(w.fft) 
M •• (t) = M~[coS2 9 + sin2 9 COS(W.ff!)] 

Weft' = J 6.w5 + wf 

(} = arctan (:~o ) 

O:st :STp (3 .107) 

(3.108) 

(3.109) 
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The magnetization components along each axis immediately after the pulse 
are given by 

{ 

M.,(O+) = M.,(rp) = M~ sinO cosO( 1 - coso) 

M.,(O+) = My'(Tp) = M~sinOsino 

M.,(O+) = M,'(Tp) = M~(cos20+sin20coso) 
(3.110) 

where a = WeffTp is now the flip angle about the ax is of the effective magnetic 
field. 

Note that the transverse magnetization immediately after the pulse is no 
longer along the y' -axis as in the case of on-resonance excitation but has a phase 
shift CPo from the y'-axis toward the x'-ax is. which is given by 

M. (0+ )s .i_n_O_c-,os_O-=(",I,..-_co_s __ o,-,-) 
tan <Po = = -

M.(O+) sinOsina 

(I-cosa)t.wo at.wo 
=. = tan---

sm Q WeR' 2 Weff 
(3.111) 

It is evident from Eq. (3.111) that the phase shift CPo increases almost linearly 
with the frequency shift 6wo . This phase shift can be problematic for some MRI 
applications. In addition. the magnitude of the transverse magnetization given by 

(3.1 12) 

decreases as the frequency offset increases. 

3,2,7 Frequency Selectivity of an RF Pulse 

From the discussion in Section 3.2.6, we know that for a spin system with more 
than one resonance frequency, an RF pulse of the form Ble - iwrtt for O :S t:S rp 

will excite not only M(Wrf) but other isochromats as well. An important question 
that one often encounters is: How will a pulse of the general form Bi(t)e-iw<t£ 
affect the various isochromats of a spin system? To give an exact answer to this 
question, we need to resort to the Bloch equation. However, a closed-form so­
lution to the Bloch equation is not available under this general situation. In this 
section. we describe an approximate approach based on Fourier analysis. 

It is well known that Fourier analysis of a time function reveals its spectral 
content. Specifically. let 

{FB,}(w) = I: B,(t)eiW'dt = .r-1{B'(t)) (3. 113) 
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" 
B eff •••• 

x' 

t' 

8 
'1---- y' 

<a) 

z' 

y' 

(b) 

Figure 3.11 Off-reso'!.ance excitation: (a). effective field in the rotating frame. 

and (b) precession of M rot about the effective field. 

We have 

and 
B

1
(t) = ~ 1'" {FB[}(w)e - i(w+w,,),dw 

21f -00 

(3.114) 

(3.1 15) 

In signal processing. {FBrHw) is interpreted as the fre~ue~cy spectrum 
of the pulse envelope function. It is more insightful ~ere to VIew It as the am-

'fi d b -1(""+Io.>.l1 t In other words plitude of a clockwise rotating vector SpeCl eye . '. . ' 
Eq. (3.1 15) decomposes HI (t) into a continuum of clockwls~-r~tal1ng mlcrovec­
tors with amplitudes {F Bl}(w)dw in the cample< plane. SImIlarly. we can de­
compose the bulk magnetization vectors in terms of Its Isochromats as 

M= I: M(w)dw 
(3.116) 

To establish a link between the isochrornats and the micro-Bl vectorS. we 
further assume that the spin system behaves like a linear. sy~tem;8 namely~ th.e 
.. a t f B (t) is equal to the sum of the e<cltallan effeclS of mdl-

eXCItatIOn euec 0 1 }()d - i(w+w.r}f· 
·d I t {"'B'}(w)dwe-i(w+w,d'. Since {FB, w we IS VI ua componen or 1 . .. d 

a fictitious pulse of infinite length but of infinitesimal strength, It Will, In stea y 

SThe linear syswn assumption is not valid for a nucl~aT spin s~st~m durillg txciratioll. Therefore. 
lhe excitation property of an RF pulse derived from Founer analYSIS IS not accurate. 
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state, excite only the on-resonance isochromat M( . . 
feets can be ignored.9 Therefore the fre u . W :- Wrf) If the relaxation ef­
of the form Be, (t)e-ic..Jrrt is fiull ' h q ~ncy eXCItatIOn property of an RF pulse 

. y c aracterlZed by {F B'}() d .. 
Founer analysis. To be more specific {:FBe} ( ) ! w un .er~ondltlOns of 
acts on M(w + ) s' { '.' w dw .s the excHatlOn field that 

w" . mce FB'}{w) .s a c I . 
rewri te it as {FB1}{w) = /{FB'}lw)Jei~(W) omp ex-valued functlOn, we can 
netic field that each isochromat s:es has a h . Th~refore. the on-resonance mag­
a result, there is a phase dispersal arno t~ a,se shift Y'(w) from the xl-axis. 1O As 
the transverse plane as expected f tnh

g 
doe Isoc.hromats when they flip down to 

. ' rom e ISCUSSlon in S t" 326 .. 
the flip angle is different for diffe . h ec Ion ... In additIOn, 
flip angle for the M(w,,) isochrom~~::~~e~O~ats. According to Eq. (3.86), the 

Q(O) = l' loT' B;(T)dT 
(3.117) 

Based on the linearity assumption. the flip angle for other isochromats is given by 

Q(w) _ /{FBJ}{w)/ 
- /{FB,}(O)/ Q(w,r) (3.118) 

Knowing Q(w) and <p(w), we can calculate the r I' . . 
for each isochromar according to Eq. (3.96). esu tmg postpulse magnetIzation 

As an example. Jet us examine the excitation pro ert of 
whose envelope function is B'(I) _ B II(t- T e/2) pya rectangular pulse 
pIe 2.3, we have 1 - 1 Tp • From the results in Exam-

Therefore. 
equations: 

(3.1I9) 

the frequency excitation property is characterized by the following 

Q(w) 
Q(O) = sinc OWTp) (3. 120a) 

<pew) 
, 
,WTp (3.120b) 

Note that we allow flip angl k . 
1800. Clearly the two e Ct' to ta. e negative values instead of advancing I{J by 

B fi • . wa~s are eqUIvalent for describing the spin motion 
e ore concludmg this section an observatio f . 

der. Ifwe treat the sinc function to b' b n rom Eq. (3.120a) is in or-
e zero eyond the first zero crossing on both 

9This is a valid assumption if the duration of Be( ). . 
For those pulses, the Fourier prediction ·".h 1 t IS shon relatIVe to me spin relaxation times 
t raer accurate. For longe I h . . . 
ess accurate because the relaxation effects be . r pu ses, t e Founer prediction is 

be treated as a linear system due '0 'p,'n' • can~ot Ignored; consequently, the spin system cannot 
In eractJOns. 

IOSince (0) - 0 M( ) . 
v:> -, Wrf Will a/ways nip around the x' -axis. 
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sides, a rectangular pulse of the above form will excite nuclear spins resonating 
over a frequency range 1w - w rrl < 27r/Tp' Therefore. a short rectangular pulse 
of Tp = 1 jlS will excite nuclei resonating over a frequency bandwidth of 103 kHz 
centered around the excitation frequency W r£. These shon rectangular pulses (ap­
proximating a a-function) are called hard or nonselective pulses, since they are 
designed to excite "everything" in the spin system. On the other hand. a rectan­
gular RF pulse of Tp = 10 ms will produce excitation over a narrow frequency 
bandwidth of 100 Hz. Such long pulses are called selective pulses because they 
selectively excite nuclei resonating in the selected frequency range. In practice. 
based on the asymptotic property of the Fourier transform. better frequency selec­
tivity can be achieved by utilizing smoother pulses. such as the Gaussian or sine 
pulses, rather than the rectangular pulse. For this reason, long selective pulses are 
often called soft pulses. The design of an RF pulse with good frequency selectiv­
ity is an important subject of MRI and is still an active area of research. We will 
return to this topic when we discuss the signal localization in Chapter 5. 

3.3 Free Precession and Relaxation 

After a magnetized spin system has been perturbed from its thermal equilibrium 
state by an RF pulse. it will, according to the laws of thermodynamics, return 
to this state. provided the external force is removed and sufficient time is given. 
This process is characterized by a precession of !Vi about the Bo field, called/ree 
precession; a recovery of the longitudinal magnetization M~, called longitudinal 
relaxation; and the destruction of the transverse magnetization Mxy. called trans­
verse relaxation. Both relaxation processes are often ascribed to the existence of 
time-dependent microscopic magnetic fields that surround a nucleus as a result 
of the random thermal motions present in an object. But the exact mechanisms 
by which these relaxation events occur for an arbitrary spin system are far too di­
verse and complex to be properly covered here. The interested reader is referred 
to the text by Abragam [I], In this section, we give only a phenomenological 
description of the relaxation process using the Bloch equation. The effect of spin 
relaxations on image appearance (contrast) is dependent on the excitation scheme 
used for data acquisition, an important topic to be discussed in Chapter 7. 

Phenomenologically, the transverse and longitudinal relaxations are described 
by a first-order process. Specifically, in the Larmor-rotating frame, we have 

I 
dM., M., - M~ 
--;u- = - T, 

d~~'y' = _ M;~y, 
(3.121) 

These equations are directly derived from the rotating frame Bloch equation in 
Eq. (3.75) in which the first term drops out because Boff = (Bo - woh)k' = o. 
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Solving Eq. (3 .121), we obtain the following time evolution for the transverse and 
longitudinal magnetization components: 

{ 
M.,.,(t) = M. ,. ,(O+)e- tIT, 

M. ,(t) = M2 (1 - e- tIT,) + M. ,(O+)e - tIT, 
(3.122) 

where M.:e'Y'(O+) and M:,(O+) are the magnetizations on the transverse plane 
and along the z-axis immediately after an RF pulse. and M~ is, as before, the 
longitudinal magnetization at thermal equilibrium. 

An important point about this phenomenological description is that both the 
decay of the transverse magnetization and the recovery of the longitudinal mag­
netization after an RF perturbation follow an exponential function. This expo­
nential description, especially for the transverse relaxation. applies only to spin 
systems with weak spin-spin interactions, as is the case with spins residing in 
liquid state molecules. For solids and macromolecules, the mechanisms for trans­
verse relaxation are more complicated. For many biological applications of MRI, 
however. we deal almost exclusively with "slowly" relaxing spins for which the 
phenomenological description is often appropriate. 

Another point worth noting is that Tl and T2 are not defined as the times 
at which longitudinal and transverse relaxations are completed. To see this point 
more clearly, consider the Tl and T2 relaxations after a 90° pulse, which produces 
M.,.,(O+) = M2 and M,,(O+) = 0. By some simple arithmetic, we can easily 
verify, based on Eq. (3.122), that 

{ 
M.,(T,) '" 63%M2 

M. ,. , (T2) '" 37%M.,. , (0+) 
(3.123) 

Therefore, M z ' will regain 63% of its thermal equilibrium value after a time in­
terval Tlo but Mx' 'II' will lose 63% of its initial value after a time interval T2 , as 
illustrated in Fig. 3.12. The values of Tl and T2 depend on the tissue composi­
tion, structure, and surroundings. For a given spin system, Tl is always longer 
than T2. As an example, T, is about 300 to 2000 ms, and T2 is about 30 to 150 ms 
in biological tissues. 

The combined effect of free precession and relaxation can be seen by putting 
the magnetization vector back to the laboratory frame. Specifically, applying the 
transformation rule in Eq. (3.64) to Eq. (3.122), we obtain 

M •• (t) = M •• (O+)e - tIT'e-iw,t 

M,(t) = M2 (1 - e- tIT,) + M.(O+)e - tIT, 

where 

(3.124a) 

(3.124b) 

(3.125) 

L - - - - - -
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(a) 

M,(O) 

(b) 

Figure 3.12 Relaxation curves. 

. . b d· the laboratory frame by the 
. the "initial" transverse magneuzatlon 0 serve 10 h 
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n
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quatlon . RF 1 f e pro-
d longitudinal magnetization evolves after an pu se as 1m 

transverseSan·fi II it is clear from Eq. (3.124a) that in the laboratory frame 
gresses. peel ca y, tization is characterized by an exponential 
the evolution of the transve:se magne B fi ld -iloJot The length of the free 
d -tjT'J and a precession about the 0 e e. . 
ecaye. 'ad is dependent on the T2 value. For biological tissues, T2 Is .on 
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11 Relaxation is normally ignored during the ex.citation period for most RF pulses. 
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z 

x y 

Figure 3.13 The trajectory of the tip of !Vi during the relax· 
arion period as observed in the laboratory frame. 

3.4 Signal Detection 

We know from the foregoing discussion that by placing an object in an exter­
nal magnetic field 130 and stimulating it with another alternating or oscillating 
magnetic field 131 (t). we can induce a macroscopic magnetism in the form of a 
rotating magnetization in the object. This is the so-called NMR phenomenon. 
The next question is how to detect this magnetism, or more specifically, how to 
convert this rotating magnetization to electrical signals. We address this question 
in this section. We begin with a brief review of the basic physical principles of 
signal detection and then describe the concept of signal demodulation and quadra­
ture detection. Emphasis is placed on deriving mathematical expressions of the 
activated signal in terms of various variables characterizing the spin system and 
the excitation conditions. 

3.4.1 Basic Detection Principles 

MR signal detection is based on the well-known Faraday law of electromagnetic 
induction and the principle of reciprocity. The Faraday law of induction states 
that time-varying magnetic flux through a conducting loop (a receiver coil) will 
induce in the coil an electromagnetic force (or voltage) that is equal to the rate at 
which the magnetic flux through the coil is changing. There are many daily-life 
examples of this law in action. That the power generators convert mechanical 
rotation of a permanent magnet into household electricity is one such example. 

Section 3.4 Signal Detection 9S 

In MRI, the bulk magnetization is precessing at a radio freque,ncy an? any 
conducting loop resonating at the frequency can be used .as ~ re~elver cOlI. In 

. any circumstances, the same RF coil used for excitation IS also used for 
fact. In m . .. . d h h th 
d t· The detection sensitivity of a receIver coli IS detenmne t roug e etec Ion. - ) . I bo 
rinciple of reciprocity [13]. Specifically, assume that B,r(r IS. th~ a ratory 
~rame magnetic field at location r produced by a hypothetJ~al un~ dlrect.cur,rent 
Howing in the coil. Then, the magnetic flux through the COIl by M(r, t) IS gIven 

by 
cI>(t) = ( E,(r) . M(r, t)dr 

} object 

(3.126) 

Then, according to the Faraday law of induction, the voltage Vet) induced in the 

coil is 

Vet) = _ acI>(t) = _!!... ( E,(r)' M(r, t)dr 
at at } object 

(3 .127) 

The voltage V(t) induced in the receiver coil is often regarded a~ the raw N~R 
. I Therefore Eq. (3,127) is the most basic formula of MR SIgnal detection. 
~p. , .' f . . 
which embodies the Faraday law of induction and the p~mclple 0 ~eclproc lty, 
From this formula we can quantitatively determine how v~nous fa,e wrs m an NM~ 

Periment affect the received MR signal. In the ensumg section, we use thiS 
~ . 
fonnula to derive some commonly used signal expressIOns. 

3.4.2 Signal Expressions 

The term signal can mean various things in MR1. It refers, sometimes to th~ trans­
verse magnetization. sometimes to the induced voltage Signal, and somehmes to 
the induced voltage after some processing. This section shows what form the 
signal takes at different stages of the Signal, detection module, 

Let us begin by rewriting Eq. (3.127) In scalar form as 

Vet) = -!!... ( [B,.,(r)M,(r,t) + Br.,(r)M,(r,t) at } object 

+ B".(r)M.(r, t )!dr (3.128) 

where the following vector decomposition is assumed: 

Br = Br,%i + Br,y] + Br.%k (3.129) 

Since M%(r,t) is a slowly varying function compared to the f~ee preces~ion. of 
the M, and M. components, the last term in Eq. (3.128) can be Ignored, YIelding 

1 [ aM,(r , t) )aM,(r , t)l dr (3 130) 
V(t) = - . B,.,(r) at + B",(r at . 

object 
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Equation (3.130) indicates that the induced voltage is a function of only Mz and 
My. This is why it is normally known that MR signals are dependent on the 
transverse magnetization. 

To develop this expression further, we rewrite Band B as T,X r,y 

{ 
B". = IB" •• (rllc.oS4>,(r) 
B I (3.131) 

"~V = B" •• (r) 1 sm4>,(r ) 

where c/>r(r ) is. the reception phase angle. If the reception field at location r points 
along the x-aXIS, then 4>,(r) = O. On the other hand, if the field points along the 
y-aXIS, 4>,( r) = 1f / 2. For other cases, 4>,( r) takes a value between a and h. 

To evaluate the time derivative of Mz and My as required by Eq. (3.130), we 
invoke the free precession equation, Eq. (3.124), from which we can obtain 

M.(r, t) = IM •• (r, O)le- tIT,(,) cosi - w(r)t + 4>,(r)] (3.132a) 

M.(r, t) = IM •• (r, O) le- tIT,(,) sini-w(r )t + 4>,(r)] (3.132b) 

where tPe{r) is the initial phase shift introduced by RF excitation. Similarly 
to <p:(r ). tPe(r) takes a value between 0 and 211'" depending on the direction 
of M •• (r,O). S~cifically, 4>,(r) = a if M •• (r ,0) lies along the x-axis, or 
4>,(r) = 1f/ 2 if M •• (r , 0) lies along the y-axis. 

From Eq. (3.132), one immediately obtains 

aM.(r, t) IT ( ) 
at = w(r )IM •• (r, O)le-' "sini-w(r )t + 4>,(r)] 

1 
- T2(r) IM •• (r, O)le- tIT, (, ) cosi-w(r)t + 4>,(r)1 

aM.(r, t) 
at 

(3.133a) 

- w(r)IM •• (r, O) le- tIT,(, ) cOSi-W(T)t + 4>,(r)] 

1 
- T2(r) IM •• (r,O)le-' IT,(, ) sini-w(r)t + 4>.(r)] 

(3.133b) 

For most applications, free precession is at a much faster rate than relaxation, 
namely, 

w(r) » 1/T2(r) (3.134) 

Hence, the second tenns in the equations above can be ignored, yielding 

aM.(r, t) 17' ( ) 
at = w(r) IM •• (r, O)le- t 

" sini- w(r )t + 4>,(r) ] 

aM.(r, t) 
at 

(3.135a) 

- w(r) IM.,(r, O)le- tIT,(, ) cosi-w(r)t + 4>,(r)] 

(3.135b) 
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Substituting Eqs. (3.131) and (3 .135) into Eq. (3.130) with some simplifica­

tions, we obtain 

Vet) = - r w(r) IB" •• (r)IIM •• (r,O)le - ' IT, (,) 
} object 

sini-w(r)t + 4>,(r ) - 4>,(r )]dr (3.136) 

or 

Vet) = r w(r) IB" •• (r) II M •• (r, O) le- tIT,(, ) 
} object 

COS [-w(r)t + 4>,(r) - 4>,(r) + ~l dr (3.137) 

Equation (3.136) or (3.137) is a basic signal expression that explicitly shows the 
dependence of a detected voltage signal on the laboratory frame transverse mag­
netization Mzy(r, 0), the free precession frequency w(r) , and the detection sen­
sitivity of the receiver coil Br,zy( r) . 

The voltage signal Vet) is a high-frequency signal because the transverse 
magnetization vector precesses at the Larmor frequency. as observed at the lab­
oratory frame. This can pose unnecessary problems for electronic circuitries in 
later processing stages. In practice, Vet) is moved to a low-frequency band using 
what is known as the phase-sensitive detection (PSD) method. or signal demodll ­
lation method. Signal demodulation consists of multiplying Vet) by a reference 
sinusoidal signal and then low-pass-filtering it to remove the high-frequency com­
ponent. Referring to Fig. 3.14a and assuming that the reference signal is 2 coswot, 

we have 

2V(t) coswot = 2 r W(T )IB".,(r 1I IM.y(r, O) le- 'IT,(r ) 
} o bject 

COS [- w(r)t + 4>,(r ) - 4>,(r ) + ~l coswotdr 

= r w(r) IB" •• (r )I IM •• (r,O)le-' IT,(,) 
} object 

COS [-w(r )t - wot + 4>,(r) - 4>,(r) + ~l dr 

+ r w(r)IB" •• (r) II M •• (r, O)le- tIT,(,) 
} object 

COS [-w(r)t + wot + 4>,(r) - 4>,(r ) + ~l dr 

(3.138) 

Removing the first component by low-pass filtering will result in a low­
frequency signal, which is the output of the PSD system. Denoting this signal 



I 

[ 
I 
I 
I 

I 

" 

98 Chapter 3 Signal Generation and Detection 

,. - - - - - - - - - - - - --- - - -- - - -- - -- - - - - ------ - - -

(a) 
Input: 

Low-Pass Filter 
: Output 

-------------- - ---- - - - - --!~-~--, 
Reference signal 

PSD 

VII) 
(b) 2COSooot Mixer ~S(t) 

PSD 

2sinwot 

Figure 3.14 Phase-sensitive detection . 

as Vp,d(t), we have 

Vp,d(t) = r. w(r)IB., •• (r)IIM •• (r,O) le- tIT,(r ) 
}obJect 

cos [- w(r)t + wot + 4>,(r) - 4>.(r) + ~l dr (3 .139) 

It is often convenient to express w( r) as 

w(r) = Wo + L'.w(r) (3.140) 

where .6w{ r) is the spatially dependent resonance frequency in the rotating frame. 
Then, we have 

Vp,d(t) = r. [wo + L'.w(r)I IB., •• (r) II M •• (r,O) le- tIT,(. ) 
} object 

COS [- L'.w(r )t + 4>.(r) - 4>.(r) + ~l dr (3 .141 ) 

In practice, L'.w(r) « wo, and Eq. (3.141) can be further simplified to 

Vp,d(t) = Wo ( IB., •• (r)IIM •• (r , O) le- tIT, (r ) 
} object 

cos [- L'.w(r)t + 4>, (r) - 4>.(r ) + ~l dr (3. 142) 
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which is a general expression for signals from a single PSD. Since .6w( T) is the 
precession frequency in the rotating frame, Vpsd (t) is often regarded as the signal 
detected in the rotating frame. A notable drawback of this detection scheme is 
that we cannot detennine from the signal whether the isochromat is precessing 
clockwise (6w > 0) or counterclockwise (6w < 0). To overcome this problem, a 
second PSD system is used with reference signal 2 sinwot, which has a 90

0 
phase 

shift relative to the first. It is easy to show that the output from this detection 

system is 

Vp,d(t) = Wo ( IB., •• (r) II M.,(r ,O) le- tIT, (r ) 
}object 

sin [- L'.w(r)t + 4>,(r) - 4>.(r) + ~l dr (3.143) 

In this way, we are detecting the rotating magnetization with two "detectors," 
which are orthogonal to each other. This detection scheme, known as quadrature 
detection, is commonly used in modern MRI systems. The two outputs from such 
a system are often put in a complex fonn, as shown in Fig. 3.14b, with one output 
being treated as the real part and the other as the imaginary part. 

Specifically, let 
5(t ) = 5 R (t) + i51(t) (3.144) 

with 5R(t) being the output from the first PSD given in Eq. (3.142) and 51(t) 
being the output from the second PSD given in Eq. (3 .143). Then, 

5(t) = Wo { IB.,.v(r)I IM •• (r,0) le-'I"" (r)t- •• (. )+.;, (r)-'12Idr 
} object 

Invoking the earlier-established complex notation that 

we have 

{ 
Br,x lJ = Br,x ~ iBr ,lJ 

Mxy = M:r. + tMy 

IB (r) le- "'(') = W (r) r ,xll r,:r.y 

IM •• (r,O)le,., (r) = M •• (r , 0) 

(3.145) 

(3.146) 

(3 .147a) 

(3.147b) 

where B;,.y is the complex conjugate of B.,.,. With Eq. (3.147), Eq. (3.145) can 
be written as 

5 (t) = woe' · 12 ( B;, •• (r)M •• (r,O )e- '''"(r)'dr 
}objeCl 

(3.148) 

The scaling constant woe" 12 in Eq. (3.148) is often omitted, resulting in the fol­
lowing popular signal expression: 

5 (t) = { B;, • .(r)M •• (r ,O) e- '''"(r )tdr (3 .149) 
}objeCl 
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Furthermore. if the receiver coil has a homogeneous reception field over the 
region ofinterest, as is often assumed, the signal expression in Eq. (3.149) can be 
further simplified to 

S(t) = r MXy(r,O)e - iAw(r )'dr 
} object 

(3.150) 

Note that in the preceding derivation, it is implicitly assumed that the object 
sees a static inhomogeneous magnetic field during the free precession period. 
Expressing the field distribution as 

B(r) = Bo + tl.B(r) (3.151) 

we have 
tl.w(r) = ,tl.B(r) (3 .152) 

and Eq. (3.150) becomes 

S(t) = r Mxy(r ,O)e-"AB(r)'dr 
J object 

(3.153) 

If the inhomogeneous field is time-varying, that is, t:,.B is a function of 
both space and time, then all the foregoing signal expressions need to be mod­
ified accordingly. Specifically, denoting the inhomogeneous field component 

as tl.B(r, t), tl.w(r)t should be replaced by ,J; tl.B(r,T)dr. For example, 
Eq. (3.148) should be rewritten as 

S(t) = woei1r
/

2 
( B;,zy(r)M:r:y(r, O)e-i-r f; tJ.B (r ,-r)dr dr 

Jobject 
(3.154) 

• Example 3.9 

We calculate the signal generated by an Q' pulse in this example. 
Assume that the object has a thennal equilibrium magnetization M~( r). 

The transverse magnetization generated by the pulse is 

Mxy(r,t = 0+) = M~(r)sinaei.,(r) 

Substituting the result into Eq. (3.153) yields 

S(t) = sin a r M~(r)ei.,(r)e-i,AB(r)'dr 
J object 

which is the desired expression for the signal generated by an arbitrary a 
pulse in the presence of an inhomogeneous static field. 
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Exercises 

3.1 For the following nuclei, does their spin quantum number take an integral, 
half-integral , or zero value? For each case, discuss whether the nucleus is 

NMR-active. 

3.2 

(a) 1H, 'H 

(b) 160, 170 

(c) 12C,13C 

(d) 31p, 23Na 

In the absence of an external magnetic field, a bulk object exhibits no net 
nuclear magnetism because: 

(a) Nuclear magnetic moments for all nuclei are zero. 

(b) Nuclear magnetic moments cancel out each other. 

(c) The bulk magnetization vector is too small to be detected. 

(d) All of the above. 

3.3 What are the primary functions ofthe static magnetic field Eo in MR imag­

ing? 

3.4 What is the Zeeman splitting phenomenon? 

3.5 Why is MRI known as a low-sensitivity imaging technique? 

3.6 What is the primary function of the oscillating B1 (t) field? 

3.7 What is the resonance condition? 

3.8 Why does a spin system often have more than one resonance frequency? 
If you place a cup of water in a perfectly homogeneous magnetic field, do 
you expect to detect more than one resonance frequency from the protons? 
Why? 

3.9 What is an isochromat? 

3,10 Justify the last two equations in Eq. (3.57). 

3,11 Given a fixed flip angle, the larger the M the stronger the B1 needed be· 
cause a stronger force is required to flip a larger M. True or false? 
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3.12 Briefly discuss how one can selectively elicit the NMR phenomenon from 
one spin system of a biological sample (such as protons) without affecting 
the others (such as 31 P)? 

3.13 

3.14 

lustify thai the two representations of nudear precession in Eq. (3.25) and 
Eq. (3.16) are equivalent. 

Prove the following relationships for the rotation matrices R., (0). Ry ' (0), 
and R.,(a): 

(a) R;.'(a) = R •. (-a) = R_ •. (a) 

(b) R;.'(a) = Ry.(-a) = R_y,(a) 

(c) R;,I(a) = R,,(-a) = R_.,(a) 

3.15 In which plane does the receiver coil pick up the activated MR signal? 
Is the received signal dependent on the time evolution of the longitudinal 
component after an RF pulse? Why? 

3.16 Calculate and sketch BI .,ot(t) assuming that 

BI (t) = BI cas(w,rt + 1f/ 4}"[ - BI sin(w,r t + 1f /4)] 

3.17 The bulk magnetization of a proton spin system is flipped 90° by a rectan­
gular RF pulse of width 1.0 ms. 

(a) What is the magnitude of the BI field required? 

(b) How many precession cycles take place in the laboratory frame dur­
ing the pulse. assuming Bo= 0.5. \.0. and 1.5 T. respectively. 

3.18 Assume that.81 (t) == BI COSWrfti - BI sinwrftJ is a stationary vector in 
the ~rf-rotating frame, namely. Bl,rodt) == Eli' . Derive an expression 
for BI (t) such that 

(a) BI.wt(t) = BIl' 

(b) BI.,o,(t) = Bli' + BIl' 

3.19 Derive the closed-form solution given in Eq. (3.82) for the Bloch equation 
for on-resonance excitation with an arbitrary pulse. 

3.20 Calculate and depict the bulk magnetization vector of a spin system rel­
ative to the prepulse reference frame after a 90~, pulse. Assume that the 
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3.21 

3.22 

Larmor frequency of the spin system is 10 MHz, the pulse lasts 1.0 ms, and 
the prepulse condition is Mz'(O_} = My' (0_ ) = 0 and M,,(O _ ) = M~. 

Calculate the resulting magnetization in the laboratory frame immediately 
after a 90~, pulse with duration of 'T and 2T, respectively. 

Assume that a spin system with a single resonance component was at ther­
mal equilibrium. Calculate the transverse magnetization resulting from the 
following excitation sequences: 

(a) 90~,90~, 

(b) 90~, - T - 90~, 

(c) 45~,90~, 

(d) 30~, ( -15;. )80~. 15;, 

3.23 Calculate the effects of the following excitation sequences on a spin sys­
tem with two isochromats at resonance frequencies Wo and Wo - oWo· It is 
assumed that the spin system is at thermal equilibrium and T = ~. 

(a) 90~ , - T - 180~, 

(b) 45;, - T /2 - 90~, 

3.24 Derive the c1osed-fonn solution given in Eq. (3.107) for the Bloch equation 
for off-resonance excitation with a rectangular pulse. 

3.25 Prove the relationships given in Eq. (3.57). 

3.26 Prove the result in Eq. (3.60) . 

3.27 Assume that a known RF pulse BI(t) = BI cos(wot)i - BI sin(wot)] 
flips the bulk magnetization vector onto th: y'-axis (of the rotating frame) 
immediately after the pulse. Modify this BI field such that the bulk mag­
netization vector ends up in the following positions immediately after the 
pulse: 

(a) Lying along the _ y' -axis 

(b) Lying along the x'-axis 

(c) Lying along the - x'·axis 

(d) Lying along a vector 45° away from the y'-axis toward the x' in the 
transverse plane 
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3.28 Specify two pulses that will conven M:, , to M+ and -M+ respec • 11 :r;'y' ";''/1'' • 
lively. 

3.29 Use a vector model to schematically show the effects of a 90°, 90° 
90¥, •. 90~y" 180~/ 180;, pulse on the bulk magnetization vector ~;igin;fi~ 
pomtIng along the z' -axis. 

3.30 

3.31 

3.32 

3.33 

3.34 

The excitation property of an RF pulse is derived from the inverse Fourier 
transform of its envelope function. How is it related to the forward lrans­
fonn? 

An RF pulse applied along the x' -axis for 100 J1S Hips an "on-resonance" 
magnetization by 90° onto the y' -axis. How much magnetization is tipped 
onto the (x', y')-plane if the excitation is "off-resonance" by 10 kHz? 

Describe what is meant by "hard" and "sof[" pulses. 

The f~equenc~ distribution of an RF pulse can presumably be calculated 
from us F~uf1er transform. Compare the situation pertaining to Prob. 
tern 3.31 wIth the result you expect from the Fourier transform. 

A spin system has three isochromats with resonance frequencies at w 
Wo + 6, and Wo - 6, where Wo = 42 MHz and 6 = 0.25 kHz. We next a~~ 
sume that an RF pulse defined by B, (t) = Bi(t)e-iw". where the Fourier 
transform of B~(t) is given in the following figure, will Hip the isochro. 
mats by 90' .67.5', and 67.5'. respectively. Calculate the Hip angles of all 
the Isochromats for the following pulses based on the Fourier theory. 

(a) Bf(2t)e- iw" 

(b) 2B1(2t)e- iw" 

(c) BW/2)e- iw., 

(d) !Bi(t/2)e- iw,. 

(e) 2Bi (2t)e- i (w,+"I' 

(I) 2Bl (2t )e-i(w'-"l' 

(g) ~ Bi( t/2)e- i (wo+l!.)t 

(h) ! Bi (t /2)e - i (w, -"" 
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3.35 

3.36 

3.37 

3.38 

3.39 

{FBiJ(J) 

f 
·1 kHz I kHz 

Design an RF pulse that will selectively excite a 10 kHz wide frequency 
band centered at 42 MHz with 45° flip angle for a spin system of protons. 

After an RF pulse, M;r:y decays to zero and Mz. returns to M~. During this 
relaxation process, the amount of M:ry lost is equal to the amount of Mz. 
that is gained. True or false? 

During the excitation period, the magnitude of M(t) stays constant while 
M(t) spirals down. Give an example to demonstrate that this statement is 

not true during the relaxation period when M(t) spirals up. 

How long does it take for the longitudinal magnetization M;z. of a spin 
system with longitudinal relaxation time constant Tl to recover 63% of its 
thermal equilibrium value after (a) a 90' pulse and (b) a 75' pulse? 

A spin system is ex.cited by a 180~, - T - 90~, sequence with T ro.J 2T1 · 

(a) Plot the time evolution of the M;z.' component in the T time interval. 

(b) Calculate the magnitude of M:r'!I' immediately after the 90~. pulse 
and plot its time evolution after this pulse. 

3.40 An imaging sequence often involves a series of excitation pulses to gen· 
crate signals to cover k·space. Since a 90° pulse completely rotates any 
available Mz. component onto the transverse plane. magnetization along 
the z·axis is always zero immediately after a 90° pulse in any imaging 
sequence with 90° ex.citation pulses . True or false? 

3.41 Why is forced precession much slower than free precession? 
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Signal Characteristics 

The great mystery of the spin echo was what made the spills 

get back in phase again? Was echo a challenge 10 rhe basic 
concepts oj irreversibility? Was there a Maxwell demon at 
work producing the refocusing? 

Charles P. Sliciller 

In this chapter, we examine in detail time signals observed from a nuclear spin 
system after pulse excitations. We classify these signals into three major cate­
gories: free induction decays (FID). RF echoes, and gradient echoes. For each 
type of signal, we describe its excitation requirements. general characteristics, 
and mathematical expression. 

4.1 Basic Assumptions 

Let us state some general assumptions underlying the discussion throughout this 
chapler. 

First, we assume that an RF pulse is applied instantaneously so that the pulse 
interval is treated as zero. If precise timing of the occurrence of a signal is desired, 
finite pulse intervals need to be properly accounted for, but this is rarely the case 
in practice. 

Second, we ignore any imperfections in exci tation and reception so that any 
phase shift due to off-resonance effects and nonuniform B r weighting on the re­
ceived signal are omitted. Under this assumption, we can use the simplified signal 
expression in Eq. (3.150). Furthermore, for notational convenience. we will re­
place 6.w by w so that w now represents the precessional frequency in the rotating 
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frame. Consequently, Eq. (3.150) can be written as 

S(t) = r M%y(r,O+)e - t/T,(r)e-iw(r)tdr 
} object 

(4.1) 

!hird, for a heterogeo.eoll.s spin system, we introduce a spin spectral density 
funcll~n pew) to ~haractenze Us frequency distribution. Specifically, let dM(w) 
be the Isochromatic bulk magnetization. I Then, 

dM(w) = p(w)dw (4.2) 

and 

M = l: p(w)dw (4.3) 

Having p(w), Eq. (4.1) can be rewritten as 

(4.4) 

Note th~t pew) is not identical to the frequency spectrum of Set). For distinction, 
we use pew) to represent the frequency spectrum ofa time signal. By definition, 

1 f~ S(I) = - p(w)e - iwtdw 
271'" -00 

(4.5) 

Therefore, p(w) = 21l"p(w) only when T, relaxation is omitted. 
In practice, p(w) can take various forms, depending on M,(r) and E(r). We 

descnhe two of them for later use. First, for a spin system with N isochromats at 
frequency W n • the spectral density function consists of N delta functions located 
at W n . More specifically, 

N 

p(w) = L M~,no(w - wn) (4.6) 
n=l 

where M~,n is the thermal equilibrium value for the bulk magnetization of res­
onance frequ~ncy W n . . Second, when a sample is placed in a special inhomoge­
neous magnetic field with a Lorentzian distribution, the resulting spectral density 
function takes the following form: 

p(w) = MO bLlEo)' 
• bLlEo)' + (w - wo)' 

(4.7) 

-----------------
1 Fo~ no.tational convenience, we simply use M% (w), My (w), and Mol: (w) 10 denote isochromatic 

magnetizatIon components. 

~---------- - - --
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• Example 4.1 

Determine p(w) for a simple case, in which a sample with spin concentration 
c(x) = PoII(x) is placed in an inhomogeneous field E(x) = Eo + x'. 

We first calculate the time signal after a 900 pulse. Pick an isochromat 

at an arbitrary location x. Its resonance frequency is 

w(x) = ,,/(Eo + x') 

and its magnetization is 
M~ = c(x)dx 

The infinitesimal signal generated by this isochromat after a 90° pulse is 

(4.8) 

The full-fledged time signal from the entire sample is 

f~ f'/' , S(t) = dS(t) = poe-tIT'e- h(B,+% )tdx 
-co - 1/2 

(4.9) 

By variable substitution. Eq. (4.9) can be rewritten as 

S(t) = Po e-tIT'e- iwtdw l
wo+'Y/4 

w, - o/4 2v'lw - wo lh 
(4.10) 

Therefore. the spin spectral density function is 

Iw - wol < ,,//4 
(4.11) 

otherwise 

4.2 Free Induction Decays 

Free induction decays (FID) arise from the action of a single pulse on a nuclear 
spin system. "Free" refers to the fact that the signa~ is generated by the free pre­
cession of the bulk magnetization vector about the Eo field; "induction" indicates 
that the signal was produced based on Faraday's law of electromagnetic induction; 
and "decay" reflects the characteristic decrease with time of the signal amplitude. 

FlD signals are the most basic form of transient signals from a spin system 
after a pulse excitation. They are also the mother signal for other fonns of MR 
signals described later in this chapter. Mathematically, an FID signal resulting 
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from an Q pulse takes the following fonn: 

S(I) = sino I: p(w)e- · /T,(w)e-iw ·dw 1 ~ 0 (4.12) 

Clearly, the spectral densi ty function p{w) determines the characteristics of 
an FlD signal. For example, the FID signal of a spin system with a single spectral 
component resonating at frequency Wo can be expressed as 

1 ~ 0 (4.13) 

Two basic parameters of an FID signal are its amplitude and decay rate. 
Regardless of the spectral distribution of a spin system, the FID signal reaches its 
maximum amplitude at t = O. whose value is given by 

A( = sino i: p{w)dw = M~sinQ (4.14) 

Hence. the maximum amplitude of an FID signal depends on both the flip angle 
and the thermal equilibrium value of the bulk magnetization. 

The decay rate of an FID signal is strongly tied to the underlying spectral 
distribution. In the case of a single spectral component, the FID signal bears a 
characteristic T2 decay, as indicated in Eq. (4.13). This situation occurs when both 
the sample and the magnetic field to which the sample is exposed are perfectly 
homogeneous. When the magnetic field is inhomogeneous, the FID signal decays 
at a much faster rate. To illustrate this point, consider two proton isochromats. 
one at 1 T and the other at 1.01 T. Their precessional frequencies will be 42 
and 42.42 MHz, respectively. Then, in I J1. S, isochromat 1 will have made 42 
turns while isochromat 2 will have made 42.42 turns. In this short time span, 
the first isochromat will be almost a half (0.42) tum behind the second, or nearly 
1800 out of phase. If we look at a large number of isochromats, a random phase 
relationship will be established in this process. As a consequence, their magnetic 
moments will cancel each other, leading to a loss of the bulk magnetization or a 
decay in the detected. signal. 

To characterize the signal decay in the presence of field inhomogeneity, a 
new time constant T; is frequently used. More specifically, if the field inhomo­
geneity lends itself to a Lorentzian distribution, as described by Eq. (4.7), the PID 
signal becomes 

1 ~ 0 (4.15) 

section 4.2 Free Induction Decays 111 

where 1 1 - = -+,ABo 
Ti Tz 

(4.16) 

Although Eq. (4.16) is widely used in the MR literature, it is valid only restric­
tively for Lorentzian spectral density functions. For other types of spec tral den­
sity function, the envelope function of an FID signal will not be an exponential 
function, and Ti should be interpreted as the effective time constant of an approx­
imating exponential. To illustrate the effect of different spectral distributions on 
the characteristics of an FID signal, some examples are shown in Fig. 4.1. 

To summarize. an FlD signal is the transient response of a spin system after 
a pulse excitation. The magnitude of the signal is dependent on a number of pa­
rameters, in particular, the flip angle, the total number of spins in the sample, and 
the magnetic field strength. How long an FlD signal persists in practice depends 
mainly on the degree of field inhomogeneity, which is characterized by the T; 
decay. 

(a) 

~ ~ ~ ~ ~ ~1 ~ ~ ~ ~~ V V V V lTv IJv ifv ifv V V V V V V 

(b) VITO lTv 

(e) 

Figure 4.1 Simulated FlO signals from a spin system with (a) one isochromat, 
(b) three isochromats, and (c) a continuum ofisochromats. Note that the decaying 
pattern of the signals changes for different spectral distributions. 
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• Example 4.2 

In this example. we take a close look at the frequency spectrum of an FID 
signal. First. consider the case of a single spectral component. According to 
Eq. (4.13), the FID signal can be written as 

8(t) = Ae- ' IT'e - iwo' t 2: 0 

where A is a scaling constant. Its frequency spectrum is given by 

p(w) = F{8(t)} = 10
00 

Ae-'IT'e-iwo'e- iW'dt 

AT, . AT1(w + wo) 
= 1 + Tl (w + wo)' - , "'l""+""T:O:l"'('--w--'+----'w"'o )"" 

The real and imaginary parts of p(w) are called absorption-mode and 
dispersion-mode components, respectively. Several notable features of f;(w) 
are summarized as follows: 

(al The absorption-mode spectrum given by 

!R{-( )} AT, 
p w = 1 + Tl(w + wo)' (4.17) 

has a Lorentzian line shape. as shown in Fig. 4.2. 

(bl The full width at half-maximum (FWHMl, also called the line width, of 
the absorption-mode spectrum is I/(rrT, ). 

(c) The magnitude spectrum given by 

Ip(w) 1 = AT, 
VI + Tf(w + wo)' 

(4.18) 

has a non-Lorentzian line shape. 

(d) The line width of the magnitude spectrum is V3/(-rrT,). In other words, 
the magnitude spectrum is a factor of v'3 broader than the absorption­
mode counterpart. 

For FID signals with more than one spectral component. the absorption­
mode spectrum is a summation of Lorentzian lines whose locations and line 
widths are directly related to the isochromat resonance frequencies and re­
laxation times, respectively. An example of such a spectrum is shown in 
Fig. 4.3. 

~ction 4.2 Free Induction Decays 

(aJ (bJ 

Figure 4.2 (a) FID signal of a single spectral component, (b) 
absorption-mode spectrum, and (c) dispersion-mode spectrum . 

f 

Figure 4.3 Simulated 31 P absorption-mode spectrum. 
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4.3 RF Echoes 

In this section, we discuss another form of MR signal. known as echo. A fea­
ture distinguishing an echo signal from an FID signal is the "two-sidedness" of 
an echo signal, o ne side of which is from the refocusing phase of a transverse 
magnetization and the other side from the dephasing period. Such a two-sided 
signal is essential for symmetric coverage of k-spacc, as will become evident in 
Chapter 5. 

An echo signal can be generated either by multiple RF pulses or by magnetic 
field gradient reversal. Signals of the former type are called RF echoes and the 
latter gradient echoes. RF echoes were discovered by Erwin L. Hahn in 1950. 
Since then, the concept of realigning incoherent magnetization vectors by refo­
cusing RF pulses has been widely used in various types of NMR experiments. 
This section is devoted to a description of RF echoes. However. echo phenomena 
in multiple pulse excitations are extremely rich-as a popular saying goes, it is 
easier to generate an echo than to ignore it in multiple-pulse MR experiments. The 
ensuing discussion focuses on echoes from multiple RF pulses. Gradient echoes 
are discussed in Section 4.4. 

4.3.1 Two-Pulse Echo 

To generate an RF echo, at least two pulses are necessary. We begin with a simple 
two-pulse excitation scheme consisting of a 90 0 pulse followed by a time delay T 

and then a 1800 pulse. This excitation scheme is denoted as 

90 0 
- T - 1800 (4.19) 

The echo signal thus generated is called a spill echo (SE). 
To see intuitively how a spin echo is formed, we follow the action of the 

applied pulses and the evolution of the transverse magnetization. For simplic­
ity, we assume that the 900 pulse is applied along the x'-axis and the 1800 is 
applied along the y' -ax is, and further that the sample has two isochromats with 
precess ional frequencies Ws (slow) and WI (fast) in the rotating frame. Under the 
condition of negligible off-resonance effects, the 90~, pulse rotates bOlh magne­
tization vectors onto the y' -axis. as shown in Fig. 4.4a. After the pulse, these 
vectors precess about the z-axis . Since one is precessing relatively faster than the 
other, they progressively lose phase coherence as the free precession continues. 
After a time interval T, the two vectors fan out in the transverse plane by a phase 
angle (wI - Ws)T. as shown in Fig. 4.4b. At this point, the 180~, pulse Hips the 
two vectors over to the other side of the transverse plane, as shown in Fig. 4.4c. 
As a consequence. the faster vector is now lagging behind the slower by the same 
phase angle with which it was leading prior to the 180~, pulse. Since both vectors 
will continue to precess clockwise at angular frequencies wI and Ws (assuming 
that the magnetic field inhomogeneity is time-invariant) , the faster isochromat 

1.15 
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responsible ~or the ~oss o~ the Phha~~~~, ~;~~~esame as that responsible for the re­
free preceSSIon penod be ore t e hll I Therefore M ' , as a function of 
covery of the phase coherence after t e pu se. • z 101 



" ., 
C 

116 Chapter 4 Signal Characteristi~ 

time possesses the following property: 

(4.20) 

which implies that IMz'y,(t)1 has a mirror symmetry about the time point t = T. 

With the transverse magnetization Mz'y' being completely destroyed by dephas. 
iog at t = T. the rebirth of M:r'y ,(t) for t > T is a consequence of the refocusing 
power of the 180

0

• For this reason, M z 'II' (t) for t > T is frequently referred to 
as the recalled (rephased) transverse magnetization, of which the rephasing part 
(r < t < 2T) is responsible for one side of the echo signal and the subsequent 
dephasing pan (t > 2T) is responsible for the other side. 

180" 
90° 

I I RF 

-- ---- ----. 
Signal 

Figure 4.5 Fonnalion of a spin echo signal by a 900 - T -180° pulse 
sequence. The application of a 90° pulse produces the FlO, which 
quickly disappears as the spins dephase. The application of a 1800 

pulse al a lime T after the 90 0 pulse produces an echo at a time 2T 

after lhe 900 pulse. 

We next derive the echo signal in a more rigorous fashion. For generality. 
we consider the following two-pulse sequence: 

al - T - a2 (4.21) 

To simplify the discussion, we assume that both pulses are applied along the yl_ 
axis. For pulses applied in different directions. the derivation needs to be modified 
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accordingly. 
iog analysis. 
transform: 

This is left for the reader. Two transforms are u~ed in the foll~w­
First. the effect of an al/,-pulse is calculated usmg the follOWing 

[ 

Mz' ] ., [Mz' cos a - M,. sina ] 
My' ~ My' 
M M ,sina+Mz'coso " , 

d the effect of a T delay is described by Seeon , 

M · ) - TIT, ] (M~'COSWT+ y,SlnWT e 

M ) -TIT, (-Mz' sinwT + y' COSWT e 
M~{l - .-TIT,) + M"e- TIT, 

(4.22) 

(4.23) 

. nal frequency in the rotating frame. 
Wher~~o~~~:; :~:~~~~:~ry isochromat of frequency w initially at the thennal equi­

librium state. We have after the 01 pulse 

Mz'(w,O+) = -M~(w)sinal 
My'(w,O+) = 0 

M,,(w,O+) = M~(w)cosal 
After the T delay, the magnetization components take the following set of values: 

M, .(w, T) = 0 · -TIT, (4.24a) - Mz (w) smO:l COSWTe 

My'(w, T) = 
M"(W ,T) = 

= 

o . . -T/T2 
M:z(w)smalsmwTe 

M~(w)(l- e-TIT,) + M~(w) cos a le-TIT, 

) - TIT,] M~(w)[l - (1 - cos al e 

(4.24b) 

(4.24c) 

The 0:2 has no effect on the yl -component but transfonns the x'· and Zl -components 
to the following set of values: 

-T/T2 
M ( ) - M? (w) sin 0:1 COS 0:2 COS WTe 

z' w, T+ = - 25 ) 
-M~(w)[l - (1 - cos ade-TIT,] sin a2 (4.. 

M ( ) = MO(w)[1-(1-cosade -TIT' ]cosa2 
:z, w, T+ Z - TjT2 (4.25b) 

-M~(w) sinal sin 0'2 COSWTC 

The x'-component in Eq. (4.25a) can be rewritten as 

2 0:2 -T/T2 
M ( ) -MzO(w)sinalcos -2 eOSWTe z' W,T+ = 

20'2 - T/ T2 +M~(w)sincrlsin 2COSWTC 

_ M~(w)[l - (1 - cos al )e-TIT,] sin a2 (4.26) 
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Similarly. the y'-component in Eq (424b) be . " can rewritten as 

M'(WT)-MO(). '''' 11 ,+ - L W sm Cl'l cos - sin wre- r / T2 

2 
+ M~(w)sinal sin2 Q2 sinwTe-rjT2 2 (4.27) 

Consequently, the transverse magnetizaf' . 
can be wriHen as Ion Immediately after the second pulse 

Mz'y'(W,i+ ) = M~(w)sinQl (sin2 ~2e-i""'" _ C052 ~ei""T) e- r/Tz. 
o 2 

- M.(wJll- (1 - COS ",)e- T / T,) . 
SIn '" (4.28) 

Free precession of this vector about the z' -axis after the pulse is described by 

Mz'Y' (w, t) = MX'TJ'(w, T+)e -( t - T)/Tle-iw(t-T) 

_ M O( ). ( ,,,, . " 
- .t W SInOI -cos Te-'WT + sin2 22eiWT ) e-t j T2e-iw (t - r) 

- M~(w)fl - (1 - cos "de- T/ T,) sin ",e-(t-T)/ T'e - iwlt -T) 

= M~(w) sin 01 sin2 0'2 e-t/Tze-iw(t-2r) 
2 

- M~(w)sinQ'lcos2 0'2e-t/Tze-i<Mt 
2 

- M~(w)[l - (1- cos at}e- T / T1 j sin O:2e -( t - T)/T2e - iw ( t -r) (4.29) 

for t > T. For an ensemble of alar e nu b . 
third terms in Eq. (4.29) represent a

g 
urel

m 
er of l~ochromats, the second and 

phase angle among the isochromat bP y dephasmg component because the 
s ecomes larger as t' 

two components contribute to the FID' I ~ Ime progresses. These 
the contrary, spins in the first term are rSlg~a . onned from the second pulse. On 
phase coherence at t _ 2 Th ~ ep a~mg gradually and achieve complete 

- T. eretore thiS co ' 11 
signal, which can be expressed as ' mponent WI produce an echo 

S(t) = sinO'lsin2 ~2 I: p(w)e - t / T2 (W)e-iw( t - TE)dw 

for It - TEl 5 Ta<q/2. where 

echo time 
Tacq : data acquisition interval 

(4.30) 

It is clear from Eq. (4.30) that the echo peaks at t = 11 and·t I . . E , I 5 va ue IS gIVen by 

(4.31) 
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Ignoring the frequency dependence of T,. we get 

AE = M~ sin 0'1 sin2 ~2 e-T F;./T2 (4.32) 

which explicitly shows the T2-weighting on the echo amplitude. Clearly, AE 
reaches its maximum value M~e-T&/T2 when 0'1 = 900 and 0'2 = 180

0
. This 

value is still a factor of e- TE / T2 smaller than the maximum value of the initial 
FID. This signal loss occurs because the loss of phase coherence in the magnetic 
moments resulting from random field fluctuations cannot be recovered by a refo-

cusing RF pulse. 
In summary, an echo signal is formed as a result of the refocusing of a large 

number of dephased isochromats; it peaks when the isochromats reach a new 
phase coherence. Typically, an echo signal is a two-sided signal consisting of two 
"mirrored" FIDs. Although each side of an echo carr ies a T; -decay, the amplitude 
of a spin echo is T2 -weighted. This feature is useful for generating a Trweighted 
image contrast, as discussed in Chapter 7. 

• Example 4.3 
We calculate the echo signal from the following sequences: 

(a) 90~. - T - 90~. 

(b) 90;. - T - 180;. 

(c) 90~, - T - 180;. 

For the first and second sequences, we can obtain the echo signal ex­
pression from Eq. (4.30) by simply sening '" and '" to the given values. 
Specifically, in the first case, al = 0'2 = 900

, and therefore 

Silt) = ~ roo p(w)e-t/T'(W)e-iW(t-TE) dw 
21_00 

In the second case. settin~ 0'1 = 900 and 0'2 = 180
0 

gives 

S,(t) = i: p(w)e- t/T,(w)e-iW(t-TE)dw 

(4.33) 

(4.34) 

Equations (4.33) and (4.34) indicate that the echo signals generated by 
sequences (a) and (b) are identical apart from the scaling constant. The am­
plitude of S,(t) is reduced by half compared to S,(t) because the refocusing 
90° pulse only partially rephased the spins. 
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The echo signal generated by the third sequence is different from 8 (t) 
~a~se the magn~tiza.tion is refocused along the positive direction o/the 
y -axIs, as shown on FIg. 4.4. Noting that 8,(t) represents an echo si al 
fonned alon~ the pOSItive dIrection of the x'-direction, we can obtain~e 
echo expressIOn of the third sequence by phase-shifting 8,(t) by ~. That is, 

83(t) = i 1: p(w)e-tIT'(W)e-iw(t-TE)dw 
(4.35) 

4_3_2 Three-Pulse Echoes 

In this section we analyze echoes from a three-pulse sequence denoted as 

0'1 - Tl - 0'2 - TZ - 0'3 (4.36) 

In gene~al. up t? five echoes can be generated by a three-pulse sequence' three 
c(;TnvEe)ntlOna

h
, SPI~ ec~oes (SE), One secondary spin echo, and one stimulated echo 

• as s own In Fig. 4.6. 

/' r r 

Figure 4.6 A train of l~ee RF pulses generates three primary spin 
echoes, one secondary spm echo, and one stimulated echo. 

!he three conventional SEs are produced by each possible pair of RF pulses 
SpecIfically, the FlD generated by the first pulse is refocused by the second puls~ 
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to produce the first SE at t = 2TI and by the third pulse to produce the third SE 
at t == 2(7} + 72) . while the FID generated by the second pulse is refocused by 
the third pulse to produce the second SE at t = 7} + 272. Simply put. SE1 results 
from the action of pulses 01 and 02. SE2 from the action of pulses 0:2 and Q3, and 
SE3 from the action of pulses al and a3. Under the assumption that 72 > 2710 
SE} takes place between the second and the third pulses, and it is "mirrored" by 
the third pulse lO yield a secondary echo signal at t = 2T2 (or 72 - T} after the 
third pulse). The echo that arises from the combined effect of all three pulses is 
called a stimulated echo. 

To clearly understand the occurrence of the stimulated echo, let us temporar­
ily set al = a2 = a3 = 90°. After the first pulse, the equilibrium magnetization 
M2 is flipped entirely onto the transverse plane. If T} is on the order of T2 or 
less, we will have appreciable transverse magnetization at the time 71 . Conse­
quently, the second 90° pulse. in addition to inducing the first SE, will produce 
a longitudinal magnetization. For the duration of 72 after the second pulse. this 
magnetization is "stored" along the z'-axis while it is going through the longitu­
dinal relaxation process. The third 90 0 pulse, which comes at the end of the 72 
interval, simply rotates this stored longitudinal magnetization back to the trans­
verse plane. Since the intrinsic properties of the isochromats have not been altered 
by the magnetization gymnastics. they will precess at the same speed and direc­
tion following the third pulse as they did prior to the second pulse. In addition, 
this magnetization was influenced by the inhomogeneous field only during the Tl 

interval. Therefore, the constructive interference among these isochromat vectors 
will reach the maximum at t = Tl after the third pulse, and thus the stimulated 
echo is formed. 

Next, we analytically derive the five echoes from the generic three-pulse 
sequence in Eq. (4.36). For simplicity, we again assume that all the pulses are 
applied along the y'-axis. Making use of the results of a two-pulse sequence 
obtained in Section 4.3.1, particularly in Eqs. (4.29) and (4.25a), we have after 
the 02-pulse 

MX' II' (w, t ) = MX' ll'(w, Tl+)e- iw ( t - r Jl 

= M2(w) sinerl ( - cos2 ~2 e-iW-r1 + sin2 ~2 eiwr.) e-t/T2e- iw(t - r!l 

-M~(w)[1 - (1 - cos ode--rl/T1 j sin a2e-(t-T!l/T2 e-iW(t - T!l 

= MO(w) sin a sin2 02 e-t /T2e- iw(t-2Td 
• 1 2 

-M~(w)sinerl cos2 ~2e-t/T2e-iwt 

-M~(w)ll - (1 - cos o:de- rl/T1 ] sin a2e -(t - Td I T2e-iw(t-rJ) (4.37a) 

M.,(w, t) 

= M~(w)[l - (1 - cos a,)e- et- rd IT, - (1 - cos a,) cos a,e- tIT, I 
-M~(w) sin al sin er2 cosw7Ie- Tl/T2e -( t - -rtl / Tl (4.37b) 
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for t > '1' As discussed in Section 4.3.1 , the first term in Eq. (4.37a) produces 
the first echo of the sequence. Based on Eq. (4.37), we have at the end of the 1'2 

delay 

and 

Mx'(w, Tl + T,) 

= -M~(w) sinal C052 ~2 COSWTl coswTze-(Tl+T2)/T2 

+ M~(w) sinal sin2 ~2 COSWTl coswTze - (Tl+'T2)/T2 

- M~(w)[l- (1- cos ade- rl/T1 j SinCt2 cosw'Tze- T2
/

T2 

+ M~(w) sin Ql C052 ~2 sinwTl sinwTze-(TI +T"2)/T2 

+ M~(w) sin 0'1 sin2 ~2 sin WTl sinwTze-(rl +T"2)/T2 

= -M~(w) sinal C052 ~2 COSW(TI + Tz)e - (Tl+T2)/T2 

+ M~(w) sinal sin2 ~2 COSW(T2 _ Tl)e-(Tl+Tl)/T2 

- M~(w){1 - (1 - cos Ctlle-T,fT, I sin a, coswT,e-T2 /T, (4.38) 

My' (w, Tl + T,) 

= M~(w) sinol C052 ~2 COSWTl sinWTze-(Tl+T2)/Tl ) 

_ M~(w)sinQ15in2 ~2 COSWTlsinwTZe - (TI+T2)/T2 

+ M~(w)[l - (1 - cos a:de - rI/T1j sin 0'2 sinWT2e - Tl/T2 

+ M~(w) sin 0'1 cos2 ~2 sinwTl cosWT2e-(Tl +1"2)/T2 

+ M~(w)sinO'I sin2 ~2 sinwTI cOSWT2e-(Tl+T2)/T2 

= M~(w) sin 0'1 cos2 ~2 sinW(TI + 12)e-(Tl + T21/ Tl 

- M~(w) Sinetl sin2 ~2 sinW(T2 _ Ide- (Tl+Tl)/T2 

+ M~(w)[1 - (I - cos al)e-T,/T, I sin a, sinwT,e- T, /T, (4.39) 

M,,(w, Tl + T,) 

= M~(w)[1 - (I - cos Ct,)e-,.,/T, - (1 - cos ad cosa,e-(T>+T,) /T' I 

- M~(w) sin a} sin 0'2 cos wTle-TI/T2 e-T2 / Tl (4.40) 

The 0'3 pulse has no effect on the v'-component, and the resulting x'- and Zl­

components are as follows: 
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M.,{w, h + T,) +I 
o. 20'2 () - (Tl+Tll/Tl = - M:r.(w)smaicos 2 cos Ct3 cosw I} +12 e 

o . . 20'2 () -(rl+T21 / T2 +M:r.(w)smO'lsm 2COSCt3COSW T2-ll e 

_ M~(w)!l - (1 - cos O'de- T1 / T1 ] sin 0'2 cos 0'3 cos WT2e - T2/Tl 

_ M~(w)[1 - (1 - cos a,)e-T,/T, 

_ (1 - cos O'}) cos 0'2e -(1) +T2 l/Tl] sin 0'3 
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+ M~(w) sin 0'1 sin 0'2 sin 0'3 cos WT}e-rl/T2e-Tl/TI (4.41) 

and 

M,,{w, (Tl + T,)+i 
= M~(w){1- (1- cosa,)e-T>/T, 

- (1- cos ad cos0'2e-(TI+nl/Tl] cosa3 

- M~ (w) sin 0:1 sin 0'2 sin 0:3 cos WT} e-T1/T2e -T2/TI 

O. 20:2 . ( + ) - (Tl+T21/T2 +M:r.(w)smaICOS 2 Slll0'3 cosw 71 T2 e 

_ M~(w) sin 0:1 sin2 ~2 sin 0:3 COSW(T2 _ Ide - (Tl+T2 1/T2 

+ M~(w)11 - (1 - cos O'I)e- rl / Tl ] sina:2 sin 0:3 coswT2e-T2/T2 

(4.42) 

Combining the x'- and V'-components in complex form yields 

Mxy{w, (Tl + T,)+I 
= Mx(w, (Tl + T,)+) + iMy(w, (Tl + T,)+) 

_ MO( ). C052 a2 cos2 0:3 e-iW(Tl+r2)e-(Tl+n)/T2 
:r. wsm O: I 2 2 

+ MO( ). cos2 0'2 sin2 0'3 eiw(TI+T2)e-(Tl+T21/T2 
:r. W smal 2 2 

M o( ). . · 20'2 os' Ct3 e - iw(T2-Tde-(Tl+T21 / T2 + :r. W SlllO'lsm 2 C 2" 

M O( ) • . 2 a2 s·n' Ct3 eiW{T2-Tl)e - (Tl+T2)/T2 
- :r. W SlUeti sm 2 1 2 
+ ~M~(w) sin a} sina2 sin 0'3e-iwTle-Tr/T2e-T2/Tl 

+ ~M~(w) sin a} sin 0'2 sin a3eiwTl e-T1 / T2 e-'I'2/Tl 

_ M~(w)[l - (1 - cosO:l)e- T1 / T1 ] sin 0'2 cos2 ~3 e-iWT2e-Tl/T2 

+ M~(w) 1 1 - (1 - cos ade-Tt/Tl] sin 0'2 sin2 ~3 eiWT2e-n/T2 

- M~(w)[1 - (1 - cos Ct,)e-T,/T, -

(1- COSCtll cos Ct,e-h+T,)/T'1 sinCt3 (4.43) 
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During the free precession period after the third pulse the t . 
tion is • ransverse magnettza~ 

MZ'lJ' (w, t) = Mz'y'fw, (TI + T2)+]e-(t -'TI- 'Tl)/T2e-i(ol(t-TI-Tl) ( 
4.44) 

for 1 ~ Tl + T,. Substituting Eq. (4.43) into Eq (444) 
d ~ h . . . ,we can see that the 

secon , OUrt , Sixth, and eighth components in Eq (4 43) ' 11 h 
h . I . . . WI eae produce a 

ec a signa, while the remaining five components form an FID si naL The e n 

t~ho~md ed lbetween the second and third pulses and the four echoes f~rmed after ~~~ 
If pu ses are as follows: 

where 

SI (I) Al I: p(w)e-t/T2(W)e-iw(t-2rlldw 

S,(I) = A2 I: p(w)e- t/T2(IoI)e-iw( t -hddw 

SJ(I) = Aa l: p(w)e-t/T2(W)e-iw(t-2Tl)dw 

S4(1) = A41: p(w)e- t/T2(W)e- iwlt -(Tl+21"2)]dw 

Ss(l) = As I: p(w)e-t/T2(W)e-iw{t -2(TI+T'2»)dw 

Al = . . 2 0'2 
SlnO'lsm -

2 

A, 
1 

= 2" sin ctl sin 02 sin Q3e- T2 / TJ 

AJ = . . 2 0'2 . 2 0'3 
-SIllOI sm -sm _ 

2 2 
A4 = [1 - (1- cosot)e-'TI/TIJsino2sin2 0'3 

2 

(4.45,) 

(4.45b) 

(4.45c) 

(4.45d) 

(4.45e) 

(4.46a) 

(4.46b) 

(4.46c) 

(4.46d) 
As = s· 2 et2 . 2 eta 

In O'} COS T SID T (4.46e) 

I The p;ece.ding signal expressions indicate that all the echoes are formed 
a oog the x -axIs except for echo 3, which is formed along the -x' -axis. B tracio 
ba~k the pathway for the formation of each echo, it is easy to see that ec~o I is; 
spin echo formed as a result ~f the action of pulses I and 2; echo 2 is a stimulated 
ec~o ~ormed from the combmed effect of all three pulses; echo 3 is a secondary 
ec a ormed as a result of the ac tion of pulse 3 on the first echo' and echoes 4 
a.nd 5 are also spin echoes formed as a result of the action of puls~ 3 on the FID 
signals .from pulses 2 and I, respec ti vely. 

It IS often convenient to write an echo signal in the following general form : 

S(I) = AE 1: p(w)e-t/T,(wJe-iw(t-TE Jdw (4.47) 
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The amplitude and echo time of the five echoes generated by the three-pulse se­
quence are summarized in Table 4.1 . 

Table 4.1 Echoes from a Three-Pulse Sequence 

Echo Type Echo Time Echo Amplitudea 

Primary 2T, sinO'I sin2 
¥e 2"rJ/T 2 

Stimulated 271 + 72 4 sin 0' ) sin 0'2 sin O'3e-7'JITI e-2-rI/T2 

Secondary 2T, _ sin 0'1 sin2 ¥ sin2 ¥e-2T2/T2 

SE 71 + 21"2 [1 - (1- cosO'de - T1/ T1 ] sin 0'2 sin2 ~e- ('T 1 +27'J)/T2 

SE 2(T, +,.,) sin O' l cos2 T s in2 ~e-2(TI + T2 1/T2 

a M2 is nonnalized to 1. 

• Example 4.4 

Stimulated echoes find many useful applications in imaging and localized 
spectroscopy. This example takes a closer look at the stimulated echo of the 
three-pulse sequence in Fig. 4.6. 

Following the echo pathway, one can see that the stimulated echo comes 
from the z-component, -M2 sin 0'1 sin ct2 coswTle-Tl!T, . in Eq. (4.27). 
This magnetization was previously in the transverse plane and then stored 
as a longitudinal magnetization by the '" pulse. During the subsequent T, 
delay, the magnetization retains its earlier phase evolution history accumu­
lated while it was in the transverse plane. This phenomenon is called phase 
memory. When this magnetization is converted back to a transverse magne­
tization by the et3 pulse, this phase memory will be rewound, which leads to 
the formation of the stimulated echo. 

As shown in Table 4.1, a stimulated echo bears both Tl and T2 weight­
ings. To generate a maximum stimulated echo signal. one should set ctl = 
ct2 = 0'3 = 90°. In this case, Aste = ~ M2· 

4,3.3 Extended Phase Graphs 

Although the Bloch equation is a useful tool for analyzing echoes from mUltiple 
exci tation pulses, it is rather tedious and not very intuitive. In this section. we 
describe another formalism called extended phase graphs. 
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Consider an cr pulse applied along the 'if ·ax.is. The magnetizations M + 
M + d M+ . d' If '" y" an z.' Iffime late y a lef the pulse are given by 

{ 

M;, = Mz,cosa - Mz,sina 
M: = My' 
M;; = M:z, sinO' + Mz.' cosa 

(4.48) 

Using the complex notatio n M_ ,,,. = M I + iM I and M· - A,r ,'M - " :r 11 x' ,,' - 1 H Z ' - 1./ '. we 
get 

~ M 2 " M' . 2" M . 
Z''/I' cos "2 - x'y' sin 2' - z! SIn 0 (4.49a) 

1 = Mz..eoscr + 2(Mor'y.+M;'y,)sina (4.49b) 

! he deco~position above, originally due to Woessner (268], offers an interesting 
J~terpret~t1on of the effect of a pulse with an arbi trary flip angle. This interpreta. 
lJ~n pr~v'des an int~~tive insight into how an echo signal is fo rmed. Specifically, 
~vlth this decompoSition. a pulse separates the rotating (transverse) magnetization 
Into two p,arts. On~ part is 'proportional to the prepulse value (M~,y' ) ' and the 
other part IS proportional to Its complex conjugate (M;,y')' Noting that 

M~,y' 
0 0 

--; 

1800 

Mz'y' -'\' 

M~,y' 

-M;,y' 

( 4.50a) 

(4.50b) 

the decomposi tion ·in Eq. (4.49a) can be interpreted as saying that the fraction of 
the prepulse magnetization that experiences a 180°· like pulse is sin2 B., and the 
frac~io~ remaining unchanged i~ COS2~. Th~ phase reversal introdu;ed by the 
180 -like pulse allows that portIOn of the SplOS to regain phase coherence and 
form a spin echo. Another echo formation mechanism occurs through the action 
of (he pulse on Mz " According to Eq. (4.49b). the Mz ' after a pulse also includes 
a terr~ proportionallO Mz'y' and a term proportio nal to M;",/. When these terms 
are Hipped back onto the transverse plane, the M;,y' term will rephase and form 
what is known as the stimulated echo. 

An extended phase graph. in essence, is a graphical representation of both the 
Woessner decomposition and the subsequent phase evolution of the magnetization 
components. so that each echo formation mechanism can be revealed pictorially. 
To see how to construct such a phase graph, first reca ll that the free precessio n of 
a transverse magnetization is described by e-i(tPo+wO; thus, its phase evolution 
c~n be represented by a tilted line corresponding to fjJ :::; fjJo + wt, as shown in 
Fig 4 .7~. On t~e ot~er ha.nd. a longitudinal component is stationary during the free 
preceSSIOn peflod (Ignoflng Tl relaxation) and its phase evolution is a horizontal 
line (¢ ~ ¢o), as shown in Fig. 4.7b, where ¢o is the prepulse phase. 
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'i>o 

(a) (b) 

Figure 4.7 Phase plots during a free precession period for (a) a trans· 
verse magnetiz.ation. and (b) a longitudinal magnetization. 
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Second, to incorporate the Woessner decomposition into the phase graph. we 
represent an RF pulse simply by a vertical line at which point of time a magneti· 
zation is split into several magnetization components. Specifically. according to 
Eq. (4.49). a transverse magnetization is split into four branches as described by 

1 

M;'., ~ Mz'y' cos2 ~ 

M + - M· . 2 Q 
Q z'y' - - z' y' SIn '2 

Mz'y' ----t M + 1 M . 
~ , = '2 7; 'y' SIn Q' 

M + 1M' . 
~, = '2 z'y' SInQ 

(4.51 ) 

and a longitudinal component is spli t into two branches corresponding to 

(4.52) 

Equations (4.51) and (4.52) , called the branching rules of an extended phase 

graph, are shown pictorially in Fig. 4.8. 
To construct an extended phase graph. we also need to know where to start. 

Let us assume that a spin system is at the thennal equilibrium state initially, when 
a pulse sequence is applied. Then. an extended phase graph will start with a 
point in the origin and generate various branches and subbranches. according to 
the above branching rule. However. one can generate an extended phase graph 
from any set of initial conditions for Mz' y' and M~, using the same principle if 
the values of M7;'II' and M~, are known. In practice. the fanner case is usually 
assumed; therefore, an extended phase graph is a tree rooted at the origin with a 
number of tilted and horizon tal branches. 

In an extended phase graph. all the connecting branches from the root to an 
end point form a path of phase evolution. An echo is said to occur whenever a 
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RFpulse , 
$ 

RFpulse 

-q" . .1", "----

(a) (b) 

Figure 4.8 Branching rule of an extended phase graph. (a) A transverse magnetization is 

split into four branches. and (b) a longitudinal magnetization is split into two branches. 

phase path crosses the zero line (horizontal axis) during a free precession period. 
To see this more clearly, we construct an extended phase graph for a three-pulse 
sequence discussed earlier in Section 4.3.2. The result is shown in Fig. 4.9 , where 
to differentiate rotating (transverse) components from static (longitudinal) com­
ponents. tilted branches are drawn in solid lines and horizontal branches in dashed 
lines. Note also that the relaxation effects as well as the weighting coefficients for 
the different branches resulting from the Woessner decomposition in Eq. (4.49) 
are not included in an extended phase graph. If the amplitude of an echo signal 
is desired, it is necessary to introduce those weighting factors into the phase path, 
which is left as an exercise for the reader. 

Based on the extended phase graph, one can easily calculate the maximum 
number of echo signals that can be generated by a number of pulses. Let Tn be the 
total number of tilted branches and H n be the total number of horizontal branches 
after the nth pulse. According to the branching rule described earlier, one can 
derive that 

{
Tn = 2Tn_1 + Hn_1 
Hn = 2Tn_1 + H n_1 

n > 1 (4 ,53) 

with initial conditions Tl = 1 and Hl = 1. These recursions can be simplified to 

(4.54) 

whose solution is 
(4.55) 

Based on the tree structure of an extended phase graph. one can see that the 
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total number of echoes generated by Tn is 

T - 1 3n - 1 _ 1 
NE(n) = -'T- = 2 

(4.56) 

Note that NE given in Eq. (4.56) represents the maximum num~r.of echo 
. I that can be created after the nth pulse, and it is useful for predicting how 

signa s B . . th t tal 
many signals can be detected at the end of the sequence. ut It I~ not e ~ 

ber of echoes generated by the sequence. For example. for n - 3. N E - 4, 
nUh~ h' the number of echoes that emerge after the third pulse; the total number 
w IC IS II 5 d' d ' Sec of echoes generated by the entire sequence is actua y , as Iscusse to • 

. 432 If it is necessary to calculate the maximum total number of echoes that 
lion··· N()~ 
can be generated by a sequence of N pulses. we simply sum up all E n or 

a, 

I 
I - T, 

$ 

a, a, 

I I 
- I - t, -I 

Tt, -
Tt, -~-+-
2tl+t2 

t l+2't2 

2(tl +~) 
.. --~ -- --~ --- - ~- --- ------. -- --- - ----- - -

I, 

Flgure 4.9 Extended phase graph for a three-pUlse sequence. 
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n = 1, 2, ... ,N. Namely, 

N 1 (3 N 1 
LNE(n) = - --- -N) 
n=1 2 2 

(4.57) 

4.3.4 The CPMG Echo Train 

When a spin system is excited by a 900 pulse followed by a sequence of 1800 
puls~s. a train of spin echoes wi ll be generated. Suppose that the 900 pulse is 
apphed at t = 0 and the 180· pulses at (2n - I)T for n = 1,2, ... , N. A train of 
N echoes will be formed at t = 2nr. and the echo amplitudes are weighted by 

(4.58) 

Formation ~f t~ese echoes can be predicted easily using the extended phase 
graph as shown In FIg. 4.10. One can easily see from the phase graph that all the 
later echoes formed at t = 2nr for n > 1 are secondary echoes of the primary 
echo at t = 27. In other words, any echo except for the first in the echo train is an 
ec,ho of l,he preceding echo. Because of the simple relationship for the echo am. 
ph tudes m Eq. (4.58), this multiple·echo sequence is an efficient way to measure 
T2 values. 

l8if l8if l8if ,.0 , =-J I ~ (a) , n . .. .. - .. . -.. 

• 
(b) 

----. . --:---
--

- --- - , - ---
(c) 

Figure 4.10 Formation of a lrrun of spin echoes by multiple 1800 pulses: (a) pulse se­
quence, (b) extended phase graph, and (c) resulting echo signals. 
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In the original excitation sequence proposed by Carr and Purcell in 1954. 
all the RF pulses were applied along the same axis . To reduce cumulative phase 
errors from any imperfection in the repetitive 180 0 pulses, Meiboom and Gill 
proposed a modification in 1958 that applied the refocusing pulses in a direction 
orthogonal to that of the excitation pulse. For example, if the 900 pulse is applied 
along the x'-axis, the 1800 would be applied along the ±y'-axis. This sequence. 
subsequently known as the CPMG (Carr-PurceH-Meiboom-GiH) sequence, is 
widely used in practice. One of its applications in fast imaging is discussed in 

Chapter 9. 

4.4 Gradient Echoes 

Another form of echo signal frequently used in MRI is generated us ing time­
varying gradient magnetic fields. Such an echo is referred to as a gradient echo to 
distinguish it from a spin echo or a stimulated echo. The key concept underlying 
gradient-echo formation is that a gradient field can dephase and rephase a signal 
in a controlled fashion so that one or multiple echo signals can be created. To 
grasp this mechanism, let us first formally define a gradient field. 

4.4.1 Gradient Fields 

A gradient field Ba in the contex.t of MRI is a special kind of inhomogeneous field 
whose z-component varies linearly along a specific direction called the gradiellf 
direction. Specifically, Ba is called an x-gradient field if 

Ba,r. = G"3;X (4.59) 

and G~ is called the x-gradient. Similarly. Be is called a y-gradient field if 

Ba" = G.y (4.60) 

or a z-gradient field if 

Ba,r. = Gzz (4.61) 

As discussed in Section 1.2.2, the gradient system consists of three gradi­
ent coils referred to as the x-gradient, v-gradient. and z-gradient coils, respec­
tively. which in the ideal case produce an x-gradient field, a y-gradient field. and 
a z-gradient field. It is important to note that for each case, the magnetic field 
produced by a gradient coil also has components in the x-direction (Ba,z) and 
v-direction (Ba,Tl)' However, these components are often ignored because the Bo 
field is so strong in the z-direction. For this reason, Ba,r. itself is often loosely 
referred to as the gradient field,2 and Ba,;;. and Ba are used interchangeably when 
there is no confusion. 

2SIJch a gradienl field does nOI exisl according to the Maxwell equations. 
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With this understanding, the overall magnetic field in the presence of a gra~ 
dient field in the region of interest can be expressed as 

B = (Eo + EG,.)k (4.62) 

where E G,. is as defined in Eq. (4.59), Eq. (4.60), or Eq. (4.61) when one gradient 
coil is turned on. When all three gradient coils are turned on simultaneously. 

(4.63) 

and consequently 

B = (Eo + G.x + GyY + G.z)k (4.64) 

The three gradients are often grouped into a gradient vector G such that 

G = (G.,Gy,G.) = G.i + G;i + G.k (4.65) 

and the direction of G is called the gradient direction of Be or B. In this vector 
notation. Eq. (4.63) can be rewritten as 

Bc,;z = G'r (4.66) 

h is important to note here the difference between the gradient direction of 
Bc,z and the direction of the gradient field itself. Although G can be made to 
point along the X - , Y-, Z-, or an arbitrary direction by turning on Gz • Gy • and 
G~ individually or simultaneously. the direction of Be is usually unknown and 
irrelevant. To illustrate this point, let us consider an inhomogeneous field defined 
by 

Ba(x, Y, z) = (- 3x + Y + 2z)[ + (x - 2y - 3z)) + (2x - 3y + 5z)k 

Clearly, as a vector quantity. Be points in different directions at different spatial 
locations. The z-component of MRI importance is 

EG,. = 2x - 3y + 5z 

and its gradients along the three Cartesian directions are given by 

G. = BEG,. = 2 
Bx 

G - BEG,. - - 3 
Y - By -

G. = BEc ,. = 5 
Bz 

The overall gradient of the "field" variation is 
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h
· h points in the direction of a vector defined by 1) = (2, -3,5), as shown in 

w Ie . . I I h d' . f 
Fig. 4.11. That is to :ay, Bo,z(x, y, z) vane~ hnear .y a ong ~ ~ I[ecllon 0 .1.1. 

Note also that G is. in general. a function of time. If G is a constan~ m the 
. . terval of interest we call the gradient field a static field. OtherWise, we 

umelfl ' . ' d' 
have a time-varying gradient field. Both types of gradient field are Widely use In 

various MRI applications. 

z 

(2,-~,?~ __ ____ _ 

- - - - - - - -'- - -, - -,- -" - \i- ------- -

: " y 
~,: - -- - --

x 

Figure 4.11 Direction of G = 2i - 3J + Sk. 

4.4.2 Formation of Gradient Echoes 

For simplicity, we consider the pulse sequence in Fig. ~.12. Af~er t~e ap~lication 
of an a-degree RF pulse (a gradient echo is often used m comblOatJon With small 
flip angle excitation for fast imaging), a negative x-gradient is turned. on. As a 
result, spins in different x-positions will acquire different phases, which can be 

expressed in the rotating frame as 

tjJ(x, t) =, fo' -G.xdi = - ,G.xt (4.67) 

Equation (4.67) indicates that the loss of spin phase coherence bec~rnes. pro­
gressively worse as time elapses after the excitation pulse. The resulting sl~nal 
decay is sometimes characterized by another time constant T-i". After 3 time 
T > 3r."", the signal decays to zero. At this point in time, however, if a positive 

2 . . 
gradient of the same strength is applied. the transverse magnetlzatlOn components 
will gradually rephase, resulting in a regrowth of the signal. Specifically, the spin 
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a 

RF I 

Gradient L 

'" 

Signal 

Fjgure 4.12 Gradient-echo pulse sequence. After the application of 
a small -flip-ang le pulse, a negative x-gradient is turned on to dephase 

the spins, which are then rephascd by a subsequent positive x-gradient. 

phase angle in the rotating frame is now given by 

¢(x , t) = --yG.XT + -y l' G.xdi 

= - -yG.XT + -yG.x(t - T) (4.68) 

As shown i n the phase plot in Fig. 4.13, the phase dispersal introduced by the neg­
atIve gradient IS gradually reduced over time after the positive gradient is turned 
on at t = T. After a time T, the spin phase ¢ is zero for any x value, which means 
that all the spins have rephased, and therefore an echo signal is formed. This anal­
ys is can be extended to the case of unequal dephase and rephase gradients. The 
echo time in the case may not be equal to 27". 

dephase 

'< , , , 

rephase 

2< 

t 
echo 

Figure 4.13 Phase progression of spins at x = - Xl, 0, and Xl . 

) 
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In the preceding discussion, we have assumed that the Eo field is perfectly 
homogeneous. In the presence of Eo inhomogeneities, the spins will not be com· 
pletely rephased by the gradient reversal. Consequentl y, the amplitude of a gra­
dient echo carries a Ti -weighting (instead of a T2-weighting). This is one of the 
k.ey differences between a gradient echo and an RF echo. 

As the CPMG echo train. a gradient-echo train can also be created from one 
FID signal by repetitive gradient switching as shown in F ig. 4.14. The number of 
echoes that can be created is limited by Ti and by the speed of gradient switching. 
Modem MR scanners permit up to 64 such echoes (0 be obtained, which enables 
the formation of a two-dimensional image with single exci tation. 

Figure 4.14 Echo train formed using switching gradients. 
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Exercises 

4.1 An FID signal lasts as long as the transverse magnetization. True or false? 

4.2 

4.3 

4,4 

4.5 

4.6 

Find a mathematical expression for an FID signal with N spectral compo_ 
nents. 

An FID signal of a single spectral component can be expressed as 

(a) Show that the line width of the absorption-mode spectrum and the 
magnitude· mode spectrum is l/(7rT,) and V3/(7rT,), respectively. 

(b) Evaluate the area under the absorption-mode spectrum. That is, 

( = AT, 
J_= 1 + T](w + wo)'dw 

A hypothetical two-sided FID signal of a single spectral component can 
be expressed as 

s(t) = Ae-lt IIT'e - iw,t 

(a) Find the absoflJtion-mode, dispersion-mode, and magnitude-mode 
spectra of this signal. 

(b) Compare the line width of the absorption-mode and magnitude-mode 
spectra. 

(c) Compare the line width and area of the absorption-mode spectrum to 
those of a one-sided FID signal defined in Problem 4.3. 

Calculate the effective FID signal from a sample with a constant spin den­
sity function under the following condition: 

(a) 

(b) 

The magnetic field inhomogeneity has a Gaussian distribution. For 
example. the histogram of the field distribution can be expressed as 

_ (B - B~Il ) 2 
e 280 

The magnetic field is described by B(x) = BoxII(x). 

Use a vector diagram to show how a spin echo is formed by a 90~, - r _ 
90~, sequence. 

4.7 What is the echo time for the gradient echo pulse sequence in Fig. 4.12 
if the amplitudes of the negative and positive gradients are Gx and Gz / 3, 
respectively? 

) 
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4.8 

4.9 

4.10 

4.11 

4,12 

4.13 

NMR signals from a macroscopic sample decay faster in an inhomoge­
neOUS magnetic field than in a homogeneous field because of 

(a) Phase incoherence of the microscopic signals from different loea-

(b) 

tions. 

Frequency differences of the microscopic signals from different lo­

cations. 

(c) Both of the above. 

Select your answer and discuss why it is applicable. 

Assume that an ax, pulse generates an FI!? signa.l described by ~~t)'1 ~hat 
are the resulting signals if the same pulse 1S apphed along the -x , y ,and 

-y'-axes, respectively? 

A sample with a spin concentration function c(x) is plac~d in an inhom~~ 
fi Id B(x) Calculate the spectral density function p(w) for t geneous e . 

following cases: 

(a) c(x) = poII(x) and B(x) = Bo + x 

(b) c(x) = poA(x) and B(x) = Bo + x 

(c) c(x) = poA(x) and B(x) = Bo + x' 

A spin system with a single isochro~at at thermal equilibrium is excited 

by a 90~,- and a 90~,- pulse, respectively. 

(a) Calculate and sketch the bulk magnetization ~".'m~diately after the 
pulse for each case in terms of the thermal equlhbnum value. 

(b) Let S1(t) and S,(t) denote the FID signals generated by the two 

pulses. How is S1(t) related to S,(t)7 

Derive and compare the echo signals for each pair of excitation sequences: 

(a) 90~1 - T - 180~, and 90~ , - r - 180~, 

(b) 90~, - r - 90~, and 90~, - T - 90~, 

Find the mathematical expressions for the three FID signals generated by 

the following sequence: 
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4.14 

4.15 

Chapter 4 Signal CharaCleristi~ 

Show that the effect of an err' pulse can be expressed as 

M;"" M 2"'M··2"'·M· = r'll' cos "2 + rill' sin '2 + t ::' sinO' 

2 Cr: • 2 Q • = M z· cos 2" - Mr.' 8m "2 - Myl sma 

Calculate the locations and amplitudes of all the echoes generated by the 
following sequence: 

90~, - T - 180~1 - 27" - 180:, - 3r - 180~ , 

4.16 Draw an extended phase graph for the following excitation sequences, and 
for each case discuss how many echoes are generated. 

(a) 90' - 7 - 90' - 27 - 90' 

(b) 90' - 7 - 90' - 1.57 - 90' 

(c) 90' - 7 - 90' - 0.57 - 90' 

(d) 45' - 7 - 90' - 27 - 90' 

(e) 45' - 7 - 180' - 27 - 180' 

4.17 Consider a four-pulse sequence 01 - 7"1 - 02 - 72 - 0"3 - 'T3 - Q4-

(a) What is the maximum number of echo signals that can be generated? 

(b) What is the minimum number of echo signals that can be generated? 

(c) Derive the condition for (a) and (b) to occur. 

4.18 Let Bo(x, y, z) = (20 - 2x + 3y + z). 

(a) Sketch the iso·field surface corresponding to Bo = 10. 

(b) Calculate the field strength and field gradients along the X-, y-, and 
z-directions at point (5,0,10). 

4.19 Forthe B.(x, y, z) given below, calculate 'il B. and discuss which of them 
are linear gradient field. 

(a) B.(x, y, z) = 3 - 2x 

(b) B.(x,y, z) = 3 - 2x+x2 

(c) B.(x, y , z) = 5 - x - y - z 

!I!!"""" _ _____ - - - .-- _ -

E;<.ercises -
4.20 

4.21 

4.22 

Assume that the gradients of Ba,. along the _three ax.es ~re: G·
I
= \ 

3 d G - 2 What is the overall BG ,. ? What IS the va ue 0 Gy := - • an • - . 
Bo,. at spatial location (3, I , D)? 

Use a vector diagram to illustrate the refocusi?g of isochromats in a gradient­
echo experiment and compare the result to Fig. 4.4. 

Briefly (in one or two sentences) explain why a spin echo is T2-weighted 

but a gradient echo is Ti weighted. 
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Chapter 5 

Signal Localization 

Zeugmawgraphy 

P C Lauterbur 

Based on the discussion in Chapters 3 and 4. we now know how to activate an 
MR signal from an object. In fact, the experimental protocol is ra ther simple : 
we place the object in a main. uniform magnetic field and then excite it with 
another oscillating magnetic field at the resonance frequency. The signal thus 
generated, however, is a sum of " local" signals from all parts of the object. For 
a spatially homogeneous object, this signal is all that we need, since the local 
signals are the same regardless of their spatial origins. In practice. the objects 
we deal with are heterogeneous, and it becomes necessary to differentiate local 
signals from different parts of a given object. This chapter is concerned with 
spatial localization of these signals. 

There are basically two types of spatial localization method: selective excita ­
tion (or reception!) and spatial encoding. Central to localization methods of both 
types is the use of a gradient field. Modern MRI systems provide three orthogo­
nal gradients whose shapes and forms can be adjusted independently. To facilitate 
the understanding of the role of RF pulses and gradient fields in a general imaging 
scheme, this chapter first describes the basic concepts of slice-selective excitation 
and spatial information encoding, and then goes on to discuss multidimensional 
imaging using a popular mathematical formalism known as k-space. Starting in 
this chapter and continuing in the rest of the book, we will make use of a graphic 
tool called pulse sequence diagram, which details the timing of RF pulses and 
gradient wavefonns in an imaging scheme. 

1 Signallocalizalion using surface coi ls is not covered in Ihis chapter. 
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Chapter 5 Signal Localization 

5.1 Slice Selection 

Sli~e s~JeC(iOn i~ perhaps the simplest bur also the most popular form of selective 
eXCI~atlOn use~ In MRL To selectively excite spins in a slice, two things afe es. 
sent.lal: a gradient field and a shaped RF pulse. We discuss both of them in this 
secuo~. Befor.e w~ do that, Ie.t us fi~st describe the parameters used to characterize 
an arbitrary shce In a three-dimensIOnal object. 

5.1.1 Slice Equation 

~athe~atically, a slice in a three-dimensional object is defined by the folIo . 
mequahty: wmg 

II", . r - so l < 118/ 2 (5.1) 

where JLs specifies the slice (or slice-selection) orientation. 1:18 is the slice thick­
ness a.s ~easured in ~he ~irection of J1.s • and So is the distance of the slice from 
the ongm, as shown In ~lg . . 5.1. Bear in mind that the slice direction is defined 
here as. the orth~gonal d'rect.l~n of the slice. Sometimes. when it is not necessary 
to specify the thickness explicitly. one can express the slice equation simply as 

I-Ls· r =so (5.2) 

x 

Figure 5.1 Parameters characterizing a slice of arbitrary orientation. 
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Three special cases of slice selection excite slices along the X-, y-. and z­
directions, which are illustrated in Fig. 5.2. The corresponding slice equations are 
given. respectively, by 

tz 

/: / 

, ; .... ------
/ ."- ------- V 

x 
(a) 

Ix - xo l < I1x/ 2 

Iy - yol < l1y/ 2 

Iz - zo l < I1 z/2 

y 

x 

(b) 

or 

or 

or 

x = Xo 

y = Yo 

z = Zo 

y 

x 
(c) 

(5.3a) 

(5.3b) 

(5.3c) 

y 

Figure S.2 Slices selected along the (a) x-direction. (b) V-direction. and (c) z-direction. 

which are called sagittal. coronal . and transverse slices. respectively. 

5.1.2 Slice-Selective Gradients 

The need to tum on a gradient field during the excitation period for slice selection 
is obvious because an RF pulse can only be frequency-selective, and spins at 
different spatial locations will be excited in the same way if they resonate at the 
same frequency. Therefore, to make an RF pulse spatially selective, it is necessary 
to make the spin resonance frequency position-dependent, or most desirably, to 
vary linearly along the slice-select direction (11-5)' A simple yet effective way to 
accomplish this is to augment the homogeneous Bo field with a linear gradient 
field during the excitation period. Such a gradient field is called a slice-selection 
gradient in order to distinguish it from a phase-encoding gradient or frequency­
encoding gradient to be introduced later in this chapter. 

We next discuss how to design a slice-selection gradient so as to select a slice 
as shown in Fig. 5.1. Recall from Section 4.4 that a linear gradient field is by 
definition a magnetic field that points along the z-direction but has an amplitude 
varying linearly along a particular gradient direction 11-0' Denote the desired 
slice-selection gradient as 

(5.4) 
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where Gss = JG; + G~ + G~ is the overall gradient strength. To render the 

spin resonance frequency to linearly vary along J-L" we need to match J-La to J.j 
~~ r 

Il-G = 1-'1 

Expressing J.Ls in terms of the slice orientation angles (f/J, 8) as 

we immediately have 

f-Ls = (sin 8 cos ¢, sin 8 sin ¢, cos 8) 

{ 

G:r; = Gal s~nec~s¢ 
Gy = Gsssm()sm¢ 
Gz = Gss cos (} 

(5.5) 

(5.6) 

(5.7) 

Equation (5.7) specifies the necessary gradient vector for selecting a slice in an 
arbitrary direction. Note that the gradient magnitude Gss is not defined in this 
eq~ation. In princip.le. an?, no.nzero value for Gss is adequate for discriminating 
SpinS along the gradient d,rectlOn. In practice, however. Gss has to be sufficiently 
large to select a thin slice. We discllss this topic later in this section in the context 
of RF pulse truncation. 

• Example 5.1 

In this example, we determine an appropriate gradient field for slice selection 
along the :1;-, Y-, and z-directions. 

C.,?nsider first the selection of a s lice along the x-axis. In this case, 
i-'. = i, and consequently, e = 90° and q, = 0°. According to Eq. (5.7), the 
desired gradient function is 

G .. = (G.,O,O) 

In other words, a nonzero gradient field along the x-direction will enable the 
selection of a slice orthogonal to the x-axis. Following the same analysis, 
one can conclude that the desired gradient functions for slice selection along 
the y- and z-directions are, respectively, 

and 
G" = (0,0, G,) 
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-
1 3 Slice-Selective RF Pulses 5 .. 

ft 
the slice-selection gradient has been chosen, the next step is to translate 

A er . h I' I ' adient to the e desired frequency selectivity established by t e s Ice-se ectton gr . 
th I wavefonn of an RF pulse. Recall from Chapter 3 that an amplltude­
tempora . ' . f d enve­
modulated RF pulse is characterized by an eXcitation requency Wrr an an 

lope function Bi(t) as' (5.8) 
BI(t) = B~(t)e-iw.'t 

So, the question now is how to select Bf(t) and Wrr· This is the topic of this 

section. 

1 3 1 The Fourier Transform Approach 5 ... 
The Fourier transform is the simplest approach for selective pulse d~sign. To. il­
lustrate the idea, consider the case shown in Fig. 5?c. Base~ on the Sl.lce equation 
. . Eq (5 3c) it is convenient to define a spatial selection funcnon as given 10 . . , 

{
l iz - zo l < Az/ 2 (5 .9) 

P.(z) = 0 otherwise 

which is a "boxcar" function of width 6.z centered at z = zoo Using the notation 

introduced in Chapter 2, we can rewrite Ps(z) as 

(
z - zo) 

p,(z) = II ~ (5.10) 

According to the result in Example 5.1, the necessary slice-selection gradient 

is 
G" = (0,0, G.) (5.11) 

In the presence of this gradient, the Larmor frequency at position z is given by 

w(z) = Wo + 'YG,z 

or 
I(z) = 10 + "IG.z 

Correspondingly. the desired frequency selection function is 

(2"/) (/-1<) 
p(f) = p, 'YG, = II t;:j 

where 1< = 10 + "(G,zo 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

2The initial phase angle of an RF pulse will not affect iLS frequency selectivity ifit is a constant. 
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and 
(5. 16) 

With p(f). one can determine the necessary excitation function Bl (t). The 
key assumption of the Fourier approach is that B,(t) is related to p(J) by the 
Fourier transform. More specifically, 

(5.17) 

Inserting Eq. (5.14) into Eq. (5.17) and making use of the well-known Fourier 
transform relationship 

. 1 (I) s,"c(orat) ......... ;;II ;; (5.18) 

we immediately get 

(5.19) 

Comparing Eq. (5.19) to Eq. (5.8). we find that the necessary excitation frequency 
is 

Wrf = 2'lTJc = Wo + -yG.z:zQ 

and the pulse envelope function is 

(5.20) 

(5.21) 

where A is a constant to be determined by the desired flip angle. Note that the sine 
pulse above is not physically realizable because a practical pulse will necessarily 
start at (or after) t = 0 and last only for a finite period of time, say, Tp' Assume 
that the pulse is symmetric about the time point t = Tp /2. The pulse envelope 
function given in Eq. (5.21) should be modified accordingly to give 

(5.22) 

The resulting slice-selection profile of the above shifted and truncated pulse (tem­
porarily ignoring the pulse truncation effect) is 

(5.23) 

or 

(5.24) 
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5.1.3.2 The Bloch Equation Approach 

The Fourier method is very simple to use for designing selective pulses. but the 
resulting envelope function is not accurate because spin systems behave nonlin­
early during excitation. To produce more accurate RF pulses, one has to resort 
to the Bloch equation. Omitting the spin relaxation effects during the excitation 
period. we can write the Bloch equation in the RF-rotating frame as 

OM,ot(z, t) - -
Ot = -rMco,(z, t) x B,ff(Z, t) (5.25) 

where 

(5.26) 

Setting the excitation frequency Wrf to the Larmor frequency of the central slice 
as described by Eq. (5.20). we have 

ii,ff(t) = B:(t)i' + G,(z - zo)k' (5.27) 

Rewriting Eq. (5.25) in scalar form, we have 

dM, ,(z,t) ( ( 
dt = -rG, z - zo)My' z, t) 

dM .. (z, t) G ( ) () '( ) ( ) dt = - -y .t Z - Zo Mx' z,t +-yB l t Mz' z,t (5.28) 

dM" (z, t) = - -rBW)My' (z, t) 
dt 

Equation (5.28) are the governing equations for deSigning amplitude-modulated, 
slice-selective RF pulses. In general, these equations need to be solved numer­
ically, and a number of numerical algorithms have been proposed for this task. 
Here, we consider a special case in which a closed-form solution for Bi(t) is 
available. The result will also provide some theoretical justification for the Fourier 
approach described in the preceding section. 

Assume that M,z(z, t) = M~(z) during the excitation, which is true when 
the tip angle is small. Then. Eq. (5 .28) becomes 

dM,,(z, t) . 
dt = -rG,(z - zo)My'(z, t) 

dMy' (z, t) 0 (529) dt = --rG,(z - zo)M.,(z, t) + -rB,(t)M,,(z) . 

dM,,(z. t) = a 
dt 

Combining the first two equations in complex fonn yields 

dM"y,(z,t) dM.,(z,t) .dMy,(z,t) 
dt = dt + t dt 

= -hG,(z - zo)M.",(z, t) + hB, (t)M~(z) (5.30) 
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The solution to Eq. (5.30) under the initial condition M:r:'Y'(z, 0) = 0 is3 

MXly/(Z} t) = i')'M~(z)e-hG%(z - .l:o)t lot BI (T)ehG%(z - zo)-r dT (S.3I) 

Invoking the earlier assumption that Bi(t) is symmetric about t = Tp /2, we 
find that the transverse magnetization immediately after the pulse is 

Noting that 

/
T, / 2 B: (t + Tp ) e"C'('-")'dt = F-1 {B: (t + Tp )} I 

-Tp/2 2 2 1=jl;Ga(z - zo) 
(S.33) 

we can rewrite Eq. (5.32) as 

- iM.,.,(z, Tp) e"C,(, - ,,)T,/2 = F - 1 {Bi (t + Tp)} I (S.34) 
-yM2(z) 2 f~""C. ( , - ,,) 

The left-hand-side term ofEq. (S.34) corresponds to a phase-shifted slice-selection 
profile. Hence, Eq. (S.34) can be interpreted as saying that the pulse envelope 
function Bi(t) can be determined from the Fourier transform of the desired slice­
selection profile. To see this point more clearly, consider exciting a slice defined 
by lz - zol < 6z/2. The postpulse transverse magnetization can be expressed as 

° (z-zo) M.,.,(z, Tp) ex M, (z)II --z;;:- (5.35) 

Substituting this result into Eq. (S.34) yields 

F - 1 {Bi (1+ Tp )} I ex II (z -zo) e"c.(,- ,,)r,/2 
2 /=jl;G,,(l: - zo) /:j.z 

(S.36) 

Since Eq. (5.36) is derived under the small·tip~angle assumption, we expect 
the Fourier transform relationship to break down for large-tip~angle excitations. 
In this regime, direct solution of the Bloch equation may be in order. Nonetheless, 
experimental results indicate that in many applications the accuracy of the Fourier 
analysis method remains acceptable for flip angles up to 90°. 

3 Applying the Laplace transfonn to both sides of Eq. (5.30) gives 

sM:c,-v'(z, s) = -i-yGz.(z - zO)MZ/I/ /(Z, s) + i-yBl (s)M?(z) 

Rearrangement yields 

MZI I(Z,S) = i-yBl(S)M~(z) 
1/ s+i-yG~{z-zo) 

whose inverse Laplace transform gives the time-domain solution in Eq. (5.31). 
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5.1.4 Some Practical Considerations 

5.1.4.1 Post-Excitation Rephasing 

According to both Eq. (S.24) and Eq. (S.34), a linear phase shift eioc.(' - " )T, /2 
is introduced across the slice thickness by the slice-se lective gradient. If not cor­
rected. this phase shift can lead to an undesirable signal loss. Since the phase shift 
is a linear function of z. it can be removed by applying a refocusing z~grad ient. 
This procedure is called post-excitation rephasillg. 

Let the rephasing gradient be Gr,z' The phase angle during the rephasing 
period is 

¢(z, t) = -yG,(z - zo)1' + -yGT,.(z - zo)(1 - Tp) (5.37) 

Let Tr be the length of the rephasing period. Then 

T 
¢(z, I = Tp + TT) = -yG , (z - zo) ; + -yGT,.(z - ZO)TT (5 .38) 

Setting ¢(z, 1= Tp + TT) = 0 yields 

I 
Gr, ~Tr = - 2GzTp (S.39) 

Therefore, fixing Tn one can determine Gr,z or vice versa. For instance, if 
we want the rephasing period to be half the length of the excitation pulse, namely, 

then, we have 

T 
Tr = t - Tp = ; (S.40) 

GT " = -G. (S.41) 

As shown in Fig. 5.3, the rephasing gradient pulse has the opposite polarity of the 
slice~selection gradient and lasts only half as long for thi s example. 

In general, if G 5!J = (G% I GY1 G z ) is used for slice selection, the refocusing 
gradient G r = (Gr,%l Gr,Y I Gr,z) sat isfies the following equation: 

(5.42) 

The relations in Eq. (S.42) are graphically shown in Fig. S.4. 
Note that the rephasing conditions stated in Eqs. (S.39) and (5.42) are not 

exact, since the amount of spin dephasing during the excitation period was calcu~ 
lated using the Fourier method. In general, the amount of spin dephasing during 
the excitation period is dependent on the details of the RF pulse and should be 
calculated from the Bloch equation in order to be precise. Then, the amount of 
rephasing necessary can be calculated using the same pri nciple di scussed above. 
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RF 

Spins repllased here 

G, 

1------1~ 
'---- ., ---~ .,12-; 

Figure 5.3 Shaped slice-selective RF pulse and the associated gradi­
ent waveform for slice selection and refocusing. 

RF 

Gx 

LJ 
Gy 

L.J 
G, n 

" 
., 
~ 

Figure 5.4 Gradient waveforms for slice selection and spin rephasing in general. 
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5.1.4.2 Pulse Truncation Effects 

Equation (5.21) implies that to have a perfect rectangular excitation profile, we 
need a pulse of infinite length. In practice, the pulse has to be truncated to a finite 
duration to be useful. As a result. the actual slice profile will deviate from the 
desired one. Pulse truncation can be characterized mathematically by the multi­
plication of an infinite pulse with a rectangular window function. For example, 
corresponding to Eq. (5 .22). the truncated sinc pulse can be expressed as 

BW) = Asinc [11"6.1 (t - ~)l II C -;.p/2) (5.43) 

Omilting the previously discussed phase-shift term. we have the frequency selec­
tion profile of the truncated sine pulse: 

P(f) = II (I ~f' ) . sinc[1I"(f - l olTp) (5 .44) 

Therefore, to a reasonable approximation, the pulse truncation effect is described 
by the convolution of the ideal selection profile with a sine function. From the 
example shown in Fig. 5.5, one can see that pulse truncation results not only in 
a nonuniform excitation profi le across the slice thickness but also in excitation of 
spins in the neighboring slices to a varying degree. The latter effect is known as 
the cross-talk artifact. 

To minimize the pulse truncation effects, it is necessary to pack as many 
sidelobes into the pulse as possible. If one assumes that n sidelobes on each side 

(a) n 

(b) n 
Figure 5.5 Pulse truncation effects; (a) a sine pulse and the corresponding frequency 

selection profile, and (b) a truncated sinc pulse and the resulting frequency selection profile. 
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of the sine function are kept. it is easy to show that the effective pulse length Tp is 
related to the slice-selection gradient G % and slice thickness 6.z by 

4n1r 
T =---

p '"YG z 6.z (5.45) 

Equation (5.45) shows that for a given pulse length Tp, if the number of sidelobes 
in the pulse is increased to reduce the cross-talk artifact. Gz must be increased 
accordingly so as to maintain the same slice thickness Az. For a given pulse, 
the effect of different gradient strengths is shown graphically in Fig. 5.6. It is 
evident from Eq. (5.45) that the thinnest slice that can be selected is limited by 
the available gradient strength and the allowable pulse length. 

8 w 

-- - - - - - -- --, 8 ---- -- - --FT 
G:..2 

" r • -. - -

Figure 5.6 Illustration of different gradient strengths mapping the same pulse to slices 
of different thicknesses. Note that Bl (t) selectively excites spins in Z l < Z < Z2 in the 
presence of O;z.,I, but spins in Z3 < Z < Z4 in the presence of G;z.,2' 

5.1.4.3 Other Slice-Selective Pulses 

Many slice~selective pulses in practical use yield better selection profiles than the 
popular sinc pulse. A simple example is the Gaussian pulse defined by 

B1(t) = Ae- a(' - r /2)' (5.46) 

which has reduced sidelobe amplitudes compared to the sinc pulse. Another more 
complicated example is the hyperbolic secant pulse in the general fonn 

(5.47) 

This pulse is insensitive to Bl inhomogeneities, often encountered in practice, 
and is particularly useful for slice-selective spin inversion. Detailed discussion of 
these and other selective pulses are beyond the scope of this book. The interested 
reader is referred to [19] for more information. 
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5.2 Spatial Information Encoding 

After a signal has been activated by a selective or nonselective pulse, spatial infor­
mation can be encoded into the signal during the free precession period. Since an 
activated MR signal is in the form of a complex exponential, we have essentially 
tWO ways to encode spatial information: frequency encoding and phase encoding. 

5.2.1 Frequency Encoding 

Frequency encoding, as the name implies, makes the oscillation frequency of 
an activated MR signal linearly dependent on its spatial origin. The physical 
principle used to realize this is rather simple. Consider first an idealized one~ 
dimensional object with spin distribution p(x). If the magnetic field that the 
object experiences after an excitation is the homogeneous Bo field plus another 
linear gradient field (Gxx), the Larmor frequency at position x is 

w(x) = Wo + -yGxx (5.48) 

Correspondingly, [he FID signal generated locally from spins in an infinitesimal 
interval dx at point x, with the omission of the transverse relaxation effect, is 

d8(x, t) ex p(x)dxe-h(Bo+C.x), (5.49) 

where the constant of proportionality is dependent on the flip angle (0-), main 
magnetic field strength (Bo), and so on. For notational convenience, we shall 
neglect this scaling constant and rewrite Eq, (5.49) as 

d8(x , t) = p(x)dxe- h(Bo+C.x), (5.50) 

The signal in Eq. (5.50) is said to bejrequency-encoded because its oscilla~ 
tion frequency w(x) = ,(Bo+Gxx) is linearly related to the spatial location. For 
the same reason, G x is called afrequency~encoding gradient. The signal received 
from the entire object in the presence of this gradient is 

8(t) = r. d8(x, t) =;= p(x)e-h(Bo+C.x)'dx 
iob)ect - 00 

(5.51) 

After demodulation (i.e., removal of the carrier signal e- iwot ), we have 

(5.52) 
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The effect of Gz on the frequency of the local MR signals is illustrated in 
Fig. 5.7. As can be seen from this example, the frequency-encoding gradient 
field, by assigning local signals to different frequencies. gradually pushes the local 
signals out of phase coherence. Therefore. the received frequency-encoded signal 
is expected to decay at a faster rate than its nonencoded counterpart. 

p(xl 

"-
~ 

'1 1\ f\ 1\ 1\ (I 
di 
II ~ 

",._ - t'-=---+-

V V V v 

Figure 5.7 Localized signals from a hypothetical one-dimensional 
object in the presence of a frequency-encoding gradient. 

This analysis can be generalized to the general case. Specifically, one can 
show that the received frequency-encoded FID signal afler demodulation is, in 
general , given by 

8(t) = 1 p(r)e-hG, •. r'dr 
object 

(5.53) 

where G Ce is the frequency-encoding gradient defined by 

Gr, = (G., Gy,G.) (5.54) 
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Similarly to Eq. (5.53), a general frequency-encoded echo signal can be expressed 

as 
8(t) = 1 p(r)e - hG, •. r(, - TEdr 

object 
(5.55) 

An important question concerning Eqs. (5.53) and (5.55) is: Will each spatial 
point be assigned a unique frequency by turning on G:L, Gy , and Gz simultane­
ously? The answer to this question is no! To understand this point, let us examine 
the frequency distribution established by these gradients. Setting the Larmar fre­
quency to be a constant yields 

,,(G fe · r = c (5.56) 

Clearly, in the two-dimensional case, Eq. (5.56) defines a family of isofrequency 
lines (depending on the value of c), all perpendicular to Gfe, as illustrated in 
Fig. 5.8. In the three-dimensional case, Eq. (5.56) defines a family ofisofrequency 
planes. Therefore, for a fixed frequency-encoded gradient vector G fe , spatial 
information is frequency-encoded only along the direction of Gre. In other words, 
only one-dimensional spatial localization along the gradient direction is achieved. 
For multidimensional localization, multiple encoded signals are necessary. Before 
discussing this topic, we introduce the concept of phase encoding. 

5.2.2 

Figure 5.8 Iso-frequency lines established by the fre­
Quency-encoding gradient Gre . 

Phase Encoding 

With the principle of frequency encoding in hand, it is easy to understand phase 
encoding. To illustrate the idea, we again start with the one-dimensional case. 
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Imagine now that, after an RF pulse, we tum on a gradient Gz for a short interval 
Tpe and then turn it off. The local signal under the influence of this gradient is 

(5.57) 

It is evident that during the interval 0 ~ t :S. Tpe. the local signal is frequency_ 
encoded. As a result of this frequency encoding, signals from different x-positions 
accumulate different phase angles after a time interval Tpe. as demonstrated in 
Fig. 5.9. Therefore, if we use the first time interval as a preparaTory period, the 
signal collected afterward will bear an initial phase angle 

¢(x) = -"yGzxTp. (5.58) 

Since ¢(x) is linearly related to the signal location x. we shall call the signal 
phase-encoded. For the same reason, Gz is referred to as the phase-encoding gra­
dient and Tpe as the phase-encoding interval to emphasize their roles of imparting 
a position-dependent initial phase angle to the observed signaL 

Phase encoding along an arbitrary direction can also be done for a multidi­
mensional object by turning on Gx • G". and G~ simultaneously during the phase­
encoding period. Similarly to Eq. (5.54). the phase-encoding gradient in this case 
IS 

G p, = (Gz , Gy, G,) 

The initial phase angle is now given .by 

(5.59) 

(5.60) 

As in the case of frequency encoding. the received signal is the sum of all 
the local phase-encoded signals and is given by 

S(t) = r dS(r. t) 
} object 

= [ r. p(r)e - hG, •. rT"dr] e- iw,t 
) object 

(5.61) 

where the carrier signal e-iwot will be removed after demodulation. 
In summary. phase encoding is done by pre-frequency encoding the signal 

for a short time interval. As indicated by Eq. (5.61). a phase-encoded signal has 
the form of a nonencoded signal with a position-dependent initial phase angle. 
This phase angle can be adjusted with a variable phase-encoding gradient strength 
or phase-encoding interval. To gain a better understanding of both phase- and 
frequency-encoding schemes. we next look at them from a k-space perspective. 
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rf ", __ -\-,,,,=-O_t-_ 

P(;t) 

Figure 5.9 Phase-encoded signals from a one-dimensional object. 
Note that phase encoding is achieved by pre-frequency encoding the 

signals for a short period of time Tpe. 

5.2.3 A k-Space Interpretation 

157 

This section establishes an important connection between spatial encoding (phase 
encoding and frequency encoding) and the Fourier transform. This connection 
enables us to describe complex imaging schemes clearly using the popular k­

space notation. 
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5.2.3.1 Frequency-Encoded Signals 

We first consider the frequency-encoded signal given in Eq. (5.52). from which 
the following Fourier transform relationship is obtained: 

by making a simple variable substi tution, 

FID signals 

echo signals 

(5.62) 

(5.63) 

It is clear that the role of the frequency-encoding gradient G% is to map a time 
signal to a k-space signal. In the extreme case that Gz = 0, this mapping is 
trivial. since all the time data points are mapped to a single k-space data point 
at k x = O. If Gz. :f:. 0, the activated time signal will be nontrivially mapped to 
k-space. In other words, the frequency-encoding gradient uniquely encodes the 
spatial information in the activated signal. 

When muhiple gradients are used for frequency encoding, the mapping rela­
tionship between t and k is given by 

{ 
.,G,.t FID signals 

k= 
.,G,.(t - TE) echo signals 

(5.64) 

and the corresponding k-space signal, according to Eq. (5.53), is 

S(k ) = 1 p(r)e- ;2.k.r dr 
object 

(5.65) 

Note that although the k-space signal in this case is in the form of a multidi­
mensional Fourier transfonn, S(k ) is available only for a limited set of points in 
k-space. The k-space coord inates o f these points define the so-called samplillg 
trajectory of k-space. In the two-dimensional case, for example, the sampling 
trajectory of an FID signal. according to Eq. (5.64). is defined by 

{ kx = .,Gxt 
ky = .,Gyt 

(5.66) 

or 
{ k, = keos¢ 

ky =ksm¢ (5.67) 

where 

k = .,Gr.t = .,tJG~ + G~ (5.68) 

and 

¢ = tan-
1 ( ~: ) (5.69) 
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uation (5 .67) specifies a straight line originatin~ fr~m t~e k-space origin,. as 
Eq ed · FI·g 5 lOa The orientation of the Ime IS adjustable by selectmg ilIustrat 10 .. . . 

different relative values for G'Z. and Gy . For an echo Signal, 

{ 
kx = .,Gx(t - TE) (5.70) 

ky = .,Gy(t - TE) 

which corresponds a straight line going through the k-space origin, as illustrated 

in Fig. 5. lOb. 

ky ky 

k, k, 

(a) (b) 

Figure 5.10 K-space sampling trajectories of (a) a frequency-encoded FID sig­

nal. and (b) a frequency-encoded echo signal. 

The conclusion can be extended to three dimensions. Specifically. similarly 

to Eq. (5 .67). we have 

{

kx = ksinOcas¢ 
k. = k sin 0 sin ¢ (5.71) 

k" = kcos{} 

where 

FID signals 
(5.72a) 

echo signals 

(5.72b) 

(S.72c) 
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Note that the k-space sampling trajectory of a frequency-encoded signal is a 
straight line only if constant gradients are used for frequency encoding. If Gfe is 
a function of time, the mapping relationship between t and k should be written as 

k{t) = "t l' Gfe{T)dT (5.73) 

where the time origin corresponds to the instant when an RF excitation pulse 
is switched off. Therefore, a signal can traverse k-space linearly or nonlinearly 
depending on the wavefonn of the frequency-encoding gradient Gfe. 

• Example 5.2 

This example calculates the k-space sampling trajectory in the presence of 
sinusoidal gradients, shown in Fig. 5.11. 

90° 

I 

~L 

~ 
~ Tacq ---: 

(.) (b) 

Figure 5.11 (a) A frequency-encoding scheme using a pair of sinu­
soidal gradients and (b) the corresponding k-space sampling trajectory. 

According to Fig. 5.11a. we have 

1 
Gx{t) = Gcos G::) 
G.{t) = G sin (:'7ft) 

aoq 

(5.74) 
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Substituting the above expressions into Eq. (5.73) yields 

k.{t) l ' (27fT) T",q ( 27ft) = "t Gcos -- dT = -2-Gsin T 
o Tacq 7r acq 

(5.75a) 

k (t) = "t r' Gsin (27fT) dT = T""qG [1 - cos (T27ft)] 
II Jo Tacq 27r acq 

(5.75b) 

, r 0 < t < T It is easy to see that these equations describe a circular 10 __ acq 

sampling trajectory. as shown in Fig. 5.11b . 

• Example 5.3 
In this example. we examine the effect of a 1800 pulse on k-space trajecto­

ries. 
Recall from Eq. (3.101) that 

(5.76) 

To highlight the k-dependence, we express the prepulse transverse magneti-

zation as 
{ )d -<2"·r 

MZIJJ' = p r . re (5.77) 

Then. according to Eq. (5.76). the postpulse transverse magnetization is 

given by 
M - ( )drei(2 ••. r-2~) 

ZIJI' - P r 

It is evident from Eqs. (5.77) and (5.77) that 

k~-k 

(5.78) 

(5.79) 

In other words. a 1800 pulse will swing the transverse magnetization to the 

opposite location in k-space. 0.. 

One may notice from Eq. (5.78) that a 180 pulse will also mtroduce 
a phase shift (-2<,0) to the received signal. This phase shift is related to the 
direction of the pulse. For example. the phase shift is 0 for a 180~, pulse and 

1T for a 180~1 pulse. 
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• Example 5.4 

This example examines the k~space sampling trajectories of a frl".quency. 
encoded FID signal, gradient-echo signal, and spin-echo signal generated by 
the excitation schemes shown in Fig. 5.12. 

It is customary to set t = 0 to be the time instant when the 900 excitation 
pulse is applied. For the FID signal in Fig. 5.12a, we have 

OS t S Tacq (5.80) 

Therefore. the sampling trajectory is a half-line along the k2:-axis, starting at 
kx = 0 and ending at kx = zyGzTac,q. 

For the gradient-echo signal in Fig. 5.12b. we have during the prepara­
tory period that 

During the subsequent data acquisition period, we have 

k. = -"fG.Tacqj2 + "fG. (t - Tacqj2) 

= "fG. (t - Tacq /2) 

= "fG.(t - TE) It - TEl S Tacqj2 

(5.81) 

(5.82) 

which corresponds to a symmetric line about the k-space origin. starting at 
k. = -"fG.Tacqj2 and ending at k. = "fG.Tacqj2. 

For the spin-echo signal in Fig. S.12c, kz is given, during the prepara­
tory period, by 

(5.83) 

At the end of the preparatory period, k. = "f G.Tacq j 2. which stays the 
same until the 1800 is applied. The 1800 reverses the kz value, giving 

Consequently, during the data acquisition period, we have 

k. = -"fG.Taoqj2 + "fG. (t - T~qj2) 

= "fG. (t - Taoqj2) 

= "fG.(t - TE) It - TEl S Taoqj2 

(5.84) 

(5.85) 

which is the same as that of the gradient-echo signal. This example demon­
strates that both gradient-echo signals and spin-echo signals can cover k­
space symmetrically. 
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Figure 5.12 Excitation sequences for generating ~ frequen~y-encoded 
(a) FlO signal (b) gradient-echo signal. and (c) spm-echo signal. 

5.2.3.2 Phase· Encoded Signals 
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As in frequency encoding. the effect of phase encoding can also be descr~bedl ~y 
the Fourier transform. Specifically. we can express the phase-encoded signa iO 

Eq. (5.61) as 
S(k) = r p(r)e- i2

•
k

.
r dr 

} object 

by dropping the carrier signal e-
iwot and assuming 

k = "'(GpeTpe 

(5.86) 

(5.87) 

Note that S(k), asa function of k, has the same form for both frequencyand phase 
encodings, as shown in Eq. (5.86) and Eq. (5.65). However, a gIVen time Signal 
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is mapped to k-space differently by phase and frequency encoding. Specifically. 
k has a fixed value for a given G pe and Tpe in phase encoding, while k is always 
a function of time in frequency encoding. Therefore, phase encoding influences 
only the starting point but not the shape and form of the k-space trajectory for an 
evolving transient MR signal. 

In the general case in which G pe is a function of time, k is given by 

(Teo 
k ="1 io Gp.(T)dT (5.88) 

Therefore. if the area under the gradient pulse remains the same, the form and 
shape of a phase-encoding gradient pulse are unimportant as far as k-space map­
ping is concerned. To better understand this point, consider the three gradient 
waveforms shown in Fig. 5,13. In the first case, 

(5.89) 

It is easy to show that k;;c. = 2.,.. for both the second and third cases as well. 
Therefore, the three gradient waveforms have the same phase-encoding effect. 
Note that all three pulses have the same peak gradient value, but the trapezoidal 
and triangular pulses are smoother and longer than the rectangular pulse. During 
the phase-encoding period, k:r advances from kz = 0 to k;;c. = 2,.. at different 
speeds for different gradient wavefonns. Specifically, since 

dk.(t) = G (t) 
dt "I. (5.90) 

k;;c. traverses from the origin to the required phase-encoding value at a constant 
speed in the presence of a constant gradient but at variable speeds in all of the 
other cases. 

Gj.. t) GJ..t) 

1 ---;>r-__ 1 - -- ---

2 3 2 4 2 

(.) (b) « ) 

Figure 5.13 Three gradient pulses used for phase encoding. 
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5.3 Basic Imaging Methods 

We discuss in this section how to use the signal localization principles described 
in the preceding section for multidimensional imaging. Although the "ultimate" 
goal of imaging is to recover the image function from the activated signal. ~ere 
we emphasize only the relationship between the measured data and the deSired 
image function . Therefore. the discussion in this section takes us only to the point 
of arriving at an imaging equation. Chapter 6 explains how to recover the image 

function from the measured data. 

5.3.1 One· Dimensional Imaging 

Given a three-dimensional object, one-dimensional imaging could mean two dif­
ferent things: (a) to obtain a one-dimensional projection image along a particular 
direction, or (b) to obtain an image line. Both cases are concerned with resolving 
spatial distribution along one direction, but the resulting image function can be 

very different. 
Consider the first case. For simplicity, we assume that the projection is taken 

along the x -direction. Then, the desired image function I(x) can be expressed as 

I(x) = i: i: p(x, y, z)dydz (5.91) 

A spin-echo imaging sequence for generating this image function is shown in 
Fig. 5.14. In this sequence, the object is first excited with a hard pulse and then 
a nonselective 1800 refocusing pulse. The resulting spin-echo signal is acquired 
in the presence of a frequency-encoding gradient Gx . Since all the pulses are 
nonselective, the spin-echo signal can be expressed as 

= !~ I(x)e - i,a . (.-Te)dx 
-~ 

for It - TE l < T"q / 2 SUbSliluling k. = "lG.(t - TE) yields 

S(kx ) = i: I(x)e - i2
•

k
•

x dx 

This is regarded as the one-dimensional imaging equation. 

(5.92) 

(5.93) 

We next consider imaging a line in a three-dimensional object. Again, we 
assume that a line along the x-direction is desired. The image function can be 
expressed as 

l
yo+£1Y/ 21z0+£1z / 2 

I(x) = p(x, y, z)dydz (5.94) 
Yo - t::.y/2 zo - £1z/2 
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IBcI' 
90° 

I • TE 
Gx 

T"" 

Figu~e S~J4 .Pulse sequence to generate a spin-echo signaJ from which 
a projectIon Image aJong the x-direction can be formed. NOie thaI 
Gil = Gr. = a in this ex.citation sequence. 

where (YO , zo) specifies the line location and (t.y, t.z) specifies the line widths 
A typical excItation scheme for generating data necessary to corm thO I' . . 
is h . F " I' IS tne Image 

s Own J~ Ig. 5.15, In which the first pulse selects a transverse plane while the 
se.cond excites. a coronal plane. The signal generated from the two selective pulses 
Will be ~XCI.uslvely from the intersection-a line. To resolve spatial distribution 
alon~ ~~IS Ime, a frequency-encoding gradient (oz) is applied during the d t 
acquIsItion. a a 

r~ /,Jlo+D.Y/ 2

1
zo+D.z/2 

8(t) = f_ p(x, y, z)e-hG.(t-TE)dxdydz 
-00 110 - 611/2 zo-t:u/2 

(5.95) 

for It - TE l < T"q/2. Therefore, the measured signal is related to the desired 
Image fun~tIon l,n the same fashion as in the first case and can be put in the form 
of a one-dImensIOnal Fourier transform, 

180" ... 
• + 

"'~~~~~-
'" ,-,~-------­
G,~ 

, ', . . 

Selected by 

"'IIP"---;i' '' the 90' pulse 

·········l 
"------£-x Selected by 

the 180'pube 

Figure 5.15 Line imaging: (a) pulse sequence and (b) effects of the selective pulses. 

, 

J 
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5.3.2 Two-Dimensional Imaging 

As in one-dimensional imaging, we have the option of creating a two-dimensional 
image as either a projection or a slice of a three-dimensional object, depending on 
the applications. Although the outcome of the two imaging scenarios would be 
drastically different, the imaging principle is very similar, except that for generat­
ing each time signal one uses a hard pulse in the first case but a slice-selective soft 
pulse in the second. For the present discussion. therefore, we will ignore this sub­
tle difference and focus on the key concept of encoding two-dimensional spatial 
information in the time signal. Denoting the desired image function by /(x, V), 
it is easy to see that [(x , y) is related to the underlying three-dimensional object 
function p(x, YI z), in the projective imaging case, by 

I(x, y) = I: p(x , y, z)dz (5.96) 

and in the slice-selective imaging case, by 

l
Z0+t:::..Z / 2 

I(x , y) = p(x, y, z)dz 
zo-t:::..z / 2 

(597) 

The basic imaging equation is the two-dimensional Fourier transform 

8(k., ky) = I: I: I(x , y)e- i2.(k.x+k,y)dxdy (5.98) 

Therefore, a basic task of planar imaging is to generate sufficient data to cover k­
space. A conventional strategy is to generate a set of "identical" signals {So(t)} 
using repetitive excitations and then encode each properly so that k-space will 
be covered with multiple lines. Figure 5.16 shows a classical implementation of 
this strategy. As can be seen, this imaging sequence excites an object periodically 
with a pair of slice-selective 900 and 1800 pulses, which generate a set of spin­
echo signals . Spatial information is then encoded in the spin-echo signals by 
two-dimensional frequency-encoding. 

Denote the encoding gradients in the nth excitation cycle by 

{ 
Gn ,x = Geos"'n 
Gn ,lI = Gsm¢n 

(599) 

It is easy to show that the spin-echo signal is related to the desired image function 
by 

So(t) = [: i: [(x, y) e -i-rG(t-TE)(z costPn+ysin rPn)dxdy (5.100) 

for It - TE l < T"q/2, where I(x, y) is defined in Eq. (5.97). Putting it in k-space 
notation immediately yields the generic imaging equation in Eq. (5 .98). 
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We next analyze the k-space sampling pattern of this imaging scheme. Con­
sider the signal generated in the nth excitation cycle. Following the same analysis 
used in Example 5.4, we have, in the interval between the 90° and 1800 pulses, 

{ 
k, = "fG(t - to)cos<l>n 
ky = "fG(t - to) sin<l>n 

(5.101) 

where to and Tacq are defined in Fig. 5.16. Equation (5.101) indicates that k-space 
is traversed from the origin to point A as indicated in Fig. 5.17a. where 

k Tacq 
A = "fG-2-(Cos<I>n,sin<l>n) 

The subsequent 1800 pulse swings the trajectory to point B such that 

During the subsequent data acquisition interval. we have 

{ 
k, = "fGcos<l>n(t - TE ) 

ky = "fGsin<l>n(t - TE) 

(5 .102) 

(5.103) 

(5.104) 
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which defines a radial line starting at k s . going through the k-space origin. and 

ending at k A · Since 

<l>n = arctan (Gn ,y ) 
Gn,z 

(5,105) 

one can easily change ¢n by adjusting the relative strengths of the frequency­
encoding gradients. Therefore, by varying ¢n from one excitation cycle to an· 
other, k-space can be effectively covered. This method is sometimes referred to 

as the Radon tralls/orm (or projection) imaging method. since the radial k-space 
data are directly related to the projections of the desired image function. 

ky k, 

A 
-

$, 
: k, 

B 

(a) (b) 

Figure 5.17 K -space coverage of the imaging sequence in Fig. 5.16: 
(a) k-space trajectory of a single excitation cycle. and (b) k-space cov­

erage by a set of the frequency-encoded spin echoes. 

To further illustrate the k-space coverage concept, let us analyze another 
basic imaging scheme shown in Fig. 5.18. This scheme uses the same excita­
tion sequence as in Fig. 5.16a, but the signals generated are encoded differently. 
Specifically, each spin-echo signal is first phase-encoded along the y-direction 
and then acquired in the presence of a frequency-encoding gradient G z . 

To understand how k-space is traversed by this imaging scheme. consider 
the nth excitation. During the phase-encoding interval, we have 

(5.106) 

which represents a radial line from the origin to point A defined by 

(5.107) 

The subsequent 1800 pulse swings the trajectory to point B. as shown in Fig. 5.19a, 

(5.108) 
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Figure 5.18 A two-dimensional imaging sequence with phase-encoding 
along the y-direction and frequency-encoding along the x-direction. Specif­
ically, in the nth excitation cycle, Gy ::; n.6.Gy is applied duri ng the inter­
val to < t < to + Tpe to phase-encode the signal, which is then acquired in 
the presence of the frequency-encoding gradient Gz . 

During the subsequent data acquisition interval, we have 

{
k' = ,.G(t - TEl 
ky = ,.nLl.GyTp. It - TEl < T.cq /2 (5.109) 

~hich is a horizontal line parallel to the kx-axis. whose interception on ky-axis 
IS "Yn6.GyTpe. Therefore, by varying the phase-encoding strength, each line will 
assume different ky locations resulting in the rectilinear sampling of k-space. as 
shown in Fig. 5.19b. 

In the literature, this hybrid phase- and frequency-encoding scheme is known 
as the phase-encoding method because differen t time signals are phase-encoded 
using a variable gradienr.4 Note that symmetric coverage of k-space is provided 
by the use of spin echoes along the k:r.-direction and by the use of both positive and 
negative phase-encoding gradients along the ky-direction. However, spin echoes 
are nO( essential as far as k-space coverage is concerned. One can design an 
imaging sequence to give the same k-space coverage with gradient echoes. This 
is left to the reader. 

'It is als? possib.le 10 achieve the same phase-encoding effecl by keeping the amplitude of the 
phase-encodtng grndlem constant but changing its duration from one excitation 10 another. 

Section 5 . ~ oasic lllluguig Mcun,JUs 

ky ky 

A 

k x 
B 

(a) (b) 

Figure 5.19 K-space coverage of the imaging sequence in Fig. 5.18. 
(a) k-space trajectory during a single excitation cycle, and (b) k-space 
coverage by a set of phase-encoded spin-echo signals. 

5.3.3 Three-Dimensional Imaging 

.. 1 

MR excitation is inherently a three-dimensional technique in the sense that sig­
nals generated by a short pulse will come from the entire object. In other words, 
it is easier to generate signals from the entire volume than from a limited region. 
The challenge in three-dimensional imaging lies in sorting out all the Signal com­
ponents from different spatial locations. There are many ways to accomplish this 
task. The simplest is perhaps the multi slice imaging method, which uses slice­
selective excitations for localization in the third dimension. leaving the other two 
to be done with encoding methods. This method generally produces a stack of 
two-dimensional images, each of which is acquired using the two-dimensional 
localization principles discussed in Section 5.3.2. 

For true three-dimensional imaging, nonselective pulses are used for sig­
nal generation, and information along all three dimensions must be encoded into 
the activated signals. Because of the nature of MR signals. information along 
one dimension is naturally frequency-encoded. while information along the other 
two dimensions can be either phase- or frequency-encoded. Regardless of what 
the encoding scheme is, the general imaging equation is in the form of a three­
dimensional Fourier transform: 

Different encoding schemes will only lead to different sampling patterns of the 
three-dimensional k-space. To demonstrate this point. consider the ex.citation se­
quence shown in Fig. 5.20, in which the x-direction is frequency-encoded while 
the y- and z-directions are phase-encoded. In this case. k-space is filled by recti-
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linear lines parallel to the kx-axis as described by 

{ 

kx = -yGx(t - T E ) 

ky = -yGyTp, It - TEl < Taoq/2 
kz = ;GzTpe 

(5.111) 

where Gx is a constant, but Gy = mllGy and Gx = ntlGz. 

18U' 

90' I I 
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Figure 5.20 Three-dimensional phase-encoding imaging sequence. 

As another example, a three-dimensional frequency-encoding imaging se­
quence is shown in Fig, 5.2 L In contrast to the phase-encoding case, k-space 
is now filled with radial lines going through the origin. This can be understood 
by noting the following k-space sampling trajectory equation for each frequency­
encoded signal: 

{ 

kx = -yGx(t - T E) 
ky = -yGy(t - T E ) 
k. = -yG.(t - T E ) 

where Gx , Gy • and Gx are selected according to the following formulas: 

{

Gx = GsinOncosrP= 
Gy = GsinBn sinq)m 
Gz =G cosBn 

(S.Il2) 

(S.Il3) 

The foregoing discussion shows that the concept of three-dimensional imag­
ing is not very different from that of two-dimensional imaging. However, three­
dimensional imaging does present some unique practical problems because many 
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more encodings are required to cover k-space. Chapter 8 discusses some of the 
practical imaging issues related to limited data acquisition time, resolution, and 
signal-lo-noise ratio. 
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Figure S.21 Three-dimensional frequency-encoding imaging sequence. 

S.4 Sampling of k-Space 

The discussion in Section 5.3 indicates that the key to multidimensional imaging 
lies in generating a sufficient number of signals to cover k-space. This section 
describes the sampling requirements of k-space signals. We first review the basic 
Shannon sampling theorem a~d then discuss its implications for selecting the data 
acquisition parameters. 

5.4_1 The Sampling Theorem 

Let us first review the definitions of some bandlimited signals. 

Definition 5_1 A time signal get) is said 10 be time-limited if get) = Of or t > T, 
where T is a finite number. 

Definition 5.2 A time signalg(t) is said to be (frequency) balldlimited ifitsfre­
quency spectrum {Fg}(f) is zero for II I > Imax, with Imax being the signal's 
frequency bandwidth. 
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Definition 5.3 A space signal g(x) is said to be space·limited if g(x) = 0 for 
Ixl > w. 
Definition 5.4 A space signal g(x) ;s sa id to be (frequency) balldlimited if its 
frequency spectrum {F9 }(k) is zero for Ikl > kmax• with kmax being the signal's 
frequency bandwidth. 

We next describe the basic sampling theorem and some of its generalizations 
without proof. The reader interested in a thorough discussion of this topic is 
referred to [44. 45J. 

5.4.l.1 Uniform Sampling 

The Shannon sampling theorem states that a bandlimited function can be recon· 
structed perfectly from its sampled values taken uniformly at an interval not ex· 
ceeding the reciprocal of twice the signal bandwidth. 

To be more specific, let get) be bandlimited to fmax. The sampling theorem 
requires that 

1 
61< -­

- 2/max 
or 

1 
I. = 61 2: 2/m_. (5.114) 

which is known as the Nyquist sampling criterion. The largest sampling interval 
permissible by the Nyquist criterion is 61 = 1/(2/max), which is called the 
Nyquist illlerval . Correspondingly, Is = 2/max is called the Nyquist frequell cy, 
which is the minimum sampling rate required for exact recovery of g(t). 

Let g(n61) be the sampled values taken from g(I). with 61 satisfying the 
Nyquist criterion. Then. g(l) can be reconstructed from g(n61) using the follow· 
ing well-known interpolation formula: 

00 

g(l) = L g(n61)sinc[7rf.(1 - n61)J (5.115) 
n =-oo 

which is illustrated in Fig. 5.22. It is also easy to show that Eq. (5.115) can be 
written in terms of the signal bandwidth as 

g(l) = 2/J,ax f g(n61)sincI27r / ma.{t - n61)J 
n=-oo 

(5.116) 

5.4.1.2 Interlaced Sampling 

Interlaced sampling is a special case of nonuniform sampling, which finds use­
ful application in echo-planar imaging discussed in Chapter 9. As shown in 
Fig. 5.23, interlaced sampling satisfies the Nyquist criterion in the average sense 
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Figure 5.22 Illustration of the recovery of a continuous function from 
its samples by a sununation of weighted sine functions. 
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if 6t ::; 1/lm_x. It has been shown [44J that g(l) can be recovered from this set 
of nonuniformly sampled values using the following interpolation formula: 

00 

g(l) = L [g(n6t)h(t - n6t) + g(n6t + a)h( -t + n6t + a)J (5.117) 

n=-oo 

where the interpolation kernel function h(t) is given by 

cos(27r Im_xt - 7ra/ma.) - cos(7ra/ma.) 
h(t) = /. ('/ ) 21f maxt SIn 1fu max 

(5.118) 

g(t) 

- :5.--

Figure 5.23 An ex.ample of interlaced sampling. 
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5.4.1.3 Sampling of Bandlimited Periodic Functions 

It is well known that periodic functions (satisfying the Dirichlet conditions) can be 
expressed in terms of the Fourier series. If a periodic function is also bandlimited, 
the Fourier series will have only a finite number of terms. We summarize the result 
regarding the sampling of these functions here because it is useful for describing 
pelar sampling of k·space. 

Consider the following finite Fourier series: 

N 

g(t) = L Cne-i21rntjT (5.119) 
n= -N 

Clearly, 9(t) is periodic in t with period T and bandlimited to NIT. Since 9{t) is 
uniquely specified by the 2N + 1 coefficients, it is expected that 2N + 1 samples 
taken within a single period would suffice to uniquely reconstruct g(t). Therefore, 
the Nyquist sampling criterion in this case can be stated as 

T M<-­
- 2N + 1 

(5.120) 

Assume that Ns ~ 2N + 1 samples are taken from g(t) in interval ~t = 
T / N s . It has been shown that g( t) can be reconstructed from this set of samples 
using the following interpolation formula: 

() 
~' ( A )sin [f{2N+ 1)(t - nt;"t)] 

9 t = L., 9 n '-' t _.....,,-':---.:::-:--'-'----,.--:-;--'2. 
n~O N,sin [f{t - nt;"t)] 

(5.121) 

Detailed derivation of Eq. (5.121) can be found in [45. 252]. 

5.4.2 Sampling Requirements of k-Space Signals 

Sampling of k-space is a multidimensional sampling problem. In practice, how­
ever, one treats sampling along each dimension separately, thus reducing it to a 
one-dimensional sampling problem. The resulting sampling pattern is not opti­
mal; nonetheless, it guarantees "perfect" reconstruction of the underlying contin­
uous k-space signal. We therefore adopt this conventional treatment to determine 
the sampling requirements on the MRI data acquisition parameters for two pop­
ular imaging schemes: rectilinear sampl ing and polar sampling. Here, we con­
s ider only two-dimensional imaging, since the treatment can be easily extended 
to higher-dimensional cases if necessary. 

We first consider the rectilinear sampling case. Assume that the object being 
imaged is bounded by a rectangle of widths W;r and WlJ , as shown in Fig. 5.24. 
Then, according to the sampling theorem we have 

and 
1 

t;"k <­
y - Wy 

(5 .122) 

) 
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We further assume that frequency encoding is used along the x-direction and 
phase encoding is used along the y-direction. Then, 

where 
G;r: 
t;"t : 
t;"Gy : 

Tpe: 

y 

(oj 

frequency-encoding gradient 
readout sampling time interval 
phase-encoding gradient step size 
phase-encoding interval 

>, 

• 

_ ___ +-____ k. 

.k, .L: 
T ' 

-I I-.k. 
(bj 

(5.123) 

Figure 5.24 Illustration of (a) an object bounded by a rectangle of widths W", 
and W

ll
• and (b) rectilinear sampling of k-space. 

Substituting Eq. (5.123) into Eq. (5.122), we immediately obtain the follow-
ing requirements on the data acquisition parameters: 

{ 
t;"t ~ ,Ic:iw. 
t;"G <~ 

y - 1'Tp.WII 

(5.124) 

We next consider the polar sampling case. In this imaging scheme, there are 
two essential data acquisition parameters: ~k and ~<p. To obtain the require­
ments on these parameters, the following two standard assumptions are made: 

(a) Space-limitedness (Fig. S.2Sa): 

p{x,y) = 0 for -Ix' + y' 2: R, (5.125) 

(b) Frequency-limitedness (Fig. S.2Sb): 

S{k., ky) = Fp = 0 for Jk~ + k; 2: Rk (5.126) 
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. . The first assumption is, vaJ,id because practical object functions are space 
limned. The second assumption IS only an approximation since a function ca 
be bo h . . nnot 

t space- and frequency-limited at the same time. This assumption is h 
bl . ,-

eve~. ne~essary to ena e us to denve a minimum sampling requirement alon h 
¢-dlrecllOn. g 1 e 

" .•... -............... . 
........ . ....• 

.. - -. 
•• ,8 ~ ... :. ·~i 

.... .... . ... 
............. ...•... 

(a) 
(b) 

Figure 5.25 I~lustration of (a) an object bounded by a circle of radius Rz and 
(b) polar sampling of k-space. 

With assumption (a), the sampling requirement along the k-direction for each 
¢ can be found easily. Specifically. it is easy to show that 

or 

where G = /0; + G~. 

Ilt < _ 1T_ 
- -yGR. 

(5,127) 

(5,128) 

Dete~ining the minimum sampling requirement along the <pMdirection is 
mo:e ~o~phcated t~an determining it along the kMdirection. Because Sp(k, </J) is 
perlochc In ¢ for a given k. we can express it in terms of the Fourier series as 

~ 

Sp(k, t/J) = L c,,(kv'no (5,129) 
n =-CX) 

where 

(5,130) 

The largest angular sampling interval Il t/J allowed for Sp(k , t/J) is determined 
b~ the number of ~lgOl~cant terms in the Fourier series in Eq. (5.129). For a 
circularly symmetric object. Sp(k, ¢) is a constant over </> and the series will 
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have only a dc tenn. In general, the number of significant terms increases with 
Ikl' A well-known result concerning this problem is derived in [231], which 
states that Sp(k, t/J) is bandlimited to R.21Tlkl + 1 with respect to t/J, In other 
words. the Fourier series coefficients cn(k) in Eq. (5.129) are not significant 
for Inl > [R.21T lk lJ + 1, where the brackets represent rounding R.21Tlkl to the 
next higher integer. Based on the assumption of frequency-limitedness stated in 
Eq, (5,126), Cn can be ignored for any measured k values if Inl > [21TR.Rkl + 1. 
Therefore. according to the results concerning sampling of bandlimited periodic 
functions presented in Section 5.4.1, the angular sampling interval that satisfies 
the Nyquist criterion for all of the sampled k values is given by 

Ilt/J < 21T 
- 2([21TR.RkJ + 1) + 1 

(5,131) 

A more insightful relationship can be derived based on Eq, (5,131), which 
directly relates the number of radial lines (or projections). denoted by N¢. to 
the number of samples per line, denoted by Nk. More specifically. taking into 
account the fact that data at n6.</J and n6.</> + 7r are collected simultaneously. we 
can express N¢ as 

71" 
No = Ilt/J 2: [21TR.RkJ + 1.5 

Replacing Rz and Rk with 

and 

we immediately get 

1 
R. = 21lk 

No 1T 
Nk '" "2 

(5,132) 

(5,133) 

(5,134) 

(5,135) 

Equation (5,135) indicates that the number of projections required is roughly the 
same as the number of samples per projection. 

Interestingly, the result in Ecj, (5,135) can also be obta ined by setting the 
worst-case azimuthal resolution and the radial resolution to be approximately the 
same. Inspection of Fig. 5.25 indicates that the worst-case azimuthal resolution is 
given by 

AB = Ilt/JRk = ~ Nk Ilk 
No 2 

Setting AB '" Ilk immediately yields Eq, (5 ,135), 

(5.136) 
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Exercises 

5.1 Selection of an envelope function for an RF pulse has nothing to do with 
the Bo field strength. True or false? Why? 

5.2 Why do we need stronger frequency·encoding gradients for imaging at 
higher fields? 

5.3 Phase-encoded spin-echo signals should decay faster than nonencoded spin­
echo signals. True or false? Why? 

5.4 

5.5 

5.6 

5.7 

What is the cross-talk artifact in slice-selective excitations? How can it be 
reduced? 

In slice-selective excitation, how is the width of a selected slice related 
to the strength of the slice-selection gradient? Assume that G z is the de­
sired gradient strength. What is the consequence if the gradient system 
malfunctions such that the effective gradient the object sees is 

(a) G.ff = 0 

(b) G.ff = G,/2 

(c) G.ff = 2G, 

Assume that in the presence of a z-gradient (G:zJ only, a given slice­
selective pulse Bl (t) excites a slice defined by z = Zo of width 6.z such 
that ,G,zo = fo. Which slice will B,(t) excite if G z • G •. and G, are 
turned o n simultaneously during the excitation? 

(a) Derive the equation describing the new slice selected. 

(b) Calculate the new slice thickness in terms of 6.zo. 

Slice-selective excitation is made possible through the use of an inhomo­
geneous magnetic field. No matter what kind of field distribution we have, 
a frequency-selective pulse will always excite spins on a plane of a certain 
orientation and thickness. True or false? If your answer is ·'false," give an 
example showing that a nonplanar slice is selected by an RF pulse. 

5.8 Phase encoding of spatia l infonnation is achieved by assigning different 
initial phase angles to local NMR signals. True or false? 

5.9 Explain why a frequency-encoded signal decays faster than its nonencoded 
counterpart. 
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5.10 

5.11 

5.12 

Why do we need to use multiple phase-encoding gra~ient values but o~ly 
one frequency -encoding gradient value in the conventIonal ~hase-encodtng 
imaging excitation sequence? Discuss. whethe: the same thing. could b~ ac­
complished with a single phase-encodlOg gradient value but With a vanable 

gradient duration. 

Echo signals (spin echoes or gradient echoes) are often used in MRI pri­

marily because: 

(a) They are useful for symmetric k-spaee sampling. 

(b) They are always available. 

(c) They are easier to generate than FID signals. 

(d) None of the above. 

Seleet all the answers that apply. 

For the excitation sequence shown in (a), the FID sign~ls g~nerat~d ~re 
mapped to k-space as shown in (b). Discuss how to moehfy thiS eXCItation 
sequence so that the FID signals will generate the k-space coverage shown 

in (c). 

(a) 

(b) (c) 
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5.13 For the following three excitation schemes, 

(a) Find the mathematical expression for the activated signal. 

(b) Assuming that the signals are sampled with the same time interval 
t.t, sketch how the sampled data are mapped into k-space for each 
case. 

Scheme I: 

Scheme 2: 

Scheme 3: 

~~--
~h----------­LilI 
G, 

G 

-=G' __ ~, L 
2, 3, 

' G 
--{ acquile dati t-----

~,----
~ ro..-- ---
G, ~ 

'--- --
G 

_G' __ ~~, 
2, 

L 
3, 

· G 
--t acqu!re d,lli t-----

G, 

2G 

_G,,-, _ __ ~, 
2, 

L 
3, 

'G 
--t acquire dill t-----

) 
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5.14 Draw a gradient-echo imaging sequence with rectilinear sampling of k­

space. 

S.lS Draw a gradient-echo imaging sequence with radial sampling of k-space. 

5.16 An MRI system is equipped with a gradient system that can provide vari­
able G'J: and GlJ gradients. Design a spin-echo imaging sequence that gives 
the k-space sampling trajectories shown below. Sketch the pulse sequence 
and specify the necessary gradient functions. 

5.17 Design an excitation sequence to generate the concentric k-space coverage 
shown below, assuming each circle of data is from one excitation. Let 
Sn(t) be the time signal generated by the nth excitation. Mark the k-space 
locations of the sampled data points Sn(mt.t) . 

ky 

kx 

5.18 Design an excitation sequence that generates data mapped to the following 
elliptical k-space trajectory. 



184 Chapler 5 Signal Localizati'?!! 

k, 

5.19 For the excitation sequences given below: 

(a) Derive an expression for the FID signal. 

(b) Map the time signal to k·space and sketch the sampling trajectory. 

n RF) RF -"l ~ 
~ 

",n C.n 
0 . 0 

'" 
II12G 

G. 
InG 

)<'IlI2lG 
C; C; 

1- (JlI2)G 

(,) (b) 

S.20 For a given object function p(x, y). the frequency-encoded signal mea­
sured in the presence ofa gradient G% is Sl(t). and its largest time inter­
val pennissible by the sampling theorem is Clt . Assume that a new signal 
S2(t) is measured in the presence of a frequency-encoding gradient twice 
the strength of G%. 

(a) How is the new measured signal S,(t) related to SI(t)? 

(b) What is the largest sampling interval allowed for S,(t)? 

(c) If the inverse Fourier transform (with respect to t) of SI (t) and S,(t ) 
is PI(X) and p,(x). respectively. how is PI(X) related to p,(x) and 
to p(x,y)? 

~ercises 

5.21 Determine the frequency bandwidth of the following signals: 

(a) sin(I01Tt + 45°) + ,,,.5., 
(b) sinc(1Tt) 

(c) sinc'(1Tt) 

(d) sinc(1Tt) + sinc'(1Tt) 

(e) sinc(1Tt) c05(1001Tt) 

185 

5.22 Let 9(t) be a signal with Nyquist frequency I,· Determine the Nyquist 
frequency for each of the following signals: 

(a) 9(t) + 9(t - 3) 

(b) ~ d, 

(c) 92 (t) 

(d) 9(t)cos/,t 

5.23 Show that if 9(t) is bandlimited to 1m." then 

9(t) = 9(t). 2/maxsinc(21T/maxt) 

5.24 Derive Eq. (5.116) from Eq. (5.115). 
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Image Reconstruction 

aile picture is worth a thol/salld words. 

Oldfolk saying 

Image synthesis (or reconstruction) is an important topic of tomographic imag­
ing because spatia l information is encoded into the measured data during the data 
acquisition step. Depending on how spatial information is encoded into the mea­
sured data, the image reconstruction technique necessary can vary considerably. 
In this chapter, we single out two fundamental image reconstruction problems 
for detailed discussion: (a) reconstruction from Fourier transform samples, and 
(b) reconstruction from Radon transform samples. Many practical MRI data ac­
quisition schemes lend themselves naturally to one of these two reconstruction 
problems. For example. if k·space is sampled rectilinearly as shown in Fig. 6.1a. 
we directly have the first reconstruction problem; if k-space is sampled radially 
as shown in Fig. 6.1 b. we have the second reconstruction problem. For other k· 
space coverage. signal interpolation is often used to regrid the measured data into 
one of these two "s tandard" fonnats so that a basic reconstruction algorithm can 
be applied. 

This chapter is organized as follows. First. some general issues in image 
reconstruction are discussed. Then, the theory and algorithms of Fo urier recon­
struction are described. Finally, image reconstruction from Radon transform data 
is discussed, start ing with a detailed description of the inverse Radon transform. 
which is followed by an exposition of various practical algorithms. Advanced 
topics of image reconstruction are presented in Chapter 10. 

187 
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(a) (b) 

Figure 6.1 Two basic k-space coverage used in MRI experimems. 

6.1 General Issues of Image Reconstruction 

We may formally state the image reconstruction problem as finding an image 
function I that is consistent wi th the measured signal S according to a known 
imaging equation: 

S = T{I} (6.1) 

where T is usually an integral transformation operator. In MRI. T represents any 
of the spatial information encoding schemes. Equation (6.1) is often referred to 
as the data-consistency constraint. and any function satisfying this constraint is 
called afeasible reconstruction . A more formal definition of feasible reconstruc­
tion is as follows. 

Definition 6.1 All arbitrary function is a feas ible recollStmctioll if a physical ob­
ject built based on this flill elioll will produce the measured data with the same 
experimental procedure. 

The data-consistency constraint is important because image reconstruction 
does no more than convert information in the measured data into an image fonnat. 
A violation of the data-consistency constraint can mean that th is conversion step 
is not fa ithful , and a loss of valid infonnation or a gain of spurious information 
may result . Nevertheless. it should not be taken for granted that any image re­
construction technique satisfies the data-cons istency constraint. In practice, data 
consistency can be sacrificed in a controlled way in exchange for other more de­
sirable image properties. For example, in the windowed Fourier reconstruction 
technique described later, the data-consistency constraint is purposely violated to 
reduce the Gibbs ri nging artifac t described in Chapter 8. 
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Theoretically, if T is invertible, a data-consistent 1 can be obtained from the 

inverse transform such that 
1 = r'{S} (6.2) 

However, in real life T - t {S} cannot be computed because the data space is only 
artiaJly sampled. Therefore. instead of directly implementing the inversion for­

Pula one focuses on finding an image function that satisfies the data-consistency 
:ns;raint either by an approximate implementation of the inverse transform or 
by methods that may have nothing to do with it. S~me general issues. ,:"ith such 
an image reconstruction procedure are existence. wllqueness, and slablhey . 

It is easy to understand that, given a set of measured data , an image function 
] that is consistent with the data always exists since the data are generated from 
a physical object. Whether such an image function is uni.que depends on ho:, 
the data space is sampled. If finite sampling is used , as IS always the case JO 

ptactice. there are many feasible image functions f~r the given me~sured data . 
In thi s case, some optimality criterion has to be applied to select an Image from 
the many feasible ones, a topic discussed further in later sections. Stability of an 
image reconstruction technique is related to how perturbations in the data domain 
are translated to poss ible image errors. More specifically, if the data are perturbed 
by 6.5 and, as a consequence, the image function is in error by 6.1, then 

S + t.S = T {I + t.I} (6.3) 

An important practical question is : will fl.] be small for a small t::J.S? Th~ answer 
is not necessarily yes. For example. for Fourier imaging, T is the Founer trans­
fonn operator. According to the well-known Riemann-Lebesgue lemma. we can 
add a frequency component of arbitrarily large amplitude to the image function 
without greatly perturbing the k-space data. For example, let 

t.I = Asin(21rkox) (6.4) 

Then, we have (see Problem 6.1) 

J
W • /Z 

lim t.S = lim t.I(x)e-ihkzdx = 0 
ko-+oo ko-+co - W~ /2 

(6.5) 

where W, is the size of the objec!. Equations (6.4) and (6.5) imply that t.S can 
be made negl igible while 6.1 is arbitrarily large. An operator with this property 
is called ill-conditioned. Because most imaging operators are ill-conditioned in 
nature and do not have a un ique solution owing to finite sampling, the recon­
struction problem is considered to be an ill-posed problem. Consequently, ob­
taining the exact true image function is theoretically impossible, which caused 
some doubts about the practical usefulness of tomographic imaging in the early 
days. However, as we will find out later, if we pick the image function "appro­
priately," an acceptable image can be obtained with a known deviation from the 

--- ----. 
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true image function. This deviation can be fully characterized by a point spread 
function if the imaging process is linear, and it can be made negligible under cer. 
tain circumstances. The rest of the chapter takes up the specifics of various image 
reconstruction algorithms. 

6.2 Reconstruction from Fourier Transform 
Samples 

6.2.1 Problem Formulation 

The problem of reconstructing a function from its Fourier transform samples can 
be formulated as follows: 

Given k n E V (6.6) 

de(ermine [(r) 

where V contains the set of k-space points at which measured data are collected. 
This problem occurs in many scientific disciplines and was studied long 

before the birth of MRI. It is now widely known that given a set of uniformly 
sampled Fourier transfonn samples, the discrete Fourier transfonn (DFf) is the 
computational tool to use for image reconstruction. This section discusses the 
theoretical basis and limitations of the DFT image reconstruction technique. 

6.2.2 Basic Theory 

To simplify our presentation, we consider only the one-dimensional case here. 
This simplification is acceptable owing to the separability of the multidimensional 
Fourier transform discussed in Section 2.5 . 

In the one-dimensional case, Eq. (6.6) can be written as 

(6.7) 

Furthermore. assume that k-space is unifonnly sampled such that 

V= {kn =nt>k ,n= ... ,-2,-1,0,1,2, . .. } (6.8) 

The imaging equation becomes 

(6.9) 
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An importan( formula governing how (0 recons"uc( [(x) from S(nt>k) is 

00 1 00 ( n) L S[nje
i2

•
n Ab = t>k L [ x - t>k (6.10) 

n=-oo n=-oo 

The lefl-hand side of Eq. (6.10) can be viewed as a Fourier series. wi(h t>k being 
the fundamenlal frequency and S[n[ being the series coefficient of the nth har­
monic. The right-hand side is a periodic ex(ension of lex) wi(h period 1/t>k. 
Equation (6.10) can be proven as follows. 

FirS!. the following equalily (commonly known as the Poisson formula) holds 
in a distribution sense (see Example 2.7): 

00 1 00 

L e
i2

•
nAb 

= t>k L 8 (x - :k) (6. 11 ) 

n=-oo "=-00 

Next, based on the definition we have 

f S[njei2 • nAkz = f [1.: [(x)e-i2.nAHdx] ,i2.nAkz 

"=-00 "=-00 

1
00

1
00 

( n) = -" [(x)8 x - x - - dx 
t>k ~ - 00 t>k 

"=-00 
00 

= -~k L [(x - :k) 
"=-00 

which proves the result in Eq. (6.10). 

• Example 6.1 

This example examines the periodic extension of a support-limited function 
and its Fourier series representation. 
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Consider I(x) = A(x) shown in Fig. 6.2a. We conslrUct 

~ 

i,(x) = L A(x - 2n) 
n=-oo 

and 

i 2(x) = L A(x - 3n) 
"=-00 

Clearly, i,(x) and i2(X) are periodic extensions of I(x) with period 2 and 
3, respectively, as can be seen from Figs. 6.2b and 6.2c. To calculate their 
Fourier series representations. we need to know the Fourier transform of 
A(x). From Example 2.4, we have 

:FA(k) = sinc2 (1Tk) 

The fundamental frequencies of i, (x) and i2(X) are L'lk = ~ and ~, respec­
lively. Therefore, 

- 1 ~ 2 . 
I,{x) ="2 L- sinc (n1T/ 2)emU 

n=-oo 

and 
- 1 ~ 
I,(x) ="3 L sinc2(mr/3)ei2nu/3 

n= - oo 

(a) . , 

(b) . , 
-3 - \ 1 3 

(c) . , 
-3 3 

Figure 6.2 Illustration of A(x) and its periodic extensions. 
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In the remainder of this section. we derive the Fourier reconstruction formu­
las based on Eq. (6.10). For clarity, we first discuss the infinite sampling case and 
then ex.tend the result to the practical case of finite sampling. 

6.2.2.1 Infinite Sampling 

In this hypothetical case of infinite sampling, S(k) is available at k E V, where 

V = {nL'lk, -00 < n < co} (6.12) 

Therefore. there is sufficient information to define the Fourier series in Eq. (6.10). 
The question now is if I(x) can be recovered from its periodic extension as de~ 
fined in Eq . (6. 10). The answer is yes provided that L'lk satisfies the Nyquist 
sampling criterion discussed in Section 5.4. To illustrate th is point, we first make 
use of the fact that any practical I(x) is a support-limited function. That is, there 
exists a finite Wx such that 

[(x) = 0, Ixl > W% /2 (6.13) 

where the region defined by Ixl < W% / 2 is referred 10 as thejield o/view (FOY) 
in the MR.! literature. 

If the relationship 

W I 
% < L'lk or 

I 
L'lk <­

W% 
(6. 14) 

holds, then there is no overlap among the various periodic replicas I( x - n/ ilk) 
for different n. Hence, one can obtain I(x ) from the Fourier series as formed in 
Eq. (6.10) by chunking out any period. More specifically, 

~ 

I (x) = L'lkIT (:k) L SlnIe'2,""," (6.15) 
0 = - 00 

In practice, I( x) is evaluated only within the FOV; the scoping function. 
lI(x / L'lk) , is often dropped from Eq. (6.15) for notational convenience. There­
fore, the reconstruction formula is simply written as 

~ 

I(x ) = L'lk L Slnle"""'" 
0 =-00 

1 
Ixl < L'lk (6.16) 

This convention will be followed in the rest of the book whenever it is not neces­
sary to make the distinction between the support~limited image function and the 
corresponding Fourier series representation. 
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6.2.2.2 Finite Sampling 

In many practical situations. only a finite number of k-space points are collected. 
Following convention, we assume that S(k) is known for kED, where 

'[) = {nC:.k, -N/2:S n < N/2} (6.17) 

This set of data is not sufficient to define the Fourier series as required by the 
reconstruction formula in Eq. (6.16). As a result, the feasible reconslfuction is 
not unique. 

Remark 6.1 If I(x) is a feasible reconstruction. thell j(x) = I(x) + e'2.m"h 
is also a feasible reconstruction for any ImJ > N /2 

Remark 6.2 I(x) given in Eq. (6.16);s a/easible reconstruction, if the unmea. 
sured coejJicietJIs takefillite arbitrary values. In other words, 

Nj2 - 1 

I(x) = C:.k I: S [n)e"""" + cnei21rn£l..k% (6.18) 
n=-Nj2 n <-N/2jn?:.Nj2 

is a feasible reconstruction/or arbitrary (finite) Cn . 

An important question regarding image reconstruction from finite Fourier 
transform samples is : what values should we assign to the cn? Clearly, the an· 
swer is application-dependent. In practice, the Cn is often selected based on the 
minimum-norm constraint.! As a result, the unmeasured Fourier series coeffi­
cients are all forced to be zero because, according to the Parseval theorem, 

M N / 2-1 

[~ II(x)1 2dx = C:.k2 I: IS[nW + I: Icn l2 

2 n = - N/2 n <-N/2;n?:.N/2 

(6.19) 

which reaches the minimum when en = O. Therefore, the minimum-norm, feasi­
ble reconstruction is in the form of a truncated Fourier series: 

N/2-1 

I(x) = C:.k I: S[n)e" .. "h 

n =-N / 2 

1 
Ix[ < C:.k 

Equation (6.20) is popularly known as the Fourier reeonstruclionformula. 

(6.20) 

Clearly, the Fourier reconstruction is not identical to the true image function. 
In fact, as a result of the series truncation, the inherent data continuity of S(k) is 
violated.2 leading to the well -known Gibbs ringing artifact, further characterized 

1 Reconstruction using other consuaints is discussed in Chapter 10. 

'lNote that S(k} is an analytic function from the discussion in Section 2.5. 
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in Chapter 8. A simple way to cope with this problem is to multiply the data with 
a window (or filter) function Wn that decays smoothly to zero at n = ±N /2. A 
variety of such filter functions are available. The most popular one is perhaps 
the Hamming window function) defined in Section 2.3. After a filter function is 
selected. the windowed Fourier (series) reconstruction is then given by 

N / 2-1 

I(x) = C:.k I: S[n)wne" .. "h 

n=-N/2 

1 
Ixl < 6.k (6.21) 

Note that the windowed Fourier reconstruction is not data-consistent since 

j
tl.k / 2 

I(x)e-'2 .. "hdx = wnS[n) 
-tl. k /2 

(6.22) 

One will see from Chapter 8 that this violation of data consistency manifests itself 
as a loss of spatial resolution. For this reason, it is commonly said that windowed 
Fourier reconstruction reduces Gibbs ringing at the expense of spatial resolution 
(rather than data consistency). 

6.2.3 Computational Algorithms 

We now discuss the formation of a digital image from the continuous image func­
tion given in Eq. (6.20) or Eq. (6.21) through use of the fast Fourier transform 
(FFf) algorithm. Note that in spite of the discreteness of the measured data, the 
reconstructed image is a continuous function of space. Discretization of the image 
function is necessitated by numerical computation and display. 

6.2.3.1 DIT and FIT 

Given a finite-duration sequence dn • n = 0, 1, ... IN - 1. its discrete Fourier 
transform (DFT) is another N-point sequence defined by 

N - l 

Dm = L dnc - i2rrmn/ N m=O,l, ... ,N- 1 
n=O . 

Given Dm. we can recover dn exactly using the following formula: 

N - l 

dn = ~ L Dmei21fmn/ N 

n = O 

n = 0, 1, ... , N - 1 

3The Hanuning window function needed here can be expressed as: 

Wn = 0.54 + 0.46cos(211'n / N) for -N/2$;n<N/2 

(6.23) 

(6.24) 
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Equations (6.23) and (6.24) are often referred to as the forward and inverse trans­
forms, respectively. Note that as defined here, dn and Dm are periodic sequences 
of period N. Therefore, for a finite-duration sequence, its DFf representation 
automatically performs a periodic extension on dn. 

Direct evaluation of the DFf is time-consuming. Inspection of Eqs. (6.23) 
and (6.24) reveals that direct calculation of Dm or do requires N 2 multiplications 
and N(N - 1) additions, assuming that e-i2rrmn/N is precalculated. In practice, 
the DFf is computed using a so-called fast Fourier transform (FFT) algorithm. 
The existence of an FFT algorithm became generally known only in the mid-
1960s through the landmark work of Cooley and Tukey [126J. In retrospect, we 
now k.now that efficient algorithms for computing DFf had been independently 
discovered many times in history, starti ng with Gauss in 1805. 

The fundamental principle underlying all FFf algorithms is that of decom­
posing the computation of the DFf of a sequence of length N into successively 
shorter DFfs. To illustrate this principle, we consider the special case of N being 
an integer power of 2. That is. N = 2T for an integer r. Since N is an even inte­
ger, we can split dn into two N j2-poinl sequences consisting of the even-indexed 
points and odd- indexed points in dn• respectively, such that 

Dm = L dne-i2rrmn/ N + L dne- i2'frmn / N (6.25) 
n e~cn n odd 

Simple variable substitution yields 

N/2- 1 N/2 - 1 

Dm = L d2pe-i2rrm2pjN + L d2p+le- i2 '1fm(2p+ l) /N 

p= o p=o 

N/2-1 N/2-1 

= L d2pe-i2'1fmp/( N / 2) + e - i21fm/N L d2p+ le -i2'1fmp/(N/2) 

p=o p= o 

= Om + e- i2 '1f m/N H m (6.26) 

This decomposition is the core of the so·called decimation·ill·time radix-2 FIT 
algorithm. Each sum in the decomposition can be recognized as an N/2-point 
DFf. Although the index m ranges over N values for Dm. Gm and Hm need 
only be computed for m between 0 and N /2 - 1 because they are each periodic 
in m with period N /2. With N = 2T the decomposition can be applied to the 
evaluation of G m and Hm by breaking each down to two N 14·point DFfs, and 
the process continues until only two-point DFrs remain. The whole process re­
qu ires logz N steps of decomposition. Since calculations at each step involve N 
multiplications and N additions, the whole process requires a total of N 10g2 N 
multiplications and N 10g2 N additions. Therefore, this algorithm offers tremen· 
dous savings in computational time over the straightforward method. For exam­
ple, with N = 1024, N2 = 1,048,576, N log, N = 10,240, and the time-saving 
faclOr is 1,048,576/10,240 = 102.4. 
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6.2.3.2 Direct FIT Reconstruction 

To convert l (x) given in Eq. (6.20) or Eq. (6.21) to a digital image, the sampling 
interval (or digital pixel size) has to satisfy the Nyquist criterion to avoid loss of 
image infomation. Since [( x) is a frequency bandlimited function (because of 
finite sampling) in the sense that F{l}(k) = 0 for [k [ > (N/2)!:;k, l(x) can be 
uniquely recovered from l [m] = l (m!:;x) as long as!:;x S 1/ (N!:;k) according 
to the Nyquist criterion. Therefore, the largest acceptable pixel size for I(x) is 

1 
!:;x= --

N!:;k 
(6.27) 

which is called the Fourier pixel size. At this pixel size, exact ly N pixels are 
available within the FOY. Namely, 

FOV = l/!:;k = N 
!:;x l/N!:;k 

(6.28) 

The N pixels are detennined by 

N/2-1 

l[m] = !:;k L S[n]ei2 
.. m/N -N/2 Sm < N / 2 (6.29) 

n= - N/2 

Equation (6.29) is called the direct DFT (or FIT) recollstructioll, which gener­
ates N pixels by directly applying the inverse FFT to an N-point measured data 
sequence. 

Inspection of Eq. (6.29) reveals that given a data set {S[nl} , one can calcu­
late {lIm]} without knowing the precise value of !:;k. Therefore, one can always 
treat l:l.k = 1 and, consequently, .6.x = l iN. With these normalized values for 
6.k and l:l.x , Eq. (6.29) can be rewritten as 

N / 2-1 

l[m] = L S[n]e i2 
.. m/N -N/2Sm<N/2 (6.30) 

n = -N/2 

Another subtle point worth noting is that the standard FFf subroutine is 
rewritten according to the DFT sum as defined in Eqs. (6.23) and (6.24). To use 
such a routine to evaluate Eq. (6.30), some pre- and post-processing is needed. 
More specifically, let in = m + N/2 and ii = n + N/2. Then in and ii will 
each have values ranging from 0 to N - I, and Eq. (6.30) can be converted to the 
standard DFf format as follows. 
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N - l 

Ilml = L Sin - N/2Ie,,·(n-N/2)m/N 

N-l 

= e-iml'l" L S[n - N/2Jei21rn (m - N/2)/N 

N - l 

= e-im'lr L Sin - N / 2Je- in1f ei21fnril/N 

N-l 

= (_ I) m L (-I)" S in - N/2Ie"·,,m/N (6.31) 
n=O 

or 
N - l 

11m - N/21 = (_I)m L(-I)"Sln - N/2Ie;2.nm/N (6.32) 
n=O 

Equation (6.32) suggests that we first reverse the sign of the alternate elements 
in Sno then feed it to an FFf routine, and finally change the sign of the alternate 
elements of the output sequence. This processing scheme is schematically shown 
in Fig. 6.3. 

S[n] 

I 
[[n] 

-1f-----J-,--_FFT---<----~'_---' 
(_I)n (_I)'" 

Figure 6.3 Schematic diagram of di rect FIT reconstruction from synunetric k-space data. 

6.2.3_3 Zero-Filled FFT Reconstruction 

Zero-filled FFT reconstruction differs from direct FFT reconstruction in that the 
data sequence is padded with zeros at one or both ends before the FFT algorithm 
is applied. Zero-padding is used for two main reasons. First. if N is not an integer 
power of 2. padding the data set with zeros will bring its length to the nex.t power 
of two so that the radix-2 FFf algorithm can be used. For example, with N = 96, 
padding 32 zeros to the data sequence will bring its length to 128 = 27 . Second. 
and perhaps more frequently used, zero-padding increases the digital resolution of 
the resulting image, thus generating the so-called digital zooming or interpolation 
effect. 
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To understand the interpolation effect. Ie! us suppose !hat f.l > N pixels are 
desired from I(x) with pixel size tlx = 1/(Ntlk) = I/N with tlk = 1. Based 
on Eq. (6.20), this set of pixel values is given by 

N/2- 1 

11m] = L Slnle;2.nm/ N -N/2 ~ m < N/2 (6.33) 

n=-N/ 2 

These pixels cannot be directly evaluated by the FFf algorithm because {llml} 
and {Slnl}_ have different leng!hs. To get around this problem, {Slnl} is ex­
panded to N points by adding N - N zeros. Specifically, let 

_ {S [n] -N/2 ~ n ~ N/2 - 1 (6.34) 
Slnl = 0 -N/2 ~ n < -N/2, N/2 ~ n < N/2 

Equation (6.33) can then be written as 

N /2- 1 

Ilml = L S lnle;2.nm/N - N/2 ~ m < N/2 (6.35) 

n=- N/2 

which can now be evaluated directly by an N -point FFf. 
Note that Eq. (6.34) suggests that zeros be padded at both ends of the data 

sequence, It is sometimes more convenient to pad all the zeros at one end of ~he 
data sequence. The resulting FFT reconstruction will have a linear phase ShIfl, 
which is inconsequential when only the magnitude image is desired. 

The zooming effect of zero-filling can sometimes make the image look "bet­
ter " but no information is gained by zero-filling the data sequence. By the same 
token. zero-filling does not violate the data-consistency constraint and thus will 
not introduce additional image artifacts. although some existing image artifacls 
may appear more obvious in the zero-padded FFf reconstruction. 

6.3 Reconstruction from Radon Transform 
Samples 

6_3.1 Problem Formulation 

Image reconstruction from Radon transform samples is commonly known as im­
age reconstruction from projections, Let P(p, J.L) denote the measured projection 
profi les. This problem can be formulated in general as follows: 

Given P(p,p.) = R{I} = I. l(r)c5(p - p.' r)dr 
R" 

(6.36) 

determine l (r ) 
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where (P, p.) E V with 'D containing the set of Radon-space points at which 
measured data are collected. 

Although MRI does not collect Radon transform data per se, these tech_ 
niques are useful for image reconstruction from radially sampled k-space data. In 
the following discussion. we assume that the "measured" data are directly from 
the Radon space. As in the Fourier transform case, if the Radon space is fully sam­
pled, J( r) can be uniquely determined from the inverse Radon transform formula. 
In practice, the Radon space is partially sampled, leading 10 an underdetermined 
problem. Consequently, the feasible reconstruction is not unique .. Various reCOn­

struction techniques discussed in this section represent different ways to se lect a 
reconstruction from the many feasible ones. 

6.3.2 The Inverse Radon Transform 

Before describing the practical reconstruction algorithms, we discuss the inverse 
Radon transform in order to gain some theoretical insight. Let us start with the 
multidimensional inverse Fourier transform in vector form 

I(r) = J. S(k)e iZ
•

k
.
r dk 

R" 
(6.37) 

In spherical (or hyperspherical) polar coordinates (see Section 2.6 for definitions), 
Eq. (6.37) becomes 

Extending the lower limit of the inner integral from 0 to -00 by multiplying the 
integrand with a unit step function u(k) yields 

The inner integral can now be recognized as a one-dimensional inverse Fourier 
transform along the k-axis. Therefore. Eq. (6.39) can be rewritten as 

I(r) = r .1';1{Sp(kJL)kn-1u(k)}(JL' r)dJL (6.40) 
JI" I~ l 

where :F;; I denotes taking the inverse Fourier transform along the k-axis. 
Based on the projection-slice theorem and the derivative property of the 
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fourier transform, we have 

.1';1 {Sp(kJLW- 1u(k)} 

= 1 .1'-1{S (kJL)(i27l"k)"-1) * .1';1 {u(k)} 
(i21r)n-1 k p 

_ 1 8n
-

1 P(p, JL) * [~o(p) __ . 1_] 
- (i21r)n- 1 8pn 1 2 ,21rp 

_ 1 [18n- 1 P(p, JL) _ 1 8
n

-
1 P(p, JL) * ~] 

- (i21r)n 1 2 8pn 1 i21r 8pn-1 p 
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(6.41) 

Substituting this result into Eq. (6.40). we immediately obtain the following gen­

eral inversion formula: 

1 1 8
n

-
1 
P(p, JL ) \ dJL 

I ( r) = (·2) 1 8 n- 1 2 , 1r n- 1 ,.1~1 P p~,.·r 

_ _ 1_ r f oo 8n
-

1 P(p, JL) /8pn-1 dpdJL (6.42) 

(i21r)n JI"I~ 1 _00 JL' r - p 

The two terms in Eq. (6.42) have the following interesting properties: 

(a) 
n even (6.43) 

(b) 

__ 1_ r f oo 8n
-

1 P(p, JL)/8pn-1 dpdJL = 0 

(i21r)n JI"I~ l _00 JL' r - p 

n odd (6.44) 

Proof of these identities can be found in the Appendix of this ~hapt~r. 
The above properties result in the following well-known lOverSlon formulas . 

For functions of odd dimensions. 

(6.45) 

For functions of even dimensions. 

1 1 f oo 8n- 1 P(p , JL )/8pn- 1 d I(r) = ___ dp JL 
(i21r)n 1 ,.1~ 1 _00 JL·r -p 

(6.46) 

Two special cases of practical interest are n = 2 and n = 3. For n = 2. we 

have 
__ 1_ (,foo 8P(p,q,) / 8p dpdq, 

I(x,y) - 21r2 Jo _00 xcosq, + ysinq, - p 
(6.47) 
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and for n = 3, 

1 ('"Ia" &' P( ) I I (x, y,z) = - 8,,' Jo &P/"3 sin BdBd</> 
o 0 P P= 1-'3'r 

(6.48) 

where J..L3 = (sin B cos.p. sin 0 sin ¢, cos 8). Equation (6.48) can be equivalentl 
written 3S [16] y 

1 (&' &' &' ) 1'"1" I(x ,y,z) =-8,,' &x' + &y' + &z, 0 0 P(1'3' T ,I"3)sinBdBdq, 

. (6.49) 
For n > 2, the mverse Radon transform can also be carried out in a multi. 

stage fashion. Specifically, according to Eq. (2.120), we have 

R - 1 = R - 1R- 1 
n m n-m+l (6.50) 

As an example, nil = R;; 11(.;; 1 , which means three-dimensional inverse trans. 
forms can be implemented as two-dimensional inverse transforms carried out in 
two stages. 

6,3.3 Backprojection 

This section defines the backprojection operator that is used in several reconstruc­
tion algorithms. Let P(p, J.L) be a projection profile from the Radon transform of 
an arbitrary function. The backprojection operator B is defined by 

(6.51) 

The tenn backprojectiotl comes from fact that mapping P(p, J1.) to P(J1. ' T, 1') 
is to backproject the value of P(POl J.L) along the integration path of the Radon 
transform, as illustrated in Fig. 6.4. 

With the general definition in Eq. (6.51), it is easy to define the backprojec­
tion operator in two and three dimensions. Specifically, in two dimensions 

B2{P(p,¢)} = P(x cos 91 + ysin q" 91) (6.52) 

and in three dimensions 

B3 {P(p, B, </»} = P(x sin B cos q, + y sin B sin q, + z cos B, B, 91) (6.53) 

The backprojection operator maps a one-dimensional profile to a multidi­
mensional function with constant values along a line (plane or hyperplane) de­
fined by J.L . r = p. This property can better be seen from the following example. 
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y 

p 

Figure 6.4 Illustration of backprojecting the value of a point in 
a projection profile to the pixels along a particular line. 

• Example 6,2 

203 

Consider two projection profiles P(p, GO) = II(p/a) and P{p, 45°) = II{p/a). 
We calculate their corresponding backprojections. 

According to Eq. (6.52), we have for the first case 

B.{P{P,OO)} = III(x cos 0° + y sin OO ) /aj = II(x/a) 

and for the second case 

B,{P{P,45°)} = III(xcos45° + ysin45°)/aj = III(x + y)/(v'2a)j 

B,{P{P, GO)} and B,{P{P, 45°)} are illustrated in Fig. 6.5. 

(a) (b) 

figure 6.5 Illustration of B,{ P(p, DO)) and B,{ P(p, 45')) discussed in Example 6.2. 
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6.3.4 Practical Reconstruction Algorithms 

We now discuss some popular algorithms used for image reconstruction from 
Radon transform samples. We begin with the backprojection reconstruction and 
filtered/convolution backprojection methods, which are directly motivated from 
the inverse Radon transform. We then discuss two methods known as direct 
Fourier reconstruct ion and algebraic reconstruction. which are not based on the 
inverse Radon transform. 

6.3.4.1 Direct Backprojection Method 

The easiest, but somewhat crude, way of implementing the inverse Radon trans­
form formula is to directly backproject the measured projections. as illustrated in 
Fig. 6.6. The general backprojection reconstruction formula is 

l (r ) = c r B{P(p, l')}dl' 
JI ~I= l 

(6.54) 

where the measured projection profiles are first backprojected and then integrated 
over the unit sphere. Clearly, the scaling constant c in Eq. (6.54) is unimportant 
as far as image quality is concerned. In practice, c is set to 1/2 in two dimensions 
and to 1/(2.,,-) in three dimensions so that the point spread functions associated 

with backprojection reconstruction become 1/ lx2 + y2 and 1/ lX2 + y2 + Z2 . 
respectively. This topic is discussed in Section 8. 1.3. 

(a) 

Figure 6.6 (a) Two projection profiles from a rectangular object. (b) 
Backprojec[ion reconstruction. 
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Based on the definition of the backprojection operator in Eq . (6.52), the back­
projection reconstruction formula can be written explicitly in two dimensions as 

1 ,.' l(x , y) = 2" J
o 

P(xcosq,+ysin¢,¢)d¢ (6.55) 

or 
l (x,y) = l' P(x cos ¢ + ysin ¢,¢)d¢ (6.56) 

noting that P(p, ¢) = P( -p, ¢ + 1C) . Similarly, in three dimensions. we have 

1 12'1' . . . [(x,y ,z) = - P(xsinB cosq,+ysmBsm ¢+zcos B,B,q,)smBdBd¢ 
21r 0 0 (6.57) 

In practice , the measured projections are discretized bot~ an~ularly and radi­
ally. So, the above reconstruction fonnulas are implemented 10 dlsc ret~ fonn~ . In 
twO dimensions, we may assume that P (P, cf» is available at the follow 109 pomts 

Then. 

np = - N p/2, ... , N p/2 - 1 

n¢=O,I, ... ,Ncf>-l 

N.-l 

l(x , y) = t:.¢ L P(Pn, n"Ll¢) 
n.=O 

where it is understood that prior to the summation Pn is replaced by 

Pn = X cos n"Llq, + y sin n"Ll¢ 

In three dimensions. we may assume that P(p, ¢. 8) is available for 

P = npLlp np = -Np/ 2, . .. , N p/2 - 1 

B = n .LlB no = 0, I, ... , No - 1 

¢ = n" Ll¢ n ¢ = O, l , ... ,N¢- 1 

Then, 

where 

Pn = x sin ne6.8 cosncf>6.¢ + y sin no6.8 sin ncf>.6.¢ + z cos ne.6.8 

(6.58a) 

(6.58b) 

(6.59) 

(6.60) 

(6.6la) 

(6.6Ib) 

(6.6 \ c) 

(6.62) 

(6.63) 
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When I(x , y) or I(x ,y,z) is evaluated on the rectangular grid points, say 
(x, y) = (n%~x J nllAy) or (x, y, z) == (n%.Q.x, n y 1::J..y, nzAz). it is necessary to 
perform one~dimensional signal interpolation along the p-axis on the measured 
projection profiles. Why do we need signal interpolation? This is because Pn as 
determined by Eqs. (6.60) and (6.63) may not fall exactly on the sampling points 
along the p-axis. In other words, Pn oF npt:.p, for - Np/2 ::; np < Np/ 2. 

A variety of signal interpolation schemes can be used to solve this problem. 
The mosl efficient one is the nearest-neighbor interpolator, which determines the 
value of P(Pn, 1-' ) as follows: 

(6.64) 

where 
m = argmin IPn - mt:.pl (6.65) 

Higher-order interpolators are often more accurate but computationally less ef­
ficient. For example, in the linear interpolation method, we select m such that 
mt:.p ::; Pn < (m + I)t:.p and estimate P(pn, 1-') by 

(m + Il:;P - Pn P(mt:.p, 1-') + Pn ~;t:.P P[(m + I)t:.p, I-'J (6.66) 

A notable limitation of the backprojection method is that it produces blurred 
images as discussed in Chapter 8 and illustrated in Fig. 6.7. This problem can 
be overcome us ing the filtered backprojection reconstruction method discussed in 
Section 6.3 .4.2. 

Figure 6.7 Reconstruc[ion of a phantom image: (a) The "gold" standard, and (b) back­
projection reconstruction with 256 projections unifonnly covering ¢ from 0 to 1f. 

~tion6.3 Reconstruction from Radon Transform Samples 207 

6.3.4.2 Filtered Backprojection Reconstruction 

.1 ed backproiection reconstruction is a direct implementation of the inverse A- • . . t· 
f 'ormula It differs from direct backproJectton reconstruc Ion Radon trans orm I' . . 

1 in that measured projections are filtered before they are backproJected. 
on Y Let P(p,l-') be the measured projections of I (r), and let Sp(kl-') be the 

Fourier transform of l(r ) in the polar form. Filtered backproJection reconstruc­

tion is expressed in general as 

I(r) = r 6{i'(p, l-')}dl-' 
J 11'1=1 

(6.67) 

where the filtered projections i'(p, 1-') are given, according to Eq. (6.39), by 

i'(p,l-') = L: Sp(kl-')kn-'u(k)ei2<kPdk (6.68) 

There are many ways to implement filtered backprojection .re.construction 
based on variants of Eq. (6.68). In two dimensions, f~r example. It IS more con­

venient to write the filtered backprojection reconstruction as 

I(x, y) = { 6,{i'(p, ¢)}d4> 

where 
i'(P,4» = L: Sp(k,4» lkle

i
'<k

Pdk 

or 
P(p 4» = I 8P(p, 4» * ~ 

! 2?T2 8p P 

Similarly. in three dimensions. we have
4 

I(x , y, z) = {{ 6 3{P(p, 0, 4>)} sinOdOd4> 

where 
i'(p,o,¢) ~ L: Sp(k,O,4»k'e

i2
<k

Pdk 

or based on Eq. (6.48) 

P(P, o,¢) = 
I 8'P(p,0,q,) 

411"' 8p' 

4The three-dimensional Radon inversion formula can be wrinen as 

l(::c , y,z) = ( 'If rjo:» Sp(k,9 ,q,)k'lei2dPsin9dkdSdq, 
10 10 -00 

noting that Sp(k.9, q,) = SIc( - k,9 + 'If, 'If - ,p). for k ~ 0 and 0 ~ 9,,p ~ 11' . 

(6.69) 

(6.70) 

(6.71) 

(6.72) 

(6.73) 

(6.74) 
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Equations (6.70) and (6.73) are k-space implementations of the filter opera­
tion, whereas Eqs. (6.71) and (6.74) are Radon-space implementations. If data are 
directly measured in k-space. as is the case with MRI, it is often more convenient 
to implement Eqs. (6.70) and (6.73). Based on the preceding discussion, we may 
rewrite the filtered projections in general as 

Pip, J.L) = F;;'{Sp(k, J.L)H(k)} (6.75) 

where H(k) is a one-dimensional filter function. In two dimensions, the "idea'" 
filter function, according to the inverse Radon transform formula, is given by 

H(k) = Ikl (6.76) 

Because this filter amplifies high-frequency noise, an approximate filter function 
is generally used in practice. Specifically, to limit the unbounded nature of the Ikl 
filter in the high-frequency range, we can multiply it with a bandlimiting func­
tion such as the rectangular window function TI(k/Wk ). where Wk is the desired 
frequency band. This gives rise to the well-known Ram-Lak filter proposed by 
Ramachandran and Lakshminarayanan. This function is also referred to as the 
"M" filter because its shape resembles the character "M". A list of commonly 
used filter functions are as follows : 

• Ram-Lak filter: 

H(k) = IklII (;.) (6.77) 

• Shepp-Logan filler: 

H(k) = Ik lsinc (~) II (;.) (6.78) 

• Low-pass cosine filter: 

(6.79) 

• Generalized Hamming filter: 

H(k) = Ik l [0 54+ 0.46 cos (~:) 1 II (;.) (6.80) 

These filler functions are graphically shown in Fig. 6.8. 
In higher dimensions, the ideal filter function required by the inverse Radon 

transform is different from the jkj filter. For example, in three dimensions, we 
have 

H(k) = k2 (6.81) 

, 
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-0 .5 
0 .5 k -0.5 0 .5 k (., (b' 

0 .5 k -0.5 0.5 k 

(0' Cd' 

Figure 6.8 Filter functions for two-dimensional filtered backprojection reconstruct~on : 
(a) Ram-Lak filter, (b) Shepp-Logan filter. (c) Low-Pa.ss cosine. filter, and (d) Generalized 

Hamming filter. Note the desired frequency band Wk IS normaltzed to 1. 

Th' filter can be modified to reduce its noise sensitivity in the same wa'! as is 
dO~~ to the lkl filter. Two examples of filtered backprojection re~onstruct1on are 

h 
. F' 6 9 to illustrate the effect of different filter functlOns on filtered 

s own In 19. . d'ff filt 
backprojection reconstruction. As can b~ seen from this example. I erent ers 

result in noticeably different reconstructions. 

6.3.4.3 Direct Fourier Reconstruction 

As discussed in Sections 6.3.4.1 and 6.3.4.2. direct an? filtered backprojection 
reconstructions are approximate implementatio~s of the In:,erse Radon uansfo~. 
In this and the following subsections. we bneHy desc.nbe twO .reconstructlon 
methods that bypass the inverse Radon transfonn: the direct Founer reconstruc-

tion method and the algebraic reconstruction method. . 
The direct Fourier reconstruction method consists of three major steps: 

(a) Conversion of the projection data to Fourier data by one-dimensional Fourier 
transformation of each projection (projection-slice theorem) 

(b) Conversion of Fourier data on a polar grid to a rectangular grid (signal inter­

polation) 

--- - --- ---~=---~,.. 
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:igure 6.9 Filtered backprojection reconstructions of a phantom image us' () h 
am-Lak filter, and (b) the low-pass cosine filter. Note that image (b) is less no;~g th

3 

t e 
because the low-pass cosine filter suppresses some of the high-frequency noise . y an (a) 

(c) The standard Fourier reconstruction 

The. first step is not necessary when Fourier data are directl measured . 
:~e ~ase m MRI. The last step detailed in Section 6.2 is straigh:rorward. He~sc~s 

e ey step with direct Founer reconstruction is the conversion of I t 

~:~Ei;;~~~~:r~~~::J~~~~;td:~~~~~~~:~~s:)~;~e o:/~iss :~~~a~~~~~I::;~~ 
point t b . . ' 1 , or more details An Important 
inte ~ /ar I~ mmd here is that the rectangular-raster data gene;ated by signal 
~ a IOn ~ ten contain errors. Particularly, because k-space is s arsel sam­

pled In the. hl.gh-frequency range with polar sampling, the interpol~tion ~te is 
~~~n~ to all.lasmg effec~s. These errors can create noticeable image artifacts w~en 

sIgna Interpolator IS not properly chosen. 

6.3.4.4 Algebraic Reconstruction Techniques 

Algebraic reconstruction techniques (ART) as the name· I· , I ima' ,Imp les, 10rmu ate the 
158fe ~~c~nst~ctJOn ~robJem .as one of solving a set of algebraic equations [143 
derlY·I. g ( ~u~ I~T IS not widely used in MRI, some understanding of the un~ 

n pnnclp e IS useful. 
To illustrate the concept let us focus on the two d· . I . ..' - ImenSlona case. ART 

paramerenzes the deSired Image function I(x y) in tenns of fi· f k 1 a nHe set a nown 

section 6.3 Reconstrucuon frolil 1'",Jon ·1. ......... ·,)rm;:. .u, :;::. 

basis functions ~t(X, y) such that 
L 

I(x, y) = :L c,<l>,(x, y) (6.82) 

£=1 

where Ct are the model coefficients (parameters). With this model, the data­

consistency constraint can be expressed as 

L 

P(Pm,4>") = :L c,n {<l>,(x, y)} (Pm, 4>") 
(6.83) 

1= 1 

where 0 S. m < N
p

• and 0 :::; n < NIj> assuming that there are NIj> projections, 
each with Np samples in the measured data set. It is evident from Eq. (6.83) that 
the Ce can be determined uniquely by the data· consistency constraint alone if the 

following twO conditions are met 

(a) The basis functions are well· chosen (or linearly independent). 

(b) The total number of model parameters L is not greater than the total number 

of data points N = Np x No· 
A particular set of the basis functions corresponds to .pt(x, y) being the in· 

dicator function of the eth pixel. That is 

<l>,(x,y) = {~ 
(x, y) E fth pixel pixel region 

otherwise 

(6.84) 

In this case, Ct becomes the desired image pixel value. This model arises when 
we discretize the image function J(x , y) on an N-:x x Ny = L grid and assume that 
J(X, y) is a constant within each pixel. Putting Eq. (6.82) in matrix form yields 

(6.85) 
Wc= d 

where d is an N-element vector containing all the measured data P(Pm, <Pn) and 
W is an N x L matrix containing the weighting coefficients. When Nand L 
are small, we can use conventional linear system solvers to find the solution to 

Eq. (6.85). However, in practice L may be as large as 65,000 (for a 256 x 256 
image). Assume that 128 projections are taken. each with 512 data points. Then 
N = 65, 000, and W becomes a square matrix of size 65, 536 x 65,536. Solving 
such a linear system directly is highly undesirable even if possible. In practice. 
Eq. (6.85) is solved iteratively. One popular iterative method was first proposed 
by Kaczmarz [172] and later elucidated by Tanabe (254). In this algori thm, one 
first makes an initial guess at the solution Co. This initial guess is projected onto 
the hyperplane represented by the first equation, W, ' c = d" of Eq. (6.85) giv­
ing Cl' After Cl has been obtained, we take its projectionS onto the hyperplane 

5Note the difference between the projection ora vector onto a plane and the projection oran object 

function defined by the Radon transform. 
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represented by the second equation W2 • C = d2• which gives C2. This process 
is repeated with the third hyperplane and so on, until we get eN. the projection 
onto the last hyperplane. One now iterates by again projecting eN on the first 
hyperplane. This process continues until all the N hyperplanes have been cycled 
through. resulting in 12N. The next iteration starts by projecting 12N onto the 
first hyperplane again. and so on. The projection onto the jth hyperplane from 
that on the (j - 1 )th hyperplane is given by 

Cj-l . Wi - d j 
C;=C;_I- w . 'w. Wj , , (6.86) 

It has been shown that the iteration in Eq. (6.86) converges to the right soiu· 
tion of the linear system if a unique solution exists. If the solution is not unique 
(e.g., in the underdetermined case when N < L). the algorithm converges to One 

of the feasible solutions that is closest to the initial guess, co. On the other hand, 
if the linear system is overdelennined, no unique solution exists. The algorithm 
in this case will not converge to a single point; rather, it will oscillate in the neigh­
borhood of the region of the intersection of the hyperplanes. The convergence 
rate of the algorithm depends on both the initial guess and the orthogonality of 
the hyperplanes. In the ideal case that the hyperplanes are mutually orthogonal, 
one iteration of the algorithm through all the hyperplanes is enough. On the mher 
hand. if the angles between the hyperplanes are very small, the convergence of 
the algorithm can be very slow. This algorithm is illustrated in Fig. 6.10, where 
only two variables are considered. 

c, 

Figure 6.10 Illustration of the Kaczmarz algorithm for the case of two variables. 

) 
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6.4 Appendix 
. of of the results stated in Eqs. (6.43) and (6.44). Let 

This append(lX)presents at Pt~~ inlegrands 10 the two equations. Namely. 
f (I-') and 9 I-' represen 

_ 8n -1R{I}~ , I-') \ (6.87) 
f(l-') - 8pn - p~wr 

and 
(6.88) 

We then have 

(6.89) 

and, similarly. 

= (_I)n 9(1-') 
(6.90) 

. _ R{I}( -p, - 1-') is used. Equations (6.89) 
where symmetry relallon R{I}(p, 1-') - . f dd n but an odd function for 

h t f(H) is an even funcllon or a . 
and (6.90) suggest tar- is an odd function for odd n but an even funellon 
even n; on the other hand, 9(1-') 43) and (6 44) are now evident, noting th.t f(l-') 
for even n. The results 10 Eqs. (6.. . e 
and 9(1-') are integrated over the umt (hyper)spher . 
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Exercises 

6.1 Show that if W;t is a finite number, then 

6.2 Let 

and 

2 
l/l:l.k N/2 - 1 

,2 = 1 I{x) - tlk L Sln]wne"·n"kx dx 
- l/~k n=-N/2 

Assume that I{x) = 0 for Ixl > W"/2 and tlk ::; lIW". Show that' is 
minimized when Wn is a rectangular window function. That is, 

W
n

={1 - NI2::;n<NI2 
o otherwise 

6.3 Let I{x) be the trapezoidal pulse defined in Problem 2.21. 

(a) Construct and sketch a periodic extension of I(x) with period 3b. 1 

(b) Find the Fourier series expansion for the resulting periodic function. 

6.4 Let I{x) = A{x) and i{x) = L;:'~-= I{x + n). 

(a) Sketch i{x). 

6.S 

(b) Is i{x) a periodic function of period 1,2,"'? 

(c) Find the Fourier series representation for i(x). 

Show that the Fourier reconstruction is always data-consistent regardless 
of the sampling interval 6..k and the number of data points available. In 
other words, let 

N(2 - 1 

[(x) = tlkII (;k) L S{mtlk)e;2.m"kx 
m=- N/2 

Then 

F{i}(mtlk) = S{mtlk) for - NI2 ::; n < NI2 and litH 

Exercises 

6.6 

holds for any tlk > O. 

Let I(x) be a feasible reconstruction co~sistent with the. measured data 
S{ntlk), -NI2::; n < N12. Show that I{x) = I{x) + e,2.m""" is also 

a feasible reconstruction for any Iml > N 12. 

6.7 Prove the relation in Eq. (6.19). 

6.8 Assume that a k-space data set S[m, nJ yields the image in (a) after a two­

dimensional FFT. 

(a) Discuss how to modify Slm, n] to generate the image in (b) with the 

same processing. 

(b) Let 81m, n] be. the k·space data for image (b). How can Slm, n] be 

restored from Slm, n ]? 

6.9 Prove the following equality: 

6.10 Show that Eqs. (6.48) and (6.49) are equivalent. 

6.11 Discuss whether the images reconstructed using the following techniques 

are data-consistent: 

(a) Direct backprojection method 

(b) Filtered backprojection method 

(c) Direct Fourier reconstruction method 

(d) Algebraic reconstruction method 
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6.12 A rectangular object function is defined by 

I(x,y)={~ 

where a < 1 assuming FOV = l. 

(a) Sketch the object function. 

Ixl < a and Iyl < a 
otherwise 

(b) Calculate and plot the projection for ¢ = 0°. 

(c) Calculate and plot the corresponding filtered projection defined by 
the inverse Radon transform formula. 

(d) Calculate and sketch the backprojection images from the projections 
obtained in (b) and (c), respectively. 

6.13 Let 

{ 
0.6c, + 0.4C2 = 10 
0.3c, + 0.7C2 = 5 

represent two discretized Radon transfonn equations. 

(a) ~ind the "true" image pixel values (el l C2) defined by the two equa. 
tlons. 

(b) Calculate the reconstructed pixel values after two iterations of the 
Karczmarz algorithm with initial guess Co = (0) 0) . 

Chapter 7 

Image Contrast 

Be different in order to be seer!. 

Commotl sense 

We have discussed so far how to generate an MR image from an object, starting 
from signal generation, through spatial infonnation encoding, to image recon­
struction. This chapter focuses on the end result-the image. Specifically, we 
examine how image contrast can be adjusted in several basic imaging schemes. 

7.1 Introduction 

Image contrast is an important imaging parameter because the human visual sys· 
tern is not good at judging absolute illuminance values. A well-known example 
is shown in Fig. 7.1, where the two smaller squares in the middle have equal 
intensity but the one on the right appears brighter. 

Although image contrast perception depends on a number of factors, techni­
cally. image contrast is defined in terms of differences in image intensity. Specif· 
ically, let fA and IB be the image intensity of tissues A and B, and CAB be their 
COntrast index. We have 

CAB = IfA - IB I 
I ref 

(7.1) 

where Iref is a normalizing reference value. It is apparent from Eq. (7.1) thnt to 
enhance image contrast, one should maximize the differences in image intensity 
among different tissues. 

217 
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Figure 7.1 Visual illusion: small squares in the middle have 
equal intensity but do not appear equally bright. 

In MRI, image intensity I is a multiparameter function of spin density p, 

relaxation times Tb T2 • and T;. diffusion coefficients D. and so on. We may, 
therefore, express the image contrast as 

CAB = f{p , T l , T2 , T;, D, .. . ) (7.2) 

where the exact functional form of "/" is dependent on the data acquisition pro­
tocol. If the data acquisition parameters are chosen such that the Tl effect is 
dominant, then 

(7.3) 

and the resulting image is said to carry Tl contrast or a Tl weighting. Similarly. 
we have spin density contrast if 

CAB'" f{p) (7.4) 

and T2 contrast if 
(7.5) 

7.2 Saturation-Recovery Sequence 

The basic saturation-recovery sequence consists of a string of equally spaced 90° 
pulses as illustrated in Fig. 7.2. The time interval between two successive 90° 
pulses is called the repetition lime (TR). For brevity, we may write this sequence 
as 

(7.6) 

where N is the number of times that the 90° pulse is applied. 
To analyze the image contrast behavior of this sequence, it is necessary to 

derive an expression for the signal in terms of the sequence parameters. Let 

M;~){O_ ) and M;~\O+) represent the longitudinal magneti2ation before and 

Section 7 .2 Saturation-Recovery Sequence 

Figure 7.2 Basic saturation-recovery pulse sequence and the re­
laxation curve for the longitudinal magnetization. 
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after the nlh gOO-pulse, and similarly, M~~,{O_) and M~~;, (O+) denote the pre­
and postpulse transverse magnetization. We have, as the initial condition, that 

Based on the relaxation equation in Eq. (3.122), we obtain 

M;~){O _ ) = M~ (1- e-TRiT» + M;~- l){O+)e -TRIT, 

For this excitation sequence, it is usually assumed that 

n2:1 

(7.7) 

n> 1 (7.8) 

(7.9) 

which is known as the saturation condition . This condition is met if 

(7.10) 

The saturation condition means that the decay of the transverse magnetization 
resulting from a 90° pulse is complete before the next pulse is applied. I 

llf TR is less than 3T2, the residual M ~'!I' component is significant and will be converted to M z' 
by a 90° pulse. The effect ofa 90° pulse on the residual M~'!I' component depends on its location 

at the time of the pulse. For example, if M%.,'JI ' is perpendicular to the 8 1 field, it will be flipped onto 

the z-axis. On the other hand, if M~'!I' is parallel to the 81 field, it will not be affected. For this 
reason , it is imperative that the transverse magnetiz.ation be completely dispersed (especially in the 
case of TR < 4T,) uj 'ng, for example, a spoiler gradient if necessary before the next 90° pulse is 
applied. 
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With the result in Eq. (7.9), Eq. (7.8) can be written as 

M;~) (0_) = M~ (1 _ .-TafT.) (7.11) 

Equation (7.11) indicates that the spin system reaches a "steady state" by the time 
the second 90° pulse is applied. For this reason, the first 900 pulse is sometimes 
called the preparatory pulse and the corresponding signal is discarded. 

From Eq. (7.11), we obtain 

M~~~,(O+) = M~ (1 _ .-TRfT.) n > 1 (7.12) 

and correspondingly, the amplitude of the FlD signal is 

Ar <X M~ (1 - .-TRfT.) <X P (1 _ .-TRfT• ) (7.13) 

One can see from Eq. (7.13) that the FlD signal bears a characteristic T l -

weighting factor, (1- e-'rR IT1). Since this Tl-weighting factor is not affected by 
the subsequent steps in spatial information encoding and image reconstruction, 
the resulting image intensity will be similarly T1-weighted as 

I(r) = Cp(r) [1 - .-TRfT.(r)] (7.14) 

where C is a scaling constant dependent on the encoding and image reconstruction 
methods used. Equation (7.14) indicates that a saturation-recovery sequence is 
capable of generating an image with either spin-density-weighted contrast or T1-

weighted contrast. Specifically, if a long TR is used, 

(1 - . - TRfT.) .... 1 (7.15) 

and the tissue contrast will come primarily from the difference in spin density. On 
the other hand, if a shan TR is used, the image will be T1-weighted, and the tissue 
contrast will be due mainly to the difference in the tissue Tl value. For biological 
samples, a TR of less than 500 ms is considered to be short and a TR greater than 
1500 ms is considered. to be long for sequences of this type. 

• Example 7_1 

Asswne that we have a sample consisting of two tissues with unifonn spin 
density but different T, relaxation times T"A and T',B . In this example, 
we calculate the optimal TR value of a saturation-recovery sequence so that 
maximwn Tl contrast is achieved. 

section 7.3 Inversion Recovery Sequence 

According to Eq. (7.14), we have 

{ 
jA <X PA(1 - .-'l'RfT.,.) 
IB <X PB(1 - .-TRfT.,.) 
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(7.16) 

and CAB OS Ih - IBI = C (.-TRfT.,. - .-'l'RfT.,.) (7.17) 

for PA = PB. The optimal value for TR satisfies the following equation: 

{}CAB ;= C (_I_._'l'R/T'.' _ _ 1_.-'l'RfT.,.) = 0 
87'R T"A T"B 

(7.18) 

whose solution is 
In(*.;) 

T,;.= I , 
(7.19) 

Tl,B - Tl,A 

Following the same procedure, one can readily work Ollt a solution for the 

more general case with PA <I- PB. This is left for the reader. 

7.3 Inversion-Recovery Sequence 

Inversion recovery is another popular T1 -weighted imaging sequence .. As i1l~s­
trated in Fig. 7.3. this sequence begins with a preparatory 180

0 
pulse (or lOvers Ion 

pulse). In abbreviated form. it is written as 

(180· - T, - 90· - TD) N (7.20) 

where TI is called the inversion time and To the recovery (or delay) time. 

'so' 90' 'so' 90' 'so' 90' 

kT,-, 
I I 

TR ' I 

..: M~(1 _2e-T, I1"+e-T"fT,) 

I 

Figure 7.3 The basic inversion-recovery pulse sequence and the time evolution of M", I. 
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The image intensity as a function of the Tl relaxation time and the pulse 
timing parameters can be shown to be (see Example 7.2) 

(7.21) 

In contrast to the saturation-recovery sequence. we can now adjust two sequence 
parameters. T, and TR• for optimal T, conlfast. Specifically. by properly Choosing 
TJ we can make some tissue components to have negative or even zero intensities. 
For example. if we set TI to the following value 

T, = Iln2 -In(l + e-Ta/Tj')JT~ (7.22) 

we have 

(7.23) 

Then, any tissue components wi th Tl = 11 will contribute no signal in the final 
image. This is known as the signal-nulling effect. 

Because of this property, the inversion-recovery sequence can generate greater 
Tl contrast than the saturation-recovery sequence and is more useful for differ­
entiation of tissues having similar spin density and T2 values but slightly different 
Tl values. 

• Example 7.2 

In this example. we derive the expression in Eq. (7.21). As in the saturation-­
recovery sequence. the z magnetization in this sequence reaches a steady 
state prepulse value after the first 90° pulse. Therefore. to derive the signal 
expression in Eq. (7 .21). we need only to calculate the z magnetization be­
fore the second 90° pulse. 

Referring to Fig. 7.3. M •• = M~ at t = O. After the first 180° pulse. 

Based on the relaxation equation in Eq. (3.122). the longitudinal magnetiza­
tion at t = TI is given by 

M ,. = M~ (1 - 2e-T,/T, ) 

which is subsequently flipped onto the transverse plane by the 90° pulse 
applied at t = T,. At t = TR • the longitudinal magnetization regains the 
following value: 
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After the second 180°. 

M,. = -M~ (1 _ e-(Ta-T,) /T,) 

Finally. applying the relaxation equation again. we have. immediately before 

the second 90° pulse. that 

M,. = M2 (1 _ .-71 IT,) - M~ (1 _ e-(Ta - T,)/T,) e-T,jT, 

= M2 (1 - 2e-T1 / T1 + e- TR
/
T1 

) 

The signal expression in Eq. (7.21) results immediately. 

7.4 Basic Spin-Echo Imaging 

The plain saturation-recovery and inversion-recovery sequences. as described in 
Sections 7.3 and 7.2. generate Tl Rweighted FID signals. For symmetric coverage 
of k-space, echo signals are often used. In this section. we discuss the incorpora­
tion of spin echoes into these imaging sequences and the resulting image contrast. 

We first study the saturation- recovery spin-echo sequence shown in Fig. 7.4. 
As in the plain saturation-recovery sequence. the z magnetization before a 90

0 

pulse reaches a steady state after the first pulse. whose value is 

M,.(O_) = M~ (1 - 2e-(Ta - TEj2)jT, + .-Ta/T,) (7.24) 

Ther~fore, the amplitude of the spin-echo signal is 

(7.25) 

In practice. TE « TR and Eq. (7.25) can be simplified to 

AE = M~ (1 _ e-TR / Tt ) e-TE1T
1. (7.26) 

The signal expression in Eq. (7.26) indicates that the image intensity of the 
saturation-recovery spin-echo sequence carries a T1-weighting, T2-weighting. 
and spin-density-weighting simultaneously, in general. However. we can selec­
tively emphasize one of contrast mechanisms by properly choosing the sequence 

. ·f h T · d th t -TE/T, parameters T Rand T E. For Instance. I a s ort E IS use. e erm e 
approaches 1 and the T2-weighting factor can then be ignored. Effects of dif­
ferent sequence parameter values on image contrast for this excitation scheme is 

summarized in Table 7.1. 
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Figure 7.4 Saturation- recovery spin-echo imaging sequence. 

Table 7.1 Image Contrast of a Saturation- Recovery SE Sequence 

Contrast TE TR 

T l -weighting short appropriate 
T2-weighting appropriate long 
p-weighting short long 

w~ n~w extend the discussio n to the inversion- recovery spin-echo sequence 
shown In fig. 7.5. Correspondingly to Eq. (7.25), ane can derive for the inversion­
recovery sequence (hat 

AE = M~ (1 - 2e-TdT, + 2e-(Tft - TE/ 2) / T, _ e- TR / Tt) e - TE/Tz (7.27) 

Again, invoking the practical assumption that TE « TR. we have the following 
better known formula: 

AE = M~ (1 _ 2e-T J/T , + e-TR / T1 ) e- T£ / Tz (7.2S) 

which indicates that this sequence can generate T I -, T2-, and spin-density-weighted 
contrast as the saturation- recovery spin-echo sequence does. 
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90' 180' 180' 90' 180' 

Figure 7.5 Inversion-recovery spin.echo imaging sequence. 

7.5 Basic Gradient-Echo Imaging 

The basic idea of gradient-echo imaging is to replace the 180
0 

rephasing RF 
pulses in a spin-echo imaging sequence by gradient rephasing pulses, as shown 
in Fig. 7.6. With this replacement, it becomes efficient to use smaller flip-angle 

excitations for fast imaging. a topic discussed in Chapter 9. 

Gradient-echo imaging sequences show a wide range of variations as com­
pared to spin-echo imaging sequences, and, as a result, the image contrast mech­
anism is also significantly richer. Specifically, gradient-echo imaging sequences 
can generate images with TI -, Tt/T2 - , Tr , Ti -, and spin-density-weighted con­
trast with a proper selection of the TR, TE , and the flip angle. In this section, we 
illustrate this concept by going through one specific example. More in-depth dis­
cussion of other gradient-echo imaging methods, in the context of fast imaging, 

and their contrast behavior can be found in Chapter 9. 
Consider the gradient-echo sequence in Fig. 7.6. We assume that TR » T2 

such that 
(7.29) 

Equation (7 .29) means that the transverse magnetization from the preceding exci­

tation pulse'"jsto tally dephased. 
Invoking the relaxation equation in Eq. (3.122), we obtain 

(7.30) 
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Figure 7.6 A generic gradient-echo imaging sequence. 

where M;~)(O_) and M;~-l)(O+) represent the z magnetization before the nth 
pulse and after the (n - 1 )th pulse, respectively. Making use of the fact that 

M;~)(O+) = M;~)(O_ ) cosa (7.31) 

Equation (7.30) can be rewritten as 

M{n)(O ) = MO(l _ e- TR)T,) + M{n-l)(O ) -T.IT, 
;r.' -.z z.' - coso:e (7.32) 

Under the dynamic equilibrium condition that 

(7.33) 

we have 
MO(l - T.IT,) 

M:~(O_ ) = ' - e 
1 - cos o:e TafTl 

(7.34) 

Consequently, the postpulse transverse magnetization is 

M" (t) _ M~(1 - e-
T
• IT,). - tiT; 

z/y' - 1 _ cos (Xe-TafTl 8m ae (7.35) 

and the echo amplitude is 

(7.36) 

, 
• 1 
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Equation (7.36) clearly shows that the image intensity from this gradient­
echo sequence carries both T 1 - and Ti-weightings. The Ti-weighting factor is 
characteristic of a gradient-echo sequence. and it is controllable by adjusting the 
echo time TE. This is similar to the way the T2 contrast is adjusted in a spin­
echo imaging sequence. Unlike the case of a spin-echo sequence, however, the 
Tl contrast in the gradient-echo sequence is dependent mainly on the flip angle 
a instead of the repetition time TR. Specifically, when Q is small, cos Q ~ 1 
and the T1-weighting factor is eliminated. As the flip angle is increased, the 
T1-weighting factor becomes more significant, and it can be further regulated by 

selecting different repetition time. 

7.6 Discussion 

There are three primary types of contrast in MR imaging: spin densiry contrast, 
Tl contrast, and T2 contrast. Spin density contrast is linearly proportional to the 
tissue spin density differences, whereas Tl and T2 contrasts have an exponential 
dependence on the tissue Tl and T2 values. Nonnal soft tissues usually have a 
small variation in spin density but have quite different Tl values. Therefore, T1-

weighted imaging is an effective method to obtain images of a good anatomical 
definition. Many disease states are characterized by a change of the tissue T2 
value, and Trweighted imaging is a sensitive method for disease detection. 

For a given imaging sequence, all three types of contrast can contribute to 
the tissue contrast, but usually only one is emphasized. For example, in spin-echo 
imaging, one can eliminate the Tl and T2 factors with a large TR and a small 
TE. The resulting image will be spin-density-weighted. In practice, the minimum 
value of TE possible is often limited by system hardware performance, and the 
maximum value of TR is constrained by imaging time and practical considera­

tions. 
Although a large intensity difference is an important factor for good tissue 

visibility, there are also many other contributing factors, such as image pixel size 
and noise. Discussion of these topics is beyond the scope of this text. 

To illustrate the concept of tissue contrast as a function of data acquisition 
parameters, three set of head images are shown in Figs. 7.7, 7.8, and 7.9. The 
images in Figs. 7.7 and 7.8 were acquired using a saturation-recovery spin-echo 
sequence with different T}- and T2-weightings. One can appreciate the change 
in image appearance due to different acquisition parameters by noting the typical 
brain tissue parameters listed in Table 7.2. 

Figure 7.9. shows a set of brain images acquired using a gradient-echo se­
quence with different flip angles. As can be seen, at small flip angles, the images 
show mainly the proton density distribution, with cerebrospinal fluid having the 
highest intensity, followed by gray and white matters. At larger flip angles, the 
images become T1-weighted. 
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Figure 7.7 T1-weighted head images obtained using a saturation-recovery 

SE sequence with different TRS: (a) TR = 250 ms, (b) TR = 500 ms, (e) 
TR = 1000 ms, and Cd) Tn ;;::; 2000 ms. The shorter Tn images are heavily 

T1-weighted, while the long TR image is more proton-density-weighted. 

Figure 7.8 T2 -weighted head images obtained using the same sequence 
as in Fig. 7.7. Two different echo times were used: (a) TE = 20 ms and 

(b) TE = 80 ms, with the same TR = 2000 ms. Image (a) is heavily 

proton-density-weighted, while image (b) is T2 -weighted. 
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Table 7.2 Typical Brain Tissue Parameters Measured at 1.5 T 

TIssue T, (ms) T, (m,) Relative p 

White matter 510 67 0.61 

Gray matter 760 77 0.69 

Cerebrospinal fluid 2650 280 1.00 

Figure 7.9 Brain images acquired using a gradient-echo sequence (TR = 25 ms, 
TE = 4.75 ms) with different flip angles: (a) 0: = 2°, (b) 0: = 5°, (c) 0: = 10°, (d) 
cr = 200 , (e) 0: = 400

, and (f) 0: = 600
• Note that at small flip angles, the images show the 

characteristics of proton-density-weighting, whereas at targer flip angles, the Tl-weighting 
becomes dominant. Each of these images is acquired from a three-dimensional data set 

with N. ~512. N, ~ 512. N. ~ 80. FOY. ~ 256 mm, FOY, ~ 256 mm, and 
FOV., = 160 mm. The image in (a) was obtained by averaging two slices to improve the 

Signal-to-noise ratio. 
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Exercises 

7.1 Design a two-dimensional imaging pulse sequence that can be used to gell­
erate a Tl map from a slice of an object and outline the signal processing 
steps required. 

7.2 Design a two-dimensional imaging pulse sequence that can be used to gen­
erate a T2 map from a slice of an object and outline the signal processing 
steps required. 

7.3 Why is the data acquisition time for T2 ·weighted imaging longer than that 
for T1·weighted imaging? 

7.4 A saturation-recovery spin-echo sequence can generate different kinds of 
image contrast. To generate a spin-density-weighted image, both the T1-

weighting and T2-weighting factors are virtually eliminated. But for a 
T1-weighled or T2-weighted image, the spin density-weighting remains. 
True or fal se? Why? 

7.5 Assume the following object with PA = 1, T"A = 1000 ms. T"A = 
50 ms, PB = I, TI,B = 500 ms and T2,B = 100 ms. Three images were 
obtained using a saturation-recovery spin-echo sequence, with IA = 18 
for image 1, h = 2ls for image 2, and h = O.SIs for image 3. 

(a) For each case, determine if the image is p-weighted, T1-weighted. or 
T,·weighted. 

(b) Determine the TR and TE values used to obtain each image, assuming 
that the contrast difference results from only one of three contrast 
mechanisms. 

7.6 Derive the expression in Eq. (7.24). 

7.7 Derive the expression in Eq. (7.27). 

7.8 Discuss why image contrast is determined primarily by central k-space 
data. 

~ercises 
231 

7.9 The signal-nulling property of the inversion-recovery sequence can be ex­
ploited for fat suppression. The T, value of fat at 1.5 T is roughly 260 ms. 
IfTR = 100 ms, what is the value of TI that WIll cause the M1)-component 
of fat to be zero at the times that the 90° pulses are applied? 



Chapter 8 

Image Resolution, Noise, and 
Artifacts 

Norhing is invented and perJecJed ar the same lime. 

wlin Proverb 

This chapler further examines image characteristics with respect to various data 
acquisition and processing schemes. We focus specifically on issues related to 
image resolution, signal-la-noise ratio, and systematic image artifacts. The pri­
mary goal is to familiarize the reader with some commonly encountered image 
errors and to provide some insight into how to reduce them when appropriate. 

8.1 Resolution Limitations 

In any practical MRI experiment. the resultant image is never identical to the 
true image desired. This section discusses image errors due to limited resolution. 
However, instead of describing all the practical resolution-limiting factors, we 
focus on describing a useful point spread function (PSF) concept and show how 
to use it to analyze resolution limitation in several practical imaging schemes. 

8.1.1 Point Spread Function 

Consider an idealized object consisting of a single point. It is likely that the 
image w~ulblain from it is a blurred point. Nevertheless, we are still able to 
identify it as a point. Now, we add another point to the object. If the two points 

233 
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are farther apart, we will see two blurred points. However. as the two points are 
moving closer to each other, the image looks less like two points. In fact. the 
two points will merge together to become a single blob when their separation 
is below a certain threshold. We call this threshold value the resolution limit 
of the imaging system. Formally stated, the spatial resolution of an imaging 
system is the smallest separation 6x of two point sources necessary for them 10 

remain resolvable in the resultant image. In order to arrive at a more quantitative 
definition of resolution. we next introduce the point spread function concept. 

We first define what is called a linear imaging process. Assume that for 
a given imagingyystem. object 1,(x) produces image i,(x). and object 12 (x) 
produces image 12 (x) . We then construct a composite object as 

[3(X) = aI,(x) + bI2 (x) (8.1) 

for arbitrary constants a and b. If the image resulting from [ 3(X) is described by 

i3(X) = ai,(x) + bi2 (x) (8.2) 

this imaging system is a linear system. For such a sys tem, an elegant relationship 
exists between an arbitrary object function I(x) and its image i(x) (see Prob­
lem 8.2). That is. 

i(x) = l(x) • h(x) (8.3 ) 

where the convolution kernel funct ion h(x) is known as the point spread function 
since i(x) = h(x) for [(x) = a(x) . 

It is clear from Eq. (S.3) that the image from an imaging system is an exact 
representation of the underlying object function only if the point spread function 
is a a-function. If h(x) deviates from a a-function. i(x) will be a blurred version 
of [(x). The amount of blurring introduced to i(x) by an imperfect h(x) can be 
quantified by the width of h(x). To illustrate this point. consider a simple case 
in which h(x) is a boxcar function. As shown in Fig. S.l, the two sources are 
resolvable in the resultant image only when the separation between them is larger 
than the width of the boxcar function. Therefore, based on the observation, we 
can state that the resolution limit of an imaging system is the width of its point 
spread function . 

When h(x) is nOl a boxcar function, its width definition is not unique. Two 
practical definitions are as follows: 

Definition 8.1 The effecrive widlh Wh of h(x) is Ihe full widlh or Ihe half maxi­
mum ofh(x). 

Definition 8.2 The effective width Wh of h(x) is the width of an approximating 
boxcar juftctioll that has the same height and area as h(x); or, more precisely, 

1 j= 
Wh = h(O) _= h(x)dx (8.4) 

where it is assumed that h(O) is the maximum poillt of h(x). 
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F' 81 The effect of a boxcar point spread function. Note that the two point sources 
~!::e ;rresolvable in the resultant image when their separation is not bigger than the 

width of the boxcar function. 

8.1.2 PSF of Fourier Reconstructions 
For convenience. we consider the one-dimensional case. Recall from Chapter ~ 
that given N Fourier samples, the image reconstructed based on the truncate 

Fourier series is given by 

N/2-1 
. '" S(n Ak)ei21rnak:z: [(x) = IJ.k ~ '-' 

(8.5) 

n=-N/2 

To derive the underlying PSF, we simply set the true image function [(x) to be 
a a-function. Consequently, the measured signal is S(mlJ.k) = 1. When we 
substitute the signal into Eq. (8.5), the following PSF immed,ately results: 

N/2-1 

h(x) = IJ.k L e'2 .. ", .. (8.6) 

n=-N/2 

Further simplification yields 

sin(rrN.6.kx) -i1rAh 

h(x) = IJ..k sin(7rlJ.kx) e 
(8.7) 

Th h 
-i1l"llb in Eq (S 7) can be eliminated, if necessary, with a sym­

ep aseterme . . ff N/2t N/2 1 
metric coverage of k-space from - N / 2 to N /2 instead 0. rom - 0 -.' 

In any event, it is often ignored because its effect IS mSlgmficant compared With 

that of the amplitude term. . I f h 
Note that h(x ) is a periodic function with a penod l / lJ.k . A pot 0 t e 

amplitude part of h(x) over one period is shown In FIg. 8.2. It IS easy to determme 
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from Eq. (8.7) that the width of the main lobe, as measured by the interval between 
its two zero crossings, is 2/(Nt;.k) . The effective width of h(x), as calculated 
from Eq. (8.4) with a change in the integration limits to cover a single period of 
h(x), is given by 

1 r,h 1 
W, = h(O) 1-,h h(x)dx = Nt;.k (8.8) 

Therefore, the effective width of h(x) is exactly half the width of its main lobe. 
The right-hand side of Eq. (8.8) is known as the Fourier pixel size .6.XF in 

contrast to the usual image digital pixel size 6.x . Note that .6.x can be made 
arbitrarily small using zero-padding or other interpolation schemes as discussed 
in Chapter 6, but the image resolution is fundamentally limited to the Fourier 
pixel size. Therefore, in order for two point sources to be distinguishable. their 
separation has to be larger than .6.xp. Another implication of Eq. (8.8) is that 
Wh and N cannot be reduced simultaneously. In other words, we cannot improve 
image resolution and reduce the number of measured data points at the same time. 
This assertion is often referred to as the wleertainty reiatioll of Fourier imaging. 
and in practice, one chooses N as large as signal-la-noise ratio and imaging time 
permit. 

h(l:) 

Figure 8.2 Plot of the amplitude part of h(x) given in Eq. (8.7) for N = 64. 
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8,1.3 PSF of Backprojection Reconstructions 

The PSF of backprojection reconstruction is given in the following theorems. 

Tbeorem 8,1 Let P{p, ¢) be the projections ofa two-dimensionalftmctioll I(x, y) 

and i(x, y) be given by 

i(x,y) = l' P(xcos¢+ysin¢,¢)d¢ (8.9) 

Then, _ 1 

l(x , y) = l(x, y) .. Jx2 + y2 
(8.10) 

where ** meaflS two-dimensional convolution. 

Theorem 8.2 Let P(p, (), 4» be the projections of a three-dimensional junclion 

I(x, y, z) alld i(x, y, z) be given by 

i(x , y, z) = 2.. r2
• r P(x sin 8 cos ¢ + y sin 8 sin ¢ + z cos 8, 8, ¢) sin 8d8d¢ 

2,,10 10 (8.11) 

Then, 1 
i(x, y, z) = I(x , y, z) .** -c=~~='" ';X2 +y2 +z2 

where *** represents three-dimensionaL convolution. 

(8.12) 

Equation (8.10) indicates that the PSF of two-dimensional backprojection 

reconstructions is 1 
h(x, y) = ;::z;-::2 

yX- +y 
(8.13) 

while the PSF of three-dimensional backprojection reconstruction, according to 

Eq. (8.12), is 
1 (8.14) 

h(x,y,z) = ';X2+y2+z2 

Equation (8.13) can be derived by considering how projections from a point 

source get backprojected for image formation. Namely, one can show that 

l' 8(xcos¢+ysin ¢)d¢= ';x2\y2 
(8.15) 

The reader is encouraged to consult reference [32} for an intuitive argument for 
the relation in Eq (8.15). A more formal proof of Eq. (8.10) is as follow s. 
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i(x,y) = fo' P(xcos¢+ysin¢,¢)d¢ 

= {1f ( 00 Fp(k, ¢)ei21fk(z cos tP+ysin rP)dkdf/> 
Jo 1-00 

= :;:-, {J 1 } **I(x, y) 
k~ + k~ 

1 
=I(x,y) .. ~ 

x2 +y2 

where use of the following identity is made [6J: 

(8.16) 

(8. 17) 

Equation (8.12) canbe proved as follows. Let I(x, y, z) = o(x, y, z). Then, 
P(p, 0, ¢) = o(p). SubstitutIng II Into Eq. (8.11) yields 

1 (" r 
h(x , y , z) = 2".1

0 
10 o(xsinOcos¢+ysinOsin¢+zcosO)sinOdOd¢ 

1 ("r 
= 2".1

0 
10 o(r· J1.)sinOdOd¢ 

(8 . 18) 

where r = (x , y , z) and J1. = (sin o cos ¢, sin 0 sin ¢, cos 0). Due to the symmetry 
of the problem (16) , the integration is independent of the direction of /-Lr' For 
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simplicity. suppose JLr is along the z-axis. Then, 

fo'1' 0(/-,.' J1.)sinOdOd¢ = fo'<fo' J(cosO)sinOdOd¢ 

= 2". ill J(x)dx 

= 2". 

Substituting this result into Eq. (8.18) immediately gives 

1 1 
h(x,y,z) = -Ir l = -r=;c=~==;< 

.jx'+y'+z' 

8.2 Image Noise 
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(8 .19) 

Imaging involves measurement and processing of activated signals from an ob­
ject. Any practical measurement always contains an undesirable component that 
is uncorrelated with the desired signal. This component is referred (0 as lIoise or 
a random signal. Noise often arises in an imaging system because of spontaneous 
fluctuations such as the thermal motion (Brownian motion) of free electrons inside 
real or equivalent electrical components. Of great concern to imaging scientists is 
the question of how noise is picked up or generated in an imaging system and how 
the imaging process handles it-that is , whether it is suppressed or amplified. The 
first aspect of the topic is related mostly to the imaging system hardware and will 
not be discussed here. Interested readers are referred to Chen and Hoult's book 
[13] for an excellent discussion. The second aspect is related to the mathematical 
and processing principles used for image formation and is discussed in this sec· 
tion. We begin with a review of some fundamental concepts and terminologies of 
noise signals. 

8.2.1 Basic Concepts of Random Signals 

8.2.1.1 Random Variables 

A characteristic of noise is that it does not have fixed values in repeated measure· 
ments. Such a quantity is described mathematically by a random variable and 
is represented by Greek letters such as {. A formal and rigorous definition of a 
random variable is rather involved and is well beyond the scope of this book. The 
reader interested in an in·depth discussion is strongly encouraged to consult the 
excellent book by Papoulis [52J. 

A simple definition of a random variable is to view it as a function defined 
over the sample space. As shown in Fig. 8.3, the value of a deterministic variable 
is a constant, whereas the value of a random variable from a particular measure· 
ment is "arbitrary." But if many such measurements are taken, their values follo w 



240 Chapter 8 Image Resolution, Noise. and Artifacts 

a certain statistical relationship. known as the probability density function (PDF). 
The PDF of a random variable e is often denoted as pe(x), which represents the 
probability of obtaining a specific value x for e in a particular measurement. Since 
a value will always be obtained from an experiment, the area under any PDF must 
be one, that is. 

l : pdX)dX = I (8.20) 

In practice, pdx) can take various forms. For example, p{(x) can be a constant 
or a Gaussian function corresponding to uniform or Gaussian noise. Although a 
random variable is fully characterized by its PDF, its PDF is not always known 
in practical situations. We often use parameters such as mean and variance to 
describe it. In fact, based on the central limit theorem, most measurement noise 
can be treated as Gaussian noise, in which case the PDF is uniquely defined by its 
mean and variance. 

value(.t) value(E,) 

sample sample 

to) tb) 

Figure 8.3 Detenninistic and random variables as a function of the sample space. 

Mean: The mean of a random variable, ~, is by definition the PDF-weighted 
average of all possible values of the random variable. It is also called the ensemble 
average or the mathematical expected value. For a continuous variable, the mean 
is defined as 

(8.21) 

and for a discrete random variable, 

(8.22) 
m 

where E is called the mathematical expectation operator. Mean is a first-order 
statistical moment since it involves only the first power of the random variable. 
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Variance: The variance of a random variable is defined as 

(7~ = var{O = E{(~ - ()(~ - (n (8.23) 

which is a second-order statistical moment. The positive number u{ is called the 
standard deviation, which is a measure of the average deviation from the mean. 

• Example 8.1 

Assume that ~ is a uniform random variable defined over the interval (Xl, X2)' 

Then P(x) = 1/(x2 - Xl)' The mean value of ~ is 

- 1"" 1 1"' x, + X2 ~ = xp(x)dx = xdx = 2 
-00 X2 - Xl Xl 

Its standard deviation is 

= 
I r"' (X _ X, + X2) 2 dx 

X2 - Xl I~l 2 

• Example 8.2 

The PDF of a Gaussian random variable is 

p (a;) = _l_e-(%-")'/2~' 
( ,f'iir(7 

(8.24) 

It can be shown. based on the definitions, that ( = p. and (7 ( = (7 . 

Statistical Re/ntionships of Random Variables: Noisy dala points or image pix­
els are often characterized by a large number of random variables. A commonly 
asked question is: What are the mean and variance of the reconstructed image 
after mathematical operations such as the Fourier transfonnation? Or even more 
simply, what is the resulting noise variance after averaging two neighboring noisy 
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pixels? To answer these questions, we need to know how the random variables 
involved are related to each other statistically. Two important concepts used for 
describing the statistical relationship between a pair of random variables are sta. 
tistieal independence and uncorrelatedness. 

For two random variables {I and e2 if the probability of simultaneously ob· 
taining values x for 6 and y for 6 equals the product of the probabilities of 
obtaining each separately. that is, 

(8.25) 

they are said to be statistically independent. Statistical independence is a very 
strong condition that random variables of practical interest hardly meet. If we are 
concerned only about their second-order distribution, as is often the case in prac­
tice, the interdependence of two random variables can be assessed by a parameter 
called correlation coefficient, which is defined as 

(8.26) 

It is easy to see from the definition that c~16 takes value in the range -1 :S 
C{1.e-2 :S L When cel{2 = 0, {I and 6 are said to be uncorrelated. In the other 
extreme that ce16 = ± 1, {I and 6 have a linear dependence. namely, 6 = a{2 
for a certain scaling constant a. 

Because uncorrelatedness is only a measure of second-order statistics, one 
can justify that uncorrelated random variables are not necessarily independent. 
Conversely, statistically independent random variables are always uncorrelated. 
For example, if €l and 6 are independent, their joint PDF can be written as 
p(,(,(x,y) =p(,(x)P(, (y). Thus, 

1 f""f"" - -c(,(, = - - (x - ~,)(y - 6)"P6 (x)p(,(y)dxdy 
u6 u6 -00 -00 

1 - - - -= --(6 - 6)(6 - 6)" 
Ue. U6 

=0 

• Example 8.3 

As an example, we take a look at the resulting mean and variance of a linear 
combination of many random variables. 
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Assume that 

(8.27) 

where {n are random variables and Cn are arbitrary deterministic constants. 
One can prove from the definition that the mean of ~ is equal to 

N 

EW = LCnE{~n} (8.28) 

n=l 

regardless of whether or not the variables ~n are correlated. 
For the variance, however. the relationship 

(8.29) 

holds only when €n are mutually uncorrelated or independent. For example. 
consider the case of two real random variables: 

var {t, cn~n} = E{[(C16 + c26) - (C,~, + C2~2))2} 
= E{[C,(~, - ~,) + c2(6 - ~2))2} 
= crE{(6 - ~,)2} + 2C,C2E{(~, - ~,){6 - ~2)} 
+ ~E{(6 - ~2)2} (8.30) 

The fir.;t and the last terms in Eq. (8.30) are. Ci<7l, and ~<7~" respectively. 
The middle term is zero if 6 and 6 are uncorrelated (or independent). 

• Example 8.4 

Making use of the relation.in (8.29), one can derive the popular result for sig­
nal averaging (an operation frequently encountered in image processing}­
N signal averagings yield an improvement by a factor of ..fN in the signal­

t<rnoise ratio . 
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Let x = x + { be a measured quantity containing the true signal x 
and the noise component { with zero mean and standard deviation at- The 
signal-to-noise ratio for :i: from a single measurement is (SIN). = Ixll u{. If 
N measurements are taken such that xn = x + {n are obtained to produce 

Y
- _ .!. "N - _ + 1 "N c th h . I . ., -. 

- N Lm=l Xo - x N L..rn= l 1,,0' en t e signa -to-nOise ratio lor y IS 

(8.31) 

assuming that the noise for different measurements is uncorrelated. 

8.2.1.2 Random Signals 

Random signals picked up in an imaging experiment are described by functions 
with random values. which are known as random (or stochastic) processes. De­
noting {(t) as a random process, {(to) for any time instant to is a random variable, 
but each sample of (t) is a deterministic functi on of time (m(t). Hence. (t) can 
also be considered as a family of time functionssuch that (t) = {(m(t)}. For ex­
ample, the noise signal from a single measurement in practice corresponds to one 
of these sample functions of an underlying random process, or noise source. If 
many measurements could be made simultaneously under the "same" conditions, 
the set of sample functions obtained would define the random process. 

As in the case of random variables, we may not always require a complete 
statistical description of a random process. or we may not be able to obtain it 
even if desired. In such cases, we work with various statistical moments, either 
by choice or by necessity. The most important ones are 

Mean : 
(t) = E{W)} (8.32) 

Variance: 
17M = E{[W) - (t)][W) - (t»)"} (8.33) 

and the correlation function: 

R(t , t + T) = E{(t)C(t + T)} (8.34) 

For ~ome ra~dom processes. the mean and variance are independent of time, 
namely, (t) = (to) and U«t) = U{(ta); and the correlation function depends 
only on the time difference T, namely, R(t1 t + r) = R(r). These processes are 
termed wide-sense stationary. Another important property of random processes 
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is ergodicity, which means that time and ensemble averages are interchangeable. 

For example, if (t) is an ergodic process, then 

[ = E{(t)} =< W) > 
ui = E {[W)- (J[W) - (J0} =< [w) - (J[W) - [j" > 

R(T) = E{(t)C(t + T)} =< W)C(t + T) > 

where < . > is the time average operator, defined as 

< x(t) >= lim IT jT x(t)dt 
T-+oo 2 -T 

(8.35) 

(8.36) 

(8.37) 

(8.38) 

Therefore, for ergodic processes. the statistical moments are measurable from any 
sample function. Noise signals that we deal with in this book will be assumed to 
fall into this category. Furthermore, for an ergodic process, R(r) is a determin­
istic func tion of time, and its Fourier transform gives the power spectral density 
function-a relationship established by the well-known Wiener theorem. If the 
spectral density function is a constant over the measurement frequency range, the 

noise is referred to as white noise in practice. 

8.2.2 Noise Characteristics in the Data Domain 

Random noise is an important limiting factor in MR imaging. It gets introduced 
early on in the signal generation and detection stage and is then processed in the 
image reconstruction stage. For convenience, we use €d to represent the noise 
component in the data domain and €l to represent the image noise. In practice. {d 
depends on a number of factors, particularly the physical configuration of the RF 
detection system. An in-depth discussion of this topic is beyond the scope of this 
book; interested readers are referred to (13.161, 195). For the present discussion. 
we simply assume that €d is an additive noise coming from an ergodic, stationary, 
uncorrelated. white noise process with zero mean and standard deviation Cfd· With 

this assumption, we have 

{

<Mk»=O 
< Mk)(,j(k) >= u~ 
< Mk)~,j(k + ko) > 0 ka # 0 

(8.39) 

and the noise-corrupted k-space signal can be expressed as 

S(k) = S(k) + Mk) (8.40) 

After the image reconstruction step. we have 

j(x) = [(x) + (r(x) (8.41) 

Clearly. €1(X) depends on the image reconstruction schemes used. This section 
describes the characteristics of ~1(X) in connection wi th some standard image 

reconstruction procedures. 
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8.2.3 Noise in Direct FFT Reconstruction 

Assume that N noisy k-space data points are collected and processed using the 
standard FFf reconstruction algorithm. The image noise is given by 

Nj2-1 

{/ [m[ = ~ L {d[nlei2rrmn /N -N/2:;::m<N/2 
n=-N/2 

Several properties of {I [ml can be directly derived from Eq. (8.42) 
(a) The image noise {/[ml is of zero mean, namely, 

E{{J[mll = 0 

(b) The variance of {J[ml is given by 

(8.42) 

(8.43) 

(8.44) 

(c) The image noise ~l[ml is uncorrelated from pixel to pixel. That is to say 

E{{J[mIGlnll = 0 for moFn (8.45) 

The result stated in Eq. (8.43) is obvious. Equations (8.44) and (8.45) can be 
derived directly from the definition. Specifically, 

Nj2 - 1 N(2-1 

E{{J[ml{ilnll = ~, L L E{{diPIG [qlle"«mp- nq)/N 
p=- N/2 q=-N/2 

Noting that E{{diPIEd [qll = 0 for p oF q, we have 

Nj2 - 1 

E{{J[ml{ilnll = ~, L E{{diPJ{diPlle"«m- n)p/N 
p=-N/2 

N/2-1 
= ~a2 ~ ei27r (m - n)pjN 

N' d ~ 
p=-N/2 

{

I, _ 
_ NO'd m -n 

o otherwise 

Remark 8.1 Eq. (8.44) indicates that, as far as the noise variance is concerned, 
the FFT processing is equivalent to doing N-poinr signal averaging. 
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Remark 8.2 The signal~to~noise ratio per pixel of an FIT image is inversely pro· 

portiona[ 10 .,fN. That is. 
1 

SNR[pixd ()( .,fN (8.46) 

Equation (8.46) can be understood by noting that "I decreases as 1/.,fN 
while the signal strength per pixel decreases as 1/ N because the pixel size equals 

l /{Nb.k). .. 
This point can be made more rigorously by dlfectly calculatmg the average 

signal strength per pixel lavg from the Fourier reconstruction. Specifically, 

N/2-1 

I;vg =~ L I[mJI'[ml 
m.= -Nj2 

N/2 - 1 N/2- 1 N / 2-1 

- ~3 L L L SiPIS·[qJe,,«p-q)m/N 
m.= - N/2 p=- N/2 q=-N/ 2 

N/2-1 

L 1 ISlnll' (8.47) 
= N' 

n=-N / 2 

Hence, the average image SNR per pixel is 

N / 2-1 

L IS[nll' 
lavg n=-N/2 

SNRlpixd = -- = --L--r==~--
"I VN"d 

(8.48) 

. . . "N/'-' [Sf J[' Equation (8.46) can be obtamed dIrectly from Eq. (8.48) smce L-n=-N/' n 
stays roughly constant after N reaches a certain value (say, 64), noting that S[n) 
decays as fast as l/n. 

Remark 8.3 Let i, [mJ be a n;ise·corrupted FFT image and i,lml be given by 

p-, 

i,[mJ = ~ L i,{m + p) 
p=o 

(8.49) 

Then, the SNR of i,[mJ is a factor of jP better than that of ir[ml· 

This statement is a direct consequence of the fact that the noise in i1[m] is 
uncorrelated from pixel to pixel, as well as the well·known result about such noise 

discussed in Example 8.3. 
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8.2.4 Noise in Zero-Padded FFT Reconstruction 

With the zero-padded FFf reconstruction algorithm, N noisy data points will 
produce an arbitrary M (with M > N) noisy image points according to the 
following formula: 

N/2 - 1 

~I [ml = ~ :L ~d[nlei2rr=n/M - M/2 :S m<M/ 2 
n =-N/2 

The statistical properties of ~l [m) are summarized below. 
(a) ~dml is of zero mean, namely, 

E{~I[mJ} = 0 

(b) The variance of ~dmJ is given by 

, 1, 
uI = NUd 

(c) (I[m] shows a certain degree of pixel-to-pixel correlation: 

E{~I[mJG[nJ} = _l_a~sin[7f{m - n)N/MJ e- irr (=-nl /N 
N' sm[7f{m - n)/MJ 

(8.50) 

(8.51) 

(8.52) 

(8.53) 

Comparing Eqs. (8.51) and (8.52) to Eqs. (8.43) and (8.44), one can easily 
see that zero-padding does not affect the mean and variance of the image noise. 
Hence, the image SNR stays the same even though the digital pixel size is smaller. 
However, zero-padding does alter the statistical independence of the image noise 
as evidenced in Eq. 8.53. Because of this property, the result stated in Remark 8.3 
does not apply to the situation here. In other words, one may not obtain a factor 
of VP improvement in SNR by averaging P adjacent pixels in images obtained 
using the zero-padded FFT reconstruction algorithm. 

Before concluding this section, we prove the result given in Eq. (8.53). 
Specifically, based on the definition, we have 

1 N/2-1 

E{~I [mJ~j [n]} = N' :L 
p=-N/2 

N/2-1 

:L E{~d[PJ~d()}ei2rr(=p-nql/M 
q=-N/2 

1 N/2-1 

= N' :L E{~d[PJ~d[P]}ei2rr(=-nlp/M 
p=-N/2 

N/2- 1 

= ~2 a~ L ei27r (rn - n)p/M 

p= -Nj2 

= .2... a ,sin[7f{m - n)N/MJe-i,(m- nl/N 
N' d sin[7f{m - n)/MJ 
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Finally, to gain an intuitive understanding of the noise characteristics of both 
direct and zero-padded FFT reconstructions, we consider a hypothetical exper­
iment, shown in Fig. 8.4. in which we have a one-dimensional object and four 
Fourier samples. Direct FFT reconstruction gives an image of four pixels with 
SNRo. If the data are zero-filled to eight points, the resultant eight pixels will 
have the same signal-to-noise ratio SNRa. Note that in both cases the Fourier 
pixel size is the same, and so is the signal strength per pixel. If we recollapse the 
eight pixels to four pixels, no SNR improvement will be gained, since the noise 
is correlated. On the other hand, if eight phase-encoded measurements were ac­
tually collected (for improved resolution), the new image signal-to-noise ratio 
SNR1 would be about SNRo/V2. [Actually, it would be slightly higher because 
of the added signal energy from the new sample points; the exact value can be 
calculated from Eq. (8.48).] Recollapsing the eight pixels to four will regain the 
original signal-to-noise ratio, but the imaging time is doubled. Consequently, the 
SNR efficiency I is reduced by a factor of../2. Therefore, with the Fourier recon­
struction methods. improving spatial resolution with extended k-space sampling 
will lead to an irreversible loss of SNR efficiency. One is also referred to [134] 
for a similar argument. 

Fourier Data Image 

sNRoI.J2 

"poi", FFT III'IIIJl --average! SNRo 

ttFI ' 1 

Figure 8.4 SignaJ-to-noise ratio efficiency of the Fourier imaging melhod. 

1 SNR efficiency is defined as SNR!pixell y"totallOlagmg tIme. 
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8.2.5 Noise in Filtered Backprojection Reconstruction 

For si.mplicity, we consider only two-dimensional filtered backprojection reCon_ 
struction using the "M" filter. Let {dIm, nJ = {d[mL'l.k , nL'l.¢J be the additive 
n~lse In a ~easured polar k-space data set consisting of N.p radial lines, each 
with Np POints. Then, the image noise from filtered backprojection is given by 

N.,/2-1 Np - l 

{J (x , y) = ~'" ~ I: I: ~1{d[m,nJei2·mp (8.54) 
p n=-N./2 m = O P 

wherep = xcos(m1rIN.) + ysin(m1rIN",) and L'l.k is taken to be l i N. Based 
on Eq. (8.54), it is easy to show that P 

E{{J(x, y)} = 0 if E{{d [m , nJ} = 0 (8.55) 

In other words, the image noise has a zero mean if the mean of the data noise is 
zero, as is the of len the case in practice. 

To derive the image noise variance. we further assume that {d [m, n] is un­
correlated from one measurement to another. Under this assumption, we have 

( )

2 N¢/2 - 1 Np-l 2 

var{{J(X, y)} = N;Np n=~./' ~ C~J var{{d[m, nJ} (8.56) 

U~ing the previously established notations: var{{J(x, y)} = "1 and var{{d[m, nil = 
t7 d ' we have 

,_ ( 1r )'N,-, N./'-l (m)' , 
"J - N N I: I: Ii" "d 

¢ P m=O n =- N./2 p 

1r' 1 _ , 
- 12 NpN. "d (8.57) 

where I:~=o m' = ~N(N + l)(2N + 1) '" kN3 is used. 
. Note that for two-dimensional Fourier imaging with Nz x Ny Cartesian 

pomts, we have 

1 N z / 2 N,, / 2 - 1 

- N'N' I: I: var{{d[m,nJ} 
;r y n =- N z / 2- 1 m =- N,, / 2 

1 2 
= N N "d 

• y 
(8.58) 

where {dIm, nJ now represents {d(mL'l.k" nLl.ky). Therefore, 

"J(FBP) 1r 
"J(FT) '" Jl2 (8.59) 

when N.Ny = NpN",. 

( 
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8.3 Image Artifacts 

Image distortions or artifacts often arise in the MR imaging process owing either 
to insufficient data or to inaccurate data, or both. An insufficiency of measured 
data occurs because of practical physical and temporal constraints in data ac­
quisition. Data distortions are often due to imperfections in the data acquisition 
system. Some of these artifacts are obvious and easy to deal with, but many others 
are more complex and require careful analysis. Instead of providing a complete 
description of all possible image artifacts encountered in practice. we focus on a 
few typical ones in this section, analyzing their origin, characteristics, and pos­
sible remedies. For a more comprehensive discussion of this topic, the reader is 
referred to the review paper by Henkelman and Bronskill (76). 

8.3.1 Gibbs Ringing Artifact 

The Gibbs ringing artifact is a common image distortion that exists in Fourier 
images. which manifests itself as spurious ringing around sharp edges, as illus­
trated in Fig. 8.5. The maximum undershoot or overshoot of the spurious ringing 
is about 9% of the intensity discontinuity and is independent of the number of 
data points used in the reconstruction. The frequency of oscillation, however. in­
creases as more data points are used. For this reason. when a large number of 
data points is used in practice, the spurious ringing does not cover an appreciable 
distance in the reconstructed image and thus becomes "invisible." 

The Gibbs ringing artifact is a result of truncating the Fourier series model 
owing to finite sampling or missing of high-frequency data. In practice. Gibbs 
ringing can occur in both phase- and frequency-encoding directions, but more 
often along the phase-encoding direction because temporal constraints often limit 
the amount of high-frequency data collected along that direction. 

Mathematically, Gibbs ringing is fundamentally related to the convergence 
behavior of the Fourier series. Specifically, when [(x) is a smooth function, i (x) 
given in Eq. (8.5) uniformly converges to I(x) as N -t 00 for x E FOY. More 
precisely. if [(x) has continuous derivatives up to and including the pth_order. 
then i(x) approaches I(x) on the order oflINP+!; namely, as N goes to infinity 
Ili(x) - I(x)I" approaches zero as fast as 1I NP+t does. On the other hand, if 
I(x) contains step discontinuities. the convergence behavior in the neighborhood 
of a point of discontinuity will be "anomalous." Assuming that I(x) has a step 
discontinuity at x = Xo such that I(xt) > I(xo). the maximum overshoot loca­

tion xt in i(x) approaches xt as N --+00, and 

lim [i(;;;,) - I(xt)] '" 9% [/(xt) - I(xo) j 
N .... oo 

(8.60) 

Similarly. for the maximum undershoot. we have 
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(8.61) 

Therefore, as N --t co the value of the maximum overshoot (undershoot) does not 
tend to zero but instead tends to a finite limit. The existence of this finite, nonzero 
l im~ting value of the overshoot (undershoot) is due to the nonuniform convergenc~ 
of I(x) to I (x) in the~ vicinity of discontinuous points of l(x) . This nonuniform 
behavior of the limit [(x) -4 [(x ) as N -400 for x E FOY is formally called the 
Gibbs phenomenon, 

Number of points along the x-direction 

32 64 t 28 

32 
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t28 

Figure 8.5 Gibbs ringing artifact in Fourier reconstructions. Notice the ringing pattern as 
a function of number of data points used in the reconstruction . 

An obvious way to reduce the Gibbs ringing artifact is to collect more high· 
frequency data. This may not be poss ible in practice because of practical physical 
or temporal constraints on MR data acquisition. Another approach is to filter the 
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measured data before they are Fourier transformed. This operation is described 

by 
# /2-1 

i(x) = t>.k L S(nt>.k)wn ei2nn
"" (8.62) 

n= - N/2 

where Wn is a preselected filler (often called window) function . 
This method is motivated by the understanding that the Gibbs ringing artifact 

is directly related to the oscillatory nature of the PSF associated with the rectan­
gular window function implicitly used in the Fourier reconstruction method. With 
the reconstruction fannula in Eq. (8.62), one can derive that the PSF is 

N/2 - 1 

h(x) = tlk L w n ei2 '1tn6b: 

n= - N/2 

(8.63) 

Therefore, by properly choosing the window function W m • one can significantly 
suppress the oscillations in h(x), and thus the Gibbs ringing in i(x). A variety 
of window functions have been proposed for this purpose (see [751 for a compre­
hensive review). The most popular one is perhaps the Hamming window function 
defined in Section 2.3. The PSF associated with the Hamming window function 
and its effect on Gibbs ringing reduction are illustrated in Fig. 8.6. 

(a) (b) (c) 

* __ n_ 
(d) (0) 

Figure 8.6 (a) True object function, (b-c) the PSF of the rectangular window function 

and the corresponding Fourier reconstruction (64 points), (d-e) the PSF of the Hanuning 

window function and the resulting windowed Fourier reconstruction (64 point). 
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Although the windowing approach is effective in suppressing the Gibbs ring_ 
ing. it is at the price of spatial resolution. This point can be understood by exam_ 
ining the effective width of the resulting PSF. Specifically, 

1 
N/2 - 1 

tlk L Wm 

m=-Nj2 

1 

Since Wo ~ Wm for any practical window function used for this purpose, we have 

W >_I_ 
h - Ntlk (8.64) 

This equation asserts that the filtering operation is a lossy process in terms of 
image resolution. as illustrated in Fig 8.7 . To overcome this problem, various 
sophisticated reconstruction methods have been proposed. More discussions of 
this topic can be found in Chapter 10. 

(a) (b) (c) 

Figure 8.7 Cross-sectional leg images. All the images were reconstructed using the 
Fourier method with 256 points along the horizontal direction. The vertical direction was 
reconstructed using the Fourier method with 256 points in (a) and 64 points in (b) but us­
ing the Hamming-windowed Fourier method with 64 point in (c). Note the effect of the 
Hamming filter on Gibbs ringing reduction and the resolution loss. 
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8,3.2 Aliasing Artifacts 

It is well-known that under certain conditions. continuous signals can be com­
pletely represented by and recovered from its samples. These condit~ons are ~t~ted 
in the sampling theorems discussed in Section 5.4. When the samphng conditions 
are violated, perfect reconstruction is not possible and the resulting image error is 
known as the aliasing artifact. The appearance of aliasing artifacts is dependent 
on how the samples are taken from a continuous signal. This section focuses on 

uniform sampling because it is used most often in practice. 
Assume that a continuous-time signal S(t) is sampled uniformly at fre­

quency Is. The Nyquist sampling criterion requires that S(t) is ~andlim.it.ed t.o 
the frequency range III < 1,/2, which is called the baseband. If thiS condilion IS 
not met. the frequency components outside the baseband will be folded over. thus 
the term aliasing. and become indistinguishable from the frequency components 
in the baseband. Specifically, the apparent frequency fa. of a component at f is 

given by 

{
I - nl, 

I. = 1+ nl, 
if I > 0 
if 1 < 0 

(8.65) 

for an appropriate n such that 1/.1 < 1, /2. 
To better appreciate this relationship, consider 8(t) = cos(2"t). Assume 

that this signal is sampled at t = nLlt with ilt = 1.5. Then, Is = L = ~. 
which is below the Nyquist sampling frequency IN = 2. The apparent frequency 
of 8(t) is I. = I - I, = 1- ~ = ~. Therefore, cos(2"t) appears to be the same 
as cos(~11"t) when observed at t = n~. as illustrated in Fig. 8.8. 

Figure 8.8 Illustration of the undersampling effect on a sinusoidal 
signa1 . Notice thaI the sample values of cos(21ft ) and cos( ~ 1ft } taken 

at t = n( ~) are the same. 

The sampling requirements of k-space signals have been discussed in detail 
in Section 5.4. The aliasing artifact resulting from undersampling of k-space man­
ifests itself as wrapping-around of the object. as illustrated in Fig. 8.9. This phe­
nomenon can be understood from Eq. (8.65) with the substitution of the frequency 
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variable by the space variable. It is also e~ident from the following relationship 
between the Fourier series reconstruction I(x) and the true image function I(x) 
given in Section 6.2: 

~ 

i(x ) = L I (x - ::k) (8.66) 
n=-oo 

This relationship is illustrated pictorially in Fig. 8.10. 
Note that the appearance of the aliasing artifact is strongly dependent on 

how sampling is done. As a case in point, angular undersampling in filtered back~ 
projection reconstruction appears as a streaking artifact, as shown in Fig, 8.11. 
Aliasing artifact becomes less structured (and thus less obvious) for nonuniform 
sampling. This property is sometimes utilized to reduce the aliasing artifact when 
signal undersampling cannot be avoided. 

Figure 8.9 Aliasing artifacts due to undersampling along 
the horizontal direction by a factor of two. 

Aliasing artifact is in general difficult to fi x after the fact. A common ap­
proach to this problem is to prevent it from happening in the data acquisition stage 
by properly choosing the sampling rate or limiting the measured signal bandwidth 
(through the use of anti aliasing filtering). Some practical anti-aliasing meth­
ods along phase-encoding. frequency-encoding, slice-selection directions are dis­
cussed at [76J. 
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-11M - Wxl2 Wx l2 

(b) 

______ ~ __ +-~~r-~L_r-~~--__ x 

\ -11M 11M 
aliasing error 

Figure 8.10 The sampling effect on Fourier reconstructions when the Nyquist sampling 

criterion is met in (a) or violated in (b). 

Figure 8.11 Filtered backprojection reconstruction of a phantom image using (a) 3~ p.ro­
jections, and (b) 64 projections, taken uniformly from 0 to 1\. Note that the angular aliasing 

artifact manifest itself as streaking artifact. 
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8.3.3 Chemical Shift Artifact 

As discussed in Section 3.1.3. the term chemical shift refers to the shift in reso­
nance frequency of nuclear spins in different chemical environments. An impor~ 

tant example in MRI is that the Lannor frequency of fat protons is shifted to a 
lower frequency with respect to that of water protons by approximately 3.5 ppm 
(parts per million). Since spatial position is frequency-encoded in the readout di­
rection in the imaging process, signals from water protons and fat protons in the 
same spatial location will be assigned to different spatial locations. thus creating 
a misregistration artifact, as illustrated in Fig. 8.12. 

Figure 8.12 Chemical-shift misregistration artifact. Notice 
that the fal signal is shifted to a lower frequency in the fre­
quency-encoding direction, creating an enhanced rim on the 
left but a black rim on the right. 

The degree of spatial displacement caused by chemical shifts can be readily 
calculated based on the known experimental parameters. Assume that the main 
field strength is Bo, the frequency-encoding gradient is G, and the pixel size is 
6.x. The frequency shift according to Eq. (3.43) is 

(8.67) 

where 0 is the shielding constant. Since the frequency bandwidth of a pixel is 

(8.68) 

the amount of spatial displacement, in the unit of a pixel, caused by .the chemical 
shift is 

(8.69) 

\. 
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The exact spatial shift is 
(8.70) 

An effective way to reduce the chemical shift artifact is to use a str~ng re~d-
. d' t E (8 69) 6.x can be made smaller than a pixel With out gradient. Accor 10g 0 q. . , c . . I I I 
G This will reduce the chemical shift effect to a neghglble eve . .n a r~:ice: h~wever, increasing G will enhance the signal bandwidth and thus sacn­

~ce the signal SNR. Therefore, a compromise between these two parameters has 
to be reached in practical experimental setups by the user. . . 

Another approach is to use solvent (e.g., fat) suppressl~n techmquc:s. Th~e 
. . 'ficantly reduce the signal from undeslfable chemical shift techmques can slgm . . 

components and thereby minimize the spatial misregistratlOn artifact . 

• Example·8.5 

Th
. xample calculates the spatial. sh~ft between water and fat signals. At Ise .. r. . 

Bo = 1.5T, the frequerqi'sbiftbetween water and ·,at protons IS 

6.we = -r6S0 = 2.675 x 10· raillsff x 3.5 x 10-
6 

x 1.5 T 

= 1.4 X 103 radls 

or 
, OWe Hz 

6.1 = - =222 
c 2:n-

For a gradient of 10 mT/m (I G/cm), the amount of'spatial shift, according 

to Eq. (8.70), is given by 

6Bo _ 3.5 x 10-6 x 1.5 T = 5.5 X 10-4 m = 0.55 mm 
6.xe = G - lO x 10-~ ·Tlm 

For a 80 nun field of 256;pixels, 

. 80mm ' 
~x = -- = 0.3125 nun 
'" ': :256 . 

Therefore, 
.Axe 0.55 . 1 76 . I < _ _ . __ • = __ . = . .pIXe s 

Q. - 'Ax '0.3125' ' . 
which.implies that thete ";"U'be a 1.76-pixel shift between the water and fat 

signals from the same spatial location. 
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8,3.4 Motion Artifacts 

In the discussion so far, we have assumed that the object being imaged is sta. 
tionary during the data acquisition period. In many practical situations. this as­
sumption is not valid. and consequently, image artifacts result. Motion artifacts 
manifest themselves in a variety of forms, depending on the nature of the object 
motion and the data acquisition scheme used. The most problematic phYSiologic 
motions include blood flow, respiratory motion, cardiac motion. and gross mOVe. 
ments of the body. Common motion artifacts are image blurring and ghost (or 
misregistration), two examples of which are shown in Figs. 8.13 and 8.14. This 
section discusses some concepts fundamental to understanding motion effects and 
motion compensation techniques. 

Figure 8.13 Simulated ghost and blurring artifacts due to periodic motion: (a) Idea1 

snapshot image and (b) artifacted image. 

Figure 8.14 Cross-sectiona1 image of the lower abdomen with motion anifacls. 
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8.3.4.1 Motion Effects along the Readout Direction 

Object motion during the readout period can create und~sirable ~hase ~ hifts. To 
understand this effect, consider the simple case of an object movmg wIth a con­
stant velocity t1 = v:rJ + v lIJ. In this case, the object function. J(XI Yl t) . can be 

expressed as 

where 

[(x,y,t) = [[x(t),y(t),toJ 

x(t) = x + v.(t - to) 

y(t) = y + vy(t - to) 

(8.71) 

(8.72a) 

(8.72b) 

with to being an arbitrary time reference point. In practice, it is convenient to set 
to = 0 and let it be the time instant at which the excitation pulse is ~pplied. We 
may also rewrite [[x(t), y(t) , OJ simply as [[x(t) , y(t)J when there IS no confu­

sion. 
Recall that the phase dispersal of a transverse magnetization introduced by a 

readout gradient in the rotating frame is given by 

</> = 'Y J.' O(i) . r(i)di (8.73) 

where r = (x, y). The inner product in this expression signifies that <P is insensi­
---. tive to the motion component orthogonal to G(t). Without loss of generality, we 

may assume that O(t) = O.(t);'. Then, 

</> = 'Y J.' G.(i)(x + v.i)di 

= 'YX J.' G.(i)di + 'YV. J.' iG.(i)di (8.74) 

where the first term is a position-dependent phase shift desired for spatiaL encod­
ing, whereas the second term is an undesirable velocity-dependent phase shift. 
For notational convenience, we use ~<P to represent the motion-introduced phase 

shift. With the current motion model , we have 

(8.75) 

Clearly, Cl¢ is dependent on the gradient structure. As an example, consider 
the gradient function illustrated in Fig. 8.15. It is easy to derive that during the 

dephasing period 0 $ t $ T, 

(8.76) 
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and during the data acquisition period T ::; t :S 3,. 

(8.77) 

Inspection ofEq. (8.77) reveals that at the peak of the echo (t = Te = 27), 

(8.78) 

Therefore. moving spins are not completely rephased at t = TE for the given 
gradient waveform. 

j 

" 

, 
/ 

, 
/ 

, Moving spins , 

Stationary spins 

Figure 8.1S (a) A typical readout gradient waveform and 
(b) the accumulated phase as a function of lime by stationw 

ary spins and moving spins of a constant velocity along the 
readout direction. 

The imaging effect along the readout direction due to the motion·introduced 
phase shift can be described by the following point spread function: 

h(x) = 13T 
e- 'hG ••• ("-T E )ehG •• ('-2T) dt 

= 13T 
e-'hG ••• (t-TE)' e"G.(. - V.TE)(t - TE)dt 

= e - hG",V",T"2 (-r e - i!1G",v",t2 ei-rGz(:I:-x.ltdt 

J-T 

(8.79) 

-. 
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where Xs = V'J:TE is the distance that the object has moved by the echo time. To 
gain further insight, we rewrite h(x) as 

Noting that 

we have 

r~ , 1 - i 
J -00 e-

wt 
dt = .Ji 

iTT e-l'i-yc",u",t
2 ei-yc", { ~-~.) tdt ~ i: e-ihc",U",(t-",:;,)1 dt 

= 
(1 - i)y'ir 

~ 

Therefore, 

(8.80) 

(8.8 1) 

(8.82) 

(8.83) 

Three imaging effects are evident from Eq. (8.83): phase shift, spatial shift, 
and blurring. First, the impact of the phase shift tenn e - i -yG",Uz 1"2 can be ignored 
if v% is a constant. If v% varies within a voxel, intravoxel dephasing occurs, re· 
ducing the signal intensity. If v~ varies from one acquisition to another. it will 
create significant image artifacts along the phase· encoding direction, as discussed 
in the next subsection. Second. a point source located at x = 0 at the time of 
the excitation pulse will be shifted to x = V%TE' This means that the resultant 
image reflects the location of the object at the echo time. Third, image blurring 
will result from convolution with e i -yc z (% - %. )2 / v",. 

This analysis can be extended to motion models with higher-order (enns. 
More specifically, let 

x(t) '= '" ~x(n)(O)tn 
L.., n! n 

(8.84) 

where x(O)(O),x(l)(O), and X(2)(0) corresponds to the initial position, velocity, 
and acceleration of a moving isochromat. It is easy to show that the phase shift 
introduced by the nth moment of motion is given by 

(8.85) 

The effect of object rotation can be calculated in a similar fashion. For ex­
ample, assume that an object is undergoing a clockwise rotation with a constant 
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angular velocity Wo during the data acquisition period. The object location as a 
function of time is described by 

{ 
x(t) = x(Q) coswot + y(Q) sinwot 

y(t) = - x(Q) sinwot + y(Q) coswot 
(8.86) 

Correspondingly, the phase accumulated by a spin isochromat during the data 
acquisition period is given by 

¢ = l' [x(Q) coswo! + y(Q) sinwo~ G.(i)d! (8.87) 

8.3.4.2 Motion Ellects along the Phase-Encoding Direction 

Before we analyze motion effects along the phase-encoding direction. it is useful 
to notice a couple of differences between phase encoding and frequency encod­
ing regarding object motion. First, the sampling rate along the phase-encoding 
direction is at least two orders of magnitude slower than that along the frequency­
encoding (readout) direction. Second. there is no phase accumulation from one 
phase-encoding step to the next. 2 Although the first point indicates that object mo­
tion is more troublesome along the phase-encoding direction than along the read­
out direction, the second property makes motion effects along the phase-encoding 
direction easier to analyze. 

To further illustrate the second point, consider constant-velocity object mo­
tion along the phase-encoding direction. Assume that a constant phase-encoding 
gradient along the x-direct ion is turned on at tn for a duration of r. Then, accord­
ing to Eq. (8.73), we have 

(8.88) 

where kn = -yj(21r)Gn T. In contrast to Eq. (8.77). the motion-introduced phase 
shift along the phase-encoding direction is 

(8.89) 

The second linear phase shift term can be ignored because the resulting spatial 
displacement Vx r / 2 is usually insignificant. As a result , we can rewrite 6¢ sim­
ply as 

(8.9Q) 

2This st:uement does not apply to fast imaging methods discussed in Chapter 9. 
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Equation (8.90) can be obtained directly from the Fourier shift theorem. 
specifically. ignoring the readout directio n and treating phase encoding as being 
instantaneous (i.e., T ~ 0). we can express the imaging equation as 

(8.91) 

Expressing I (x. tn) as Io(x - v.tn) with Io(x) being the snapshot of I(x. t) at 
t = 0, we immediately get 

(8.92) 

from which the motion-introduced phase-shift term is evident. 
It is useful to generalize Eq. (8.91) by explicitly writing the signal as a func­

tion of k and t such that 

S(k. t) = I: I(x. t)e- i2·k%dx (8.93) 

This so-called (k) t)-space treatment provides significant insight into the behavior 
of motion effects along the phase-encoding direction. 3 To illustrate this concept, 
consider periodic object motion for which the object function can be expressed as 

I(x . t) = L im(x)ei2·m/.t (8.94) 

m 

where fo is the fundamental frequency of the object motion. The corresponding 
joint space-frequency distribution is given by 

i(x. f) = L i m(x)6(J - mfo) (8.95) 

m 

Inspection of Eq. (8.93) indicates that to generate motion-artifact-free snapshot 
images from l(x} t). it is necessary to traverse the entirety of k-space instanta­
neously. In practice, it takes a finite time (say, At = NacqTR. where Nacq is the 
number of acquisitions per encoding) from collecting one phase-encoding mea­
surement to another. As a consequence. (k ) t)-space is effectively sampled as in 
Fig. 8.16a when the phase-encoding measurements are taken in a linear order. 

3Equation (8.93) is not applicable to the readout direction because of the phase accumulation effect. 
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(b) 

Figure 8.16 (a) TIlted sampling trajectory in (k, t) -space, and (b) the resulting 
projection image. Note that the projection angle is -8 instead of () predicted by 
the projection-slice theorem because here t is related to f by the inverse Fourier 
transform. while k is related to x by the forward tTansfonn. 

To unde~stand how motion artifacts arise from the tilted sampling trajectory, 
we first consider Fourier reconstruction from the hypothetical continuous data 
along this trajectory. Based on the result derived in Example 8.6, direct Fourier 
reconstruction from the data along the tilted trajectory is given by 

l[p] = II l(x, J)e,,·/too(x cos B- 1 sinB - p)dxdl (8.96) 

Substituting Eq. (8.95) into Eq. (8 .96) yields 

l[p] = II L lm(x)o(j - m/o)e,,·/too(x cosB - I sinB - p)dxdl 
m 

= Le"·m/,t , I im(x)o(xcosB - m/osinB - p)dx 
m 

= _1_ L e"·m/ot'lm (..!!...... + m~ tanB) 
1 cosB I cosB 0 

m 

(8.97) 

For convenience, we further project i[p] onto the x-axis by setting x = p cos e, 
which gives 

- - 1 
I(x) = I(p cos B) = 1 cos BI L e"·m/,t, im(x + m/o tan B) (8.98) 

m 

It is clear from Eq. (8.98) that the mth frequency component in the projection 
image is shifted by 

oXm = m/o tan B (8.99) 
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In the ideal case that B = 0, ,lxm = O. Then, according to Eq. (8.94), we have 

l(x) = I(x , to) (8.100) 

which is an ideal snapshot of [(x, t). In practice, however. e #- 0, different motion 
frequency components will be misregistered in the reconstruction. resulting in the 
well-known "ghosting" artifact. Next. we further characterize the ghosting artifact 
with respect to the discrete data. 

We first recall the definition of a few quantities . Assume that N phase­
encoding measurements at k = (n - N/2)l),k are collected at t = nl),t, for 

n= O, l , ... ,N - 1. We have 

Then. 

Fourier pixel size: 

Field of view: 

Imaging time: 

1 
I),xF = N I), k 

W, = N I),xF 

Tacq = N6.t 

I),t Nl),t 
tan B = I),k = N I),k = Taoql),xF 

Substituting it into Eq. (8.99) yields 

or 
oXm T --;;:-- = mio acq 
,-,XF 

(8.101) 

(8.102) 

(8.103) 

Because 6.xF is the effective width of the underlying point spread function. it 
is apparent that the spatial displacement for the mth harmonic will not create 
noticeable ghosting artifacts if 

(8.104) 

By making use of the result in Eq. (8.102), the condition in Eq. (8.104) can be 

equivalently expressed as 
1 

T. < -­
acq - 2mfo 

(8.105) 

An interesting interpretation of Eq. (8.105) is that if Tacq satisfies the Nyquist cri· 
terion with respect to mfo. the mth harmonic will not create significant ghosting 
artifacts. Ghosting artifacts from alliower·order harmonics are also negligible. as 
they satisfy Eq. (8.105) automatically. 
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When the condition in Eq. (8.105) is violated, distinct ghosts may appear. 
The center location of the ghost image resulting from the mth harmonic is speci. 
fied by Eq. (8 .99). Some alternative expressions are also useful. For example, 

ox= = m (T;q) t:.XF (8.106) 

where T = 1/10 is the period of the object motion, and 

ox= = m ( ~t) W. (8.107) 

Notice that when a ghost image moves outside the field of view, it will be 
folded over. Its new position inside the field of view can be calculated from the 
following equation: 

if x + ox= > W. / 2 
ifx+ox= < - W. / 2 

for an appropriate n such that Ixl < W./2. 

(8.108) 

This analysis can be easily extended to a general motion model. Specifically. 
starting again with Eq. (8.96) but treating i(x, f) as a general function, we have, 
similarly to Eq. (8.98), that 

i(x) = I c:s 01 J .""" i(x + 1 tan O,j)dl (8.109) 

Therefore, as with periodic motion, motion artifact in general is a result of spatial 
misregistration of various frequency components. Clearly. l (x) ;:: [(Xl to) only 
when 0 = O. 

Although Eq. (8.109) is valid for Fourier imaging of a general moving object, 
it cannot be directly applied to other imaging schemes with different (k) t)-space 
trajectories. As an example, consider projection-reconstruction imaging in which 
sequential radial scanning of k-space is used. It has been shown [141] that with 
this imaging scheme, motion-introduced data inconsistencies from one projec­
tion to another result in streaking (instead of ghosting) artifacts, as illustrated in 
Fig. 8.17. For a detailed comparison of motion effects between standard Fourier 
imaging and projection-reconstruction imaging, the reader is referred to [141]. 

• Example 8.6 

This example derives the result in Eq. (8.96). We first express S(k, t) as 

S(k,t) = J J I(x,f).- ,,·(kz-")dxdf 

\ 
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Figure 8.17 A comparison of motion effects in standard Fourier imaging, and ~rojec­
tion-reconstruction imaging: (a) ideal snapshot from a s~mulated phan~om in which the 
intensity of the central region varies sinusoidally, (b) Founer reconstructlo~ (phase encod­
ing along the vertical direction), and (c) filtered backprojection reconstructIOn. 

We next evaluate SI.!<, t) along the tilted line shown Fig. 8.16b to get a one­
dimensional signal S(k,J. Noting that the tilted hne IS defined by 

{
k=k'COSO 
t = k,sinO +to 

we have 

S(k,) = S(k, cosO, k, sinO + to) 

= f f [(x, f)e - i27f(zke cos B-Ike sinB - ItO )dxdf 

= f I I(x,f)ei21rltoe-t2trke(zcose-/5in9)dxdf 

Finally, inverse·Fourier transforming S(k,) yields 

i[pJ = J S(k,)e"··'Pdk, 

= J J [I(X, f).'2.", J .-'2 •• ,(.CO. 9- / . in 9-p)dk,] dxdl 

= J J I(x.!).l2·/"o(xcosO - fsinO - p)dxdf 
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• Example 8.7 

This example examines the misregistration artifact with oblique flow. Con­
sider the case in Fig. 8.18, where a blood vessel runs obliquely through the 
image plane. A flowing isochromat initially located at (0,0) when an RF 
pulse is applied (t = to) will be at different positions when it is subse­
quently phase- and frequency-encoded. Assume that phase encoding along 
the x-axis is applied instantaneously at t = t, and frequency-encoding 
along the y-axis is applied at t = tz (taken to be the middle point of the 
frequency-encoding period). The flowing isochromat will be then located at 
(x"y,) = (v,t"v,t,) and (X2,Y2) = (V,t2,v,t2), respectively. Conse­
quently,the encoded position will be (x" Y2). and the isochromat appears to 
be at this wrong position in the reconstructed image. The amount of misreg­
istration depends on the angle of the vessel relative to the phase-encoding and 
frequency-encoding axes and the time separation between encoding along 
the two axes. The artifact does not occur if the vessel runs along the imaging 
axes and can be suppressed by reducing the time delay between phase and 
frequency encoding. 

y 

~--------------~ 
" True vessel 

-' Displaced vessel 

~ __ ~~ __ ~ ________ L-_x 
x, 

Figure 8.J8 Illustration of oblique flow artifact. 

8.3.4.3 Some Motion-Compensation Methods 

This subsection describes some basic methodologies for motion compensation. 
Practical imaging schemes often involve the use of a combination of them. Since 
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implementation of motion-compen.sation strategies is application-dependent. this 
subsection will not dwell on these Issues. 

Gradient Moment Nulling: According to Eq. (8.85), the phase accumulated by 
the nth moment of motion in the time interval between an RF pulse and the peak 

of the subsequent echo is 

t::.¢n = 2.x(n) (0) /.TE tnG,(t)dt 
n! 0 

(8.110) 

where the integral is the nth moment of the gradient function Gz (t). Therefore. 
if a special gradient waveform is chosen such that 

/.

TE 
o tnG,(t)dt = 0 (8.111) 

then (8.112) 

Such a technique is called gradient moment nulling. A special case is first moment 

nulling. in which 

/.

TE 

f:J,iP, = v, 0 tG,(t)dt = 0 (8.113) 

It is easy to show that this condition is met by the gradient waveform shown in 

) Fig. 8.19. 

G G 

_1---' --''- . -,. _ .. _~t. _ .. L _____ ~ 

Data 1 __ 
- Acquisition I 

·2G 

Figure 8.19 A typical velocity-compensated gradient wave form 

For some practical applications. it is desirable to null a particular moment or 
all the moments of order N or less . That is. 

/.

TE 
f:J,iPn = 0 tnG,(t)dt = 0 for n = no (8.114) 
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or 

rh 
tJ.q,n = J

o 
tnG,(t)dt = ° for n = 0,.1, ... , N (8.115) 

A variety of ~umerical algorithms have been proposed for designing gradient 
wavefonns with the above property. For a comprehensive review, the reader is 
referred 10 [72J. 

With gradient moment nulling, the motion-introduced phase shifts for the 
cemr~1 k-space data are ~ade to be zero or negligible. This property is particu­
larly lfTIportant when motion characteristics are changing from one acquisition to 
another. 

Navigator Echoes: Navigator echoes are companion echo signals collected im­
me~iately before or after a regular imaging echo. Different from imaging echoes. 
navigators are collected from the same k-space location so that variations among 
~hem reflect the object motion. Based on how they are mapped to k-space, nav­
Igators are classified into two types: linear navigators and circular navigators. 
Other forms of navigators are also possible but have not been widely used. 
. Linear navigators. as the name implies. are collected along a straight line 
In k-space. usually along one of the imaging axes. such as the k~- or ky-axis 
(135]. To see how motion parameters can be determined from such signals, let 
Sn.(kzIO), n = 0,:, ... , represent a set of navigators collected from a moving 
object [ (x, y, t) at tImes t = tn. For bulk object translation, 

J{x, y, tn) = I{x + tJ.xn , Y + tJ.Yn, to) 

Based on the projection-slice theorem. we have 

Therefore. 

. rl{Sn{k" o)}(x) = [: I{x + tJ.xn , Y + tJ.Yn, to)dy 

= [: I{x + tJ.xn,y,to)dy 

r'{Sn{k"O)}(x) = r'{So{k"O)}(x+ tJ.xn ) 

from which .6.xn can be detennined. 

(8.116) 

(8.117) 

(8. !IS) 

One may notice from Eq. (8.118) that Sn(kz , 0) are insensitive to object dis­
placements along the y-di rection. provided that the object does not move outside 
the field of view. To detennine D..Yn. we need to collect another set of linear nav­
igalors along Ihe ky-axis denoled as Sn(O, ky). Similarly 10 Eq. (8.118), one can 
show that 

.r' {Sn{O, ky)}(y) = r l {So{O, ky)}(Y + tJ.Yn) (8.119) 
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In practice, one may assume that the objec t motion is steady enough so 
that motion characteristics are similarly reflected in both the imaging echo and 
the companion navigator echoes for each acquisition. Then, the motion param­
eters estimated from the navigators can be used to correct for the acquisition-to­
acquisition motion for the imaging data before image reco nstruction is performed. 
A notable problem with linear navigators is that they are not efficient in tracking 
translations, for two sets of navigators are needed to track planar object displace­
ments. In addition, linear navigators cannot handle object rotations of any kind. 

To overcome the problem with linear navigators. navigator signals collected 
along a circular k-space trajectory. as shown in Fig. 8.20. have been proposed 
{l39]. A desirable property of circular navigators is that global in-plan motion of 
an object. both rotational and rotational, can be determined from a single set of 
'circular navigator signals. 

-+-----j<'-----If--- k, 

Figure 8.20 K-space trajectory of circular navigator signals . 

To see how motion parameters can be extracted from circular navigators. 
consider two circular navigator signals SI (ko, 0) and S2(ko, O) collected from 
I,{x,y) andI2{x,y) wilh 

12 {x, y) = II (x cos 00 + y sin 00 - xo , -x sin 00 + y cos 00 - Yo) (8.120) 

It is easy to show that 

S2 (ko, B) = SI (kol B _ Bo)e- i21rko[:o cos(9-0o)+yO sin(O- OolJ (8.121) 

This equation indicates that rotation of the object can be measured as a re lative 
shift of the magnitude profile of the circular navigator signals. while translations 
are encoded in their phase difference. Therefore, one can decouple the determi­
nation of translation parameters from that of the rotation parameter. More specif­
ically, one can first delermine 00 from the correlalion funclion of IS, (ko, 0) and 
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IS2(ko, 0)1· Then, from Eq. (8.121) we have 

<1>(0) = LS, (ko,O) - LS,(ko,O - 00) 

= 211"kolxo cos(O - 00) + Yo sin(O - 00 )1 (8.122) 

With <1>(0), Xo and Yo can be determined easily. Specifically, if <1>(0) is known for 
o ~ (J S 27l", as is the case when the navigators cover a complete circle, Xo and Yo 
can be determined using the following formulas: 

1 t· 
Xo = 27r'ko f o <1>(0) cos(O - Oo)dO (8.123.) 

1 r2
• 

Yo = 21r'k
o 

f o <I>(O)(sinO - Oo)dO (8.123b) 

In practice, <1>(0) cannot be extracted from S, (ko, 0) and S2 (ko, 0 - 00) di­
rectly using trigonometric functions because of the well-known phase-wrapping 
problem. To eliminate the need to solve the associated phase-unwrapping prob­
lem, one can eXlCact 8<1>(0)/80 instead. Specifically, let 

(8.124) 

Then, 
dp(O) . ''' (e) d<l>(O) 
--=le --

dO dO 
(8.12S) 

and 
d<l>(O) = _ ip'(O)dp(O) 

dO dO 
(8.126) 

where dp(8)/dO can be evaluated using an FFf-based algorithm [191]. Noting 
that 

d<l>(O) --;u;-- = - 21rkoxo sin(O - 00) + 27rkoyo cos(O - 00) (8.127) 

the translation parameters can now be determined using the following formulas: 

Xo = 
- 1 [. d<l>(O) . 

21r'ko 0 --;u;-- sm(O - Oo)dO (8.12Sa) 

1 [' d<l>(O) 
Yo = 21r'ko 0 --;u;-- cos(O - °o)dO (8.128b) 

There are several practical issues in using circular navigators for motion 
est imation. First, determination of the optimal radius ko of the circular trajec­
lory is nontrivial. Second, p(O) is not properly defined in Eq. (8. 124) when 
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IS,(ko, 0)S2(ko, 0)1 '" O. Further discussion of these and other issues can be 

found at [159). 

Ghost Phase Cancellation (GPC): The GPC method proposed by Xiang and 
Henkelman is an elegant way to utilize the phase property of the ghost com­
ponent for suppression of ghost artifacts [271, 273]. The basic idea of GPC is 
the pixel-by-pixel decomposition of a measure ~ho5ted complex Image 1 mto two 
components: the desired time-averaged image 10 and the undesirable ghost image 
g. Assuming that J images are acquired, we can express each of them as 

j=1,2, ... ,J (S.129) 

which give rise to J equations containing (J + 1) unknowns for each pixel. To 
solve for io from Eq. (GPC-decomposition), additional information is required. 
In practice, the J data sets are acquired in a manner so that the 9j are related to 
each other by a simple phase shift, thus the name ghost phase cancellation. To 
understand how this is done, consider the three-point OPC method [271]. In this 
method, three data frames (J = 3) are acquired in a time-interleaved fashion. 
Many time-interleaving schemes are available, an example of which is shown in 
Fig. 8.21. According to Eq. (8.98) (with omission of the scaling constant), the 
three images obtained from these data by direct Fourier reconstruction are given 

by 

I,(X) = io(x) + L e"·m!," im(x + 6xm) 
m;<O 

[2 (X) = io(x) + L e"·m!,("+,,,) im(x + 6xm) 
m;<O 

[ ,(x) = io(x) + L e"·m!o(,,+2"') im(x + 6xm) 
m;<O 

(8. 130a) 

(8. 130b) 

(S.13Oc) 

where im represents the mth harmonic and oXm is defined in Eq. (8.99). 
If we further assume that no more than one ghost harmonic is present at any 

locat ion (i.e., no overlap of ghosts), Eq. (8.130) can then be simplified to 

[,(X) = io{x) + ei21rmJoto im(x + oXm) (8.13la) 

I,(x) = io(x) + e,,·m!o("+"') im(x + 6xm ) (8.131b) 

[,(x) = io(x) + e i27fm!o(to+26t) im(x + OXm) (8.13lc) 

where it is understood that m is an arbitrary integer whose value is x-dependent. 
Comparing Eq. (8.131) to Eq. (8. 129) yields 

(8.132a) 
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Figure 8.21 lbree data frames acquired in a time-interleaved 
fashion for use in the three-point ope method. 

92(X) = e i2rrm!o(to+.a.t) im(x + aXm) 

93(X) = ei21rmfo(to+26t) iTTl(x + oXm) 

Inspection of Eq. (8.132) indicates that 

and 

(8.132b) 

(8.132c) 

(8.133) 

91 . 93 = 9i (8.134) 

Equation (8.134) is a key formula for the three-point GPC method, with which 
the following c1osed-fonm solution to Eq. (8.129) results: 

and 

91 

92 

- ",{I:..c1 ,...· ",IaC!..) _-""Ic-i 10 = -. 
II + 13 - 212 

(h - 12)2 

II + 13 - 212 

(I2 - h){I3 - 12) 
h + 13 - 2[2 

(13 - 1,)2 
93 = h + [3 - 2[2 

(8.135) 

(8.136,) 

(8.136b) 

(8.136c) 

The desired time-averaged image 10 can be calculated from Eq. (8.135) pixel 
by pixel. However, when the denominator is zero or very close to zero, the for­
mula should be evaluated with caution. It is suggested {271] that at each point io 
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is calculated according to the formula only when the value of the denominator is 
above the noise level; otherwise, io is computed simply as the complex average 
of the three measured images . 

Based on the concept of ghost-phase cancellation. a simpler and more effec­
tive 2-point (J = 2) method has also been proposed. The reader is referred 
to [274] for a detailed discussion of the original 2-point ope method and to 
[117, 118, 119] for its improvements. To illustrate the performance of the GPC 
method, two axial images of the lower abdomen are shown in Fig. 8.22. As can 
be seen from Fig. 8.22b. the ope method significantly reduces the ghost arti­
fact present in the original image shown in Fig. 8.22a. In general. this level of 
ghost suppression may not be obtainable because jo produced by OPC is ghost­
free only when I j are corrupted with isolated ghost artifacts. The GPe method is 
less effective for removing overlapped andior aliased ghosts because the phase of 
those ghost components does not satisfy the assumptions of the OPC model. 

Figure 8.22 Axial images of the lower abdomen: (a) Magnitude image from one of the 
two time-interleaved scans. and (b) de-ghosted image by the two-point GPC method. (Im­
ages courtesy of Dr. Q.-S. Xiang. ) 

Dynamic Imaging by Model Estimation (DIME): Given a dynamic object. DIME 
aims to capture the entire spatiotemporal distribution within the imaging time 
window instead of obtaining a motion-artifact-free snapshot or a time-averaged 
image. In doing so, DIME collects a sequence of data frames . An example of 
(k, t)-space coverage with these data frames is shown in Fig. 8.23, where the 
frame rate is 

6.T = N6.t (8.137) 

" Based on the discussion in the previous sections, tJ.T is expected to be larger 



U<1!:j1.. .. . JUlIUI- • •. ~.St:, al._. ~.dracts -
than the Nyquist sampling interval with respect to the dynamic signal chang 
Therefore, traditional signal interpolation methods cannot be used to generate des. 
on the desired rectilinear trajectories .. To overcome the temporal undersampli~~ 
problem, DIME represents temporal sIgnal changes at each point by a generalized 
harmonic model, 

M(r) 

I(r, t) = L cm(rk2• /m (r), 
(8.138) 

m=l 

where M is the model order and 1m afe the motion frequencies. This model can 
theoretically handle both periodic and nonperiodic motions with rigid-bod 

. ·d bod yor 
non-ngl - y changes. Specifically. any periodic motion can be described b 
this model with! m = m/o; for nonperiodic motions with line frequency speclr:' 
1m I.akes on arbitrary real numbers. More complex motions such as those with 
contmuous spectra can also be handled in this model by allowing f m to take on 
complex values. 

• • • • • • • • • • • • • • • • • • • • • • • • 
Nil' • • • • • 

" 
k 

N 

Figure 8.23 Coverage of (k, t)-space with multiple data frames in DIME. 

The general model given in Eq. (8.138) assumes no spatial correlation of 
the time variations at different locations. This is certainly not the case for any 
practical application. Specifically, {fm(r.)} and {fm(r2)} will have many iden­
tical frequency components. For notational simplicity, we can remove the r­
dependence from M and 1m by rewriting Eq. (8.138) as 

M 

I(r, t) = L <m(r)e'2' /m' (8.139) 
m = l 

where now M is the total number of motion frequency components for the entire 
object and {f m} accounts for all the possible motion frequencies present. With 

, 
/ 
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this model, the measured data are given by 

where 

S(k,t) = 1: I(r,t)e -'2,' .rdr 

= ft [1: cm(r) e-'2.k-rdr] e'2./m' 

M 

= L cm(k)ei2' / m ' 

m=l 

cm(k) = 1: cm(r)e-'2,'.rdr 

(8.140) 

(8.141) 

Equation (8.140) indicates that the measured data for each k value can also 
be described by a generalized harmonic model. By introducing this data model, 
we effectively convert the dynamic imaging problem to a parameter identifica­
tion problem. In order to uniquely determine the model parameters, sufficient 
data have to be collected in (k, t)~space. Because of the inherent time-sequential 
constraint and the underly ing undersampling problem, data need to be acquired 
optimally to avoid image artifacts. An important property of this model is that 
if the motion frequencies are known a priori, the coefficients can be determined 
exactly in most cases even when (k, t)~space is undersampled along the time axis. 
Specifically, it is easy to show that for a given k value, if L data points are taken 
at tl I t21 · .. , tL . then cm(k) can be uniquely recovered from the measured data 
as long as 

form f. n (8.142) 

where 
(8.143) 

If the temporal sampling is uniform such that tl = ll:1t, this condition can be 
restated as: 

for m =F n and any integer p (8.144) 

This property significantly relaxes the burden on data acquisition. 
The data acquisition step of DIME is characterized by the collection of two 

data sets: one for determining the motion frequencies and the other for deter­
mining the amplitude parameters. Because of the above reconstruction conditior1, 
the amplitude parameters can be determined from the regularly collected imaging 
data shown in Fig. 8.23, although they may be tempcrally undersampled. To ac­
curately determine the motion frequencies 1m. however, (k, t) -space data whose 
temporal sampling rate satisfies the Nyquist criterion are needed. Since the frame 
sampling interval in Fig. 8.23 often violates the Nyquist criterion, DIME acquires 
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an auxilia~ data ~et with high temporal resolution. In practice, these data can be 
collected In a varIety of ways. For example in cardiac imaging the ECG . 

b . . ' . Signal 
can e used to estimate the mallOn ~requencles associated wi th cardiac motion. 
How~~er, for MRl t~e ~os t . convenient approach is to collect these data while 
acqulflng the dynamIc Imaging data using the well -known navigator exci tat' 
protocol [135J. Assuming that one imaging signal and one navigator signal IOn 

collected for each excitation, the navigator signals can be acquired along ~re 
I t" I I' . (k ) a partlc. ~ af ver lea mc In . ' J ~ -space as shown in Fig. 8.24a. h is clear that the effec_ 

tive t~mpo~al ~amphng Interval for this signal is 6.t. which normally satisfies the 
Nyquist cntenon. There are als~ m~ny other ways to distribute the navigator sig­
nals. Two examples are shown In Fig. 8.2~b-c, in which the navigator signals are 
pha~e-encoded to cover several k-space lmes either sequentially or in a parallel 
f~shlOn . . ~h~ advantage of these data collection schemes is their improved mo­
lion sensItivity since some motion components may not be observable at certa ' 
k I ' b • In -space ocatlons ecause cm (k) = 0 for these values of k . 

· · · · · ~ . · · . . .. · . . .. · . .. · i • · . . · . . . . . · · · . · • • • · . · . • · · . · . · · · . . · . . · . · . · · . . · . 1 . · . . . · · . : . . · · · · . · . • . · . 1 · Mr·l. 
. .. . · . · · . . · .. . . · tff, · .. · · .. . . 1 . · • . . . . . . · . .. . · . . · . · . . · . · . . . 

~. • ~ 
N M 

(,) (b) (0) 

Fig~re 8.2~ Different schemes for covering (k, t)-space with dynamic imaging (. ) and 
navigator Signals (0). 

. Image reco~stru c tion with DIME consists of three major steps. First, the 
motIOn frequenCle~ 1m are determined from the navigator signals. By taking ad­
vantage of the speCial structure of the model , one can use a linear prediction based 
method to gain comp.utational efficiency {179] . Second, once the frequencies 1m 
are known: the amplitude parameters cm (k) can be determined easily by fitting 
the model In Eq. (8 .140) to the measured imagi ng data using any of the standard 
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linear least-squares solvers [3lJ. Third, after the model parameters are available, 
the signal in the entire (k, t)-space is defined and we can, in principle, gener­
ate a continuous movie of dynamic signal changes. In practice, a sequence of 
"snapshot" data frames with temporal resolution l::J. t is generated us ing the sig­
nal model in Eq. (8.140). With these data, the snapshot dynamic images can be 
reconstructed using the conventional Fourier method. 

A set of DIME results are shown in Figs. 8.25 to illustrate its perfonnance. 
The experimental data were collected by connecting a lemon to a platfonn that 
was translated within the coil along the main axis of the scanner. The platform 
was displaced periodically along the readout direction by a computer-controlled 
stepping motor through a distance of 8 mm at a frequency of 0.2 16 Hz. A spin­
echo sequence with TR = 450 ms was used to collect data as in Fig. 8.24a, with 
imaging and navigator echoes at TE = 30 ms and TE = 60 ms, respectively. 
Thirty-two 128 x 128 frames of imaging data were collected . As can be seen 
in Fig. 8.25b, the direct Fourier reconstruction from the motion-corrupted data 
contains serious motion artifacts. Averaging 32 frames of such motion-corrupted 
imaging data yielded the result in Fig. 8.25c. As expected, averaging removes 
the ghosting artifacts quite well because of the phase cancellation effec t [271) , 
but considerable blurring remains because the result is a time-averaged image. 
"Snapshot" images generated by DIME exhibited no obvious blurring or ghosting 
artifacts, as shown in the example snapshot in Fig. 8.25d. 

8,3,5 Artifacts Due to Corrupted Data 

Various types of data distortions can occur in practice. This section discusses two 
examples to illustrate that simple distortions in the raw k-space data can result in 
serious image artifacts . 

8,3.5.1 Data Clipping Artifact 

Data clipping is graphically shown in Fig. 8.26. It occurs when the received sig­
nal is larger than the receiver system (specifically, the analog-to-dig ital converter) 
can handle. Because k-space data peak at the origin, data clipping represents a 
loss of low-frequency data. The resulting image artifac t can then be understood 
by modeling the data distortion as the subtraction of a sharp spike at the central 
k-space. Because the Fourier transfonn of a sharp spike is a broad spike, the 
resulting image, as the difference between the correct image and a broad spatial 
component, wi ll suffer an intensity distortion. An example of this image artifact 
is shown in Fig. 8.27. In practice, data clipping is fixed through hardware adjust­
ments to lower the receiver gain. Some post-processing methods have also been 
proposed to reduce the image artifact from clipped data . The interested reader is 
referred to [167] for a discussion of this topic. 
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Figure 8.25 Results of a rigid-body motion experiment. showing (a) [he stationary lemon, 
(b) the Fourier reconstruction, (c) the average of 32 images (d) a snapshot image generated 
by DIME. 

8.3.5.2 Noisy Spike Artifacts 

Raw k-space data are sometimes corrupted with noisy spikes of various origins. 
The resulting image artifact is in the form of striations running across the image. 
The pattern of the striation artifact depends on the shape and location of the spikes. 
Consider the simple case of a noisy spike located at (kzo 1 kyo). Representing it as 
a a-function 

e(k.,ky) = Ao(k, - k'o,ky - kyo) 

The resulting image error is 

(8.145) 

(8.146) 

1 
k 

(a) 
k (b) 

Figure 8.26 An illustration of data clipping. 

Figure 8.27 Head 'Images: (aJ with the data clipping artifact and (b) without the artifact. 

. and orientation of the resulting striations are directly re-
The wIdth (orfrequency) . ' . db Eq (8 146) More specifically. 
lated to the location of the spike as determine Y .. . 

ko = Jk;o + k~o 

specifies the striation frequency, and 

(
kyo) 

tpo = arctan kzo 

determines the orientation of the striations. 

(8.147) 

(8.148) 
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. Examples of the s.tciation artifact resulting from a noisy spike located at two 
dIfferent k-sp~ce locauons are s~own in Fig. 8.28. This type of artifact can often 
~ handle? USI~g a post-processmg method. Specifically, noisy spikes can some_ 
tImes be Idenhfied by examining the k-space data and then be removed b ' . . . e,~ 
Image reconstructIOn IS performed. 

Fig~re 8.28 ~e.ad images showing the striation artifact due to a single noisy spike located 
at dIfferent positions of k-space. The noisy spike is located at (-0.09, - 0.09) for (a) and 
and at (- 0.05,0.05) for (h). 
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Exercises 

8.1 What is the underlying assumption made regarding the imaging process so 
that the output of an imaging system is equallo the convolution of its point 
spread function and the true object function? 

8.2 Prove Eq. (8.3) using the superposition rule and the convolution property 
of the a-function. 

8.3 Assume that the point spread function of an unknown imaging system is 
(a) h(x) = II(x). and (b) h(x) = A(2x). For each case, 

(a) Determine the resolution limit of the system. 

(b) Sketch the resulting image if the true object function is p(x) = 
o(x) + o(x - 1). 

8.4 For an unknown imaging system, briefly discuss how one experimentally 
determines its point spread function. 

8.5 MR signals are subject to T2 or Ti decay during the readout period. Cal­
culate the PSF of the T2-decay function assuming that the signal can be 
expressed as 

t2:0 

8.6 The backprojection reconstruction technique requires projection data taken 
at projection angles in the range 0 :S (}n :S 1r. If projections were taken 
for 0 $ On $ 2". and were all projected by simply extending the upper 
integration limit in the backprojection integral from 7r to 27f, determine 
whether the following statements are true or false. 

(a) An identical image would be obtained. 

(b) The l/T blurring would remain the same. 

(c) The "star" artifact would be reduced. 

(d) The image SNR would be improved a factor of..J2. 

8.7 Justify that the "cross-power" of two la/correlated random variables 6 
and 6 is zero, that is, 
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8.9 

8.10 

8.11 
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Justi fy that if (116,' .. I {N are mUlIlally wlcorrelated (alrn{n = 0, for 
m 1 n), then the mean and variance of the new random variable { ::; 
En=1 {n are 

N 

1', = EW = LI'," 
n =1 

N 

,,~ = E{(~ - I',)(~ - I',n = L crt 
n = 1 

Prove that the correlation function R(T) of a stationary process ~(t) has a 
complex-conjugate symmetry, that is, 

R(T) = R· (-T) . 

For two uncorrelated random variables {I and {2. the mean and variance 
of e = {I + {2 are J1. = J.Ll + Ji.2 and 0'2 = u? + o~ . respectively. Assume 
that J.LI = jJ.2 = 0 and that {I and {2 are correlated. What is the variance 
(q2) for {? Is u always larger than ,,? Give one example for a > (j and 
one for a < (I . 

Gibbs ringing is characteristic of Fourier imaging methods. No matter how 
many encodings are taken, it is present in the reconstructed image as long 
as finite sampling is used. True or false? Why ? 

8.12 Windowing the Fourier data can help reduce Gibbs ringing (at the expense 
of spatial resolution). What is its effect on image SIN as compared to 
the rectangular window? (Derive the SIN value for an arbitrary window 
function.) 

8.13 Show the relationship given in Eq. (8.65). 

8.14 Calculate the aliased version of the following signals: 

(a) S(t) = sin(21rt + 23°) for j, = 1 and 1.5. respectively. 

(b) S(t) = sin(21rt) + 2cos(1rt) + 4sin(41rt) for j , = 1.2 and 3. 
respectively. 

8.1S Assume that in a phase-encoding experiment, the desired phase-encoding 
gradients are Gn = n6.Go. What will happen to the reconstructed im­
age if the gradient system malfunctions such that the effective gradients 
applied are 
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(a) Gn = a 
(b) G n = n(b.Go/2) 

(c) Gn = n(2b.Go) 

(d) Gn = n(b.Go/ 2) + oG 

16 Discuss the chemical shift effect along the phase-encoding direction. 8. 

8.17 Explain why the chemical shift artifact is more serious in higher fields than 

in lower fields. 

8.18 

8.19 

Given the following object, sketch the reconstructed image showing the 
chemical shift artifact, assuming that the object is phase-encoded along the 
vertical direction but frequency-encoded along the horizontal direction. 

(a) 

(b) 

(c) 

Region A contains pure fat (PI = 1) and region B contains pure 

water (Pw = 2). 

Region A contains pure water (Pw = 1) and region B contains pure 

fat (PI = 2). 

Region A contains pure water (Pw = 1) and region B contains half 
water and half rat (Pw = 1 and PI = I) . 

Inhomogeneities in the main magnetic field can often have ~eteri?rative 
effects on image quality. Consider a one-dimensional case 10 which the 
object is a boxcar function and an unknown field gradient G u exists across 
the object in a poorly shimmed main magnetic field. C~lcu.tate the recon­
structed image function assuming that frequency encoding .IS used and t.he 
continuous signal is measured. Discuss the effect of the inhomogeneity 
by comparing the result with what would be obtained without the field 

inhomogeneity. 
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8.20 The Fourier signal for an image function p(x) = !lo(x - xo)+o(x+xo)1 is 
S(k) = cos 27rxok. Assume that S(k) is uniformly sampled at k = mAk. 
- 00 < m < 00. 

(a) What is the Fourier reconstruction from S(mAk) for Ak = 
Note that the Fourier reconstruction is defined as 

• {Ak ~ S( mAk )e"·ma .. p(x) = ~ 
m=-oo 

o otherwise. 

.L? 
3ro ' 

(b) What is the corresponding Fourier signal of this reconstructed image 
function? 

8.21 Prove the point spread function for the Fourier reconstruction to be 

8.22 

N/2-1 . 

h(x) = Ak '" e"·ma .. = Ak sm(7rNAkx) e-i• a .. 
~ sin(rrAh) 

-m= -N/2 

by verifying that 

rl { AkS(k) m~~:2 o(k - mAk) } = I: p(T)h(x - T)dT, 

where S(k) = .r{p(x)). 

Johnjust got an "A" in his MR.! course and wanted to impress his girl friend 
Sue with his MRI skills. He performed a two-dimensional phase-encoded 
imaging experiment to get the head image of his classmate Joe, shown 
in (a). He was very excited since everything he learned from the class 
worked, and he immediately went off to get Sue. When they returned, Joe 
was gone, and the image had disappeared from the screen. John repro­
cessed the k-space data, but this time produced the image in (b). He was 
quite embarrassed but assured Sue that Joe had played a practical joke on 
him by corrupting the k-space data. To justify his claim, he went through 
his k-space data file point by point. Equipped with the theories he learned 
from class, he soon uncovered Joe's contaminations of the data . After 
processing the "corrected" k-space data . he reconstructed the image in (c). 

(a) What kind of image artifact is present in image (b)? 

(b) How did Joe corrupt the k-space data? Be specific and give justifica­
tions. 

(c) What correction to the contaminated k-space data resulted in the re­
construction shown in image (c)? Justify your answer. 
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8.23 

8.24 

(d) What do you think John should do to reproduce an image like that in 
(a)? (Be scientific .) Why? 

(a) (b) (c) 

Assume that you collect N data points (with symmetric and unifo~ sam­
pling) in the Fourier space from a one-dimensional rectangular object of 
width WI and unit intensity. 

(a) 

(b) 

(c) 

(d) 

Qualitatively plot the Fourier reconstruction from the data. 

Calculate and plot the reconstructed image if the point spread func­
tion is approximated by a rectangular window function of width W 2 = 
l / (NAk) and amplitude l / W, (assuming WI = 5W2 )· 

If one is interested only in the intensity measurement, what ~s the 
average image intensity over the reconstructed object? What IS the 
systematic measurement error? 

Assume that the data noise standard deviation is (j. what is the mea­
surement error introduced to the average intensity by lh~ noise? ~hat 
would this error be if N /2 encodings were collected with two Signal 

averagings? 

Assume that (2N + 1) noisy data points. say dn = Sn + ~n from -N :S 
n:S N. are collected in k-space from a real object funchon p(x). Let 

N 

pdm1;::: L dn e i2'11'mnf(2N+l ) 

n = -N 

-I N 

I I '" d') -i2 '11'mn!(2N + l ) + "d e i2'11'mn! (2N+l ) 
P2m=L-ne ~n 

n=- N n=O 

Justify that the SNR of PI(m) is beller than that of p2(m) by a factor of 

.;2. 
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Prove that the point spread function of the direct backprojection method' 
I/T = 1/ vx' + y' by verifying that IS 

8{R{o(x,y)}} = I vx ' + y' 

8.26 Derive the relationship given in Eg. (8.121). 

8.27 

8.28 

8.29 

8.30 

Assume that two circular navigator signals S,(ko , O) and S,(ko, 0) are 
collected from p, (x, y) and p,(x, y) with 

p,(x,y ) = PI(x , y) 

where 

x = (x - xo) cos 00 + (y - Yo) sinOo 

y = - (x - xo)sinOo + (y - Yo) cos 00 - Yo 

Show that 

82 (ko, 8) = 81 (ko! B _ ()o)e-i27rko(:to cos 9+ yo sin 9) 

Derive the formula given in Eg. (8.135). 

Show that the following expression is equivalent to that given in Eq. (8.135): 

10 = 1. + I, + 13 _ 3(/f + Ii + 15) - (1. + I, + 13 )' 

3 6(1. + 13 - 21,) 

!n spec~al cases, (he OPC method can produce a ghost· free, time-averaged 
Image 10 from two ghosted complex images II and 12. Let 

II = io + 9, 

I, = io + 9, 

and 

92 = 91eifJ 

Derive an expression for io in terms of h. hand, B. 

Chapter 9 

Fast-Scan Imaging 

There is nothillg thai nuclear spills wjll nol do Jar you, as 
lon8 as you treat them as human beings. 

Erwin Hahn 

Fast imaging is one of the most interesting and important areas of MRI. This 
chapter is devoted to a systematic discussion of this topic. Before proceeding, let 
us first examine the range of possibilities to improve imaging speed over the con­
ventional imaging method. From the discussion presented in Chapter 5, it is easy 
to derive that the total data acquisition time for a spin-echo imaging experiment 
is 

Tacq = NacqNcncTR (9.1) 

where Nacq is the number of signal acquisitions (or signal averagings) for each 
encoded signal, N enc is the number of encodings, and TR is the time interval 
between two consecutive encoded signals. Clearly, Tacq can be shortened by re­
ducing N acq , Nenc , and TR , individually or simultaneously. The cost of reducing 
Nacq is a loss of signal-to-noise ratio, and the absolute limit is reached when 
Nacq = L To achieve high-speed imaging, one has to find a way to signifi­
cantly reduce (NencTR ). We discuss how this is accomplished in several popular 
fast-scan imaging methods, including fast spin-echo imaging, fast gradient-echo 
imaging, echo-planar imaging, and burst imaging. 

9.1 Fast Spin-Echo Imaging 

Conceptually, fast spin-echo (FSE) imaging is a simple extension of the basic 
spin-echo imaging method. It uses the CPMG sequence discussed in Chapter 4 to 
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generate mUltiple spin echoes, each of which is individually phase- or frequency_ 
encoded to cover k-space. This section describes the basic concept and SOme 

practical limitations of FSE imaging. 

9.1.1 Basic Concept 

To illustrate the basic FSE imaging concept. consider the data acquisition se­
quence shown in Fig. 9.1, in which M echo signals are generated for each 90Q 

excitation pulse. If these signals are encoded differently, M k-space lines will be 
generated for each excitation. Assume that a total of Nenc encodings are required 
to cover k-space. Then. the number of excitations necessary is given by 

N _ Nenc 
ex - M (9.2) 

Hence, a factor of M improvement in imaging speed is obtained over the conven­
tional single-echo imaging method. The value of M is limited by the T2 value 
of the object being imaged. In practice, M = 8 or 16, or even higher is possible 
[81 ]. 

M! 

"" 
, , 

RF I 

C. 0 n n n n n 
c, 0 n n 0 

U u u U 

···'-r- ·-... .. . "6" .. .... £ r ····r .... · 

I··········· LJ I I --_. -._ ... -. --- . --- . ------_ .... -- . . . 

_. -.. . . _ .. -. 
. . .. . . .. .. .. --_._--- --_ . . -._._-- _ . . . 

Figure 9.1 A representative FSE imaging sequence that 
generates M spin echoes after a 900 pulse. These echoes are 
individually encoded to produce M data lines in k-space. 

A first question that arises with FSE imaging is how to encode the echo train. 
Encoding a train of echoes is a little bit more tricky than encoding a single echo 
because the encoding effect of one echo is carried over to the subsequent ones 
in the echo train. To avoid this complication, one often uses phase rewinding. 
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Specifically. as shown in Fig. 9.1, each echo is first phase-encoded with G pe ' and 
the phase dispersal thus introduced is rewound at the end of the echo by applying 
a rephasing gradient -Gpe . It is possible, of course, to eliminate phase rewinding 
if the phase accumulation effect is properly accounted for. 

Encoding ordering (or distribution of the echo trains in k-space) is a) so im­
portant in FSE imaging because of the inherent T2 decay during the formation of 
the echo train. Referring to the timing diagram in Fig. 9.2, the amplitude of the nth 
echo in the echo train has the following characteristic exponential T2-weightings: 

n= l,21 • •• ,M (9.3) 

These weightings have different effects on image contrast and resolution, depend­
ing on how the echoes are mapped to k-space. 

nJ2 

2TE ___ ii~ii_....JnJ2I--____ ff -

i------ MTE -I 
Figure 9.2 Timing of an FSE imaging sequence. 

Let Smn (t) represent the nth echo from the mth excitation. These s ignals 
can be mapped to k-space according to the following interleaved scheme along 
the phase-encoding direction: 

[ N,n,] k kmn = m-l+(n-l)N .. - -2- D. m = 112, ... , Nex 

n = 1,2, . _ . ,M (9.4 ) 

The resulting k-space coverage is shown in Fig. 9.3. 
Corresponding to the k-space coverage in Fig. 9.3, the data along the phase­

encoding direction will carry a T2-weighting. as illustrated in Fig. 9.4a. Alterna­
tively, the weighting function in Fig. 9Ab results if the following phase-encoding 
ordering scheme is used: 

f - [m - 1 + (n - l)~ 1 D.k 

k
mn 

= 1 [m - N .. /2+(n-l)~lD.k 

m=1,2"", ~ 
n = 11 21 ••• ,M 

m=~ + l, . . . ,Nex 
n= 1, 2, ... ,M 

(9.5) 
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Figure 9.3 K-space coverage of the phase-encoding order­

ing scheme described by Eq. (9.4). 

w(k) w(k) 

------~~~==-k -~------~----~~k 
(a) (b) 

Figure 9.4 Two T2 -weighting functions for k-space data acquired with an FSE 

imaging sequence. 

Although the phase-encoding ordering schemes in Eqs. (9.4) and (9.5) give 
the same k-space coverage. the resulting image contrast is different. Since im­
age contrast is determined primarily by the central k-space data, it is obvious 
that the phase-encoding ordering scheme in Eq. (9.4) will produce stronger Tr 
weighted contrast than the scheme described by Eq. (9.S). By the same analysis, 
one can produce variable degrees ofT2-weighting by properly ordering the phase­
encoding steps and adjusting the inter-echo spacing. 

Although the original FSE imaging sequence, known as RARE (Rapid Ac­
quisition with Relaxation Enhancement), was proposed by Hennig et al. for fast 
T, -weighted imaging [156], the FSE imaging sequence is capable of producing 
the full range of SE contrast. For example, one can adjust TR in the same way as 
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in spin-echo imaging to generate T1 -weighted images. Similarly!-proton densi~y­
weighted images can be obtained using a long TR and a short TE, the effective 
echo time for the central k-space data. 

9,1.2 Practical Issues 
FSE imaging has several practical limitations. The first is due to the fact tha.t a 
number of 1f pulses are applied in a short time interval in the FSE sequence, which 
may deposit excessive RF power on the object being imaged. This p~o~le~ c~n 
be alleviated by reducing the length of the echo train. The second limitation IS 

image blurring and ringing artifact along the phase-encoding direction due to the 
inherent T2 decay during the formation of the echo train. Although T2 decay 
occurs in both the readout and phase-encoding directions, its effect in the latter 
direction is more pronounced because the time interval between the first and the 
last echo is several times longer than a typical readout time interval. In addition, 
the To -weighting function along the phase-encoding direction is discontinuous. 
res ult~ng in an oscillatory PSF, an example of which is shown in Fig. 9.5b. 

w(k) h(x) 

k 
x 

(a) (b) 

Figure 9.5 T2-weighting function and the corresponding PSF. Note the oscillations 

present in the PSF associated with the discontinuous T2-weighting function. 

The ringing artifact can be suppressed by removing the discontinuities in the 
T,-weighting function. A post-processing method was proposed in [285] to deal 
with the problem. Neglecting the T2 decay along the readout direction. we can 
express the k-space data obtained from an FSE sequence as 

S(k" ky} = i: i: p(x, y}e - TE (k.)/T, (x,y)e - i2«k.x+k' Y)dxdy (9.6) 

where x and ' y denote the readout and phase-encoding directions, respectively, 
and Tdky) represents the effective echo time for each phase-encoding step. If 
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we further assume that T2 variations along the phase-encoding direction are small, 
we can treat T2 as a function of x only. Therefore, after reconstruction along the 
readout direction, we have 

S{x,ky) = e-Tdk,)/T,(z) I: p{x,y)e- i2,k'·dy (9.7) 

Equation (9.7) suggests a simple correction scheme. That is, if T2 (x) is known, 
the T2 -weighting function along the kll -direction can be eliminated by multiplying 

S{x, ky) by 

(9.8) 

Since w(ky) is a high-pass filter, this step may result in a loss of signal-la-noise 
ratio. If the goal is to remove the discontinuities in the Trweighting function, the 
following modulation function should be used: 

w{k.) = e-Tdk,)/T,(z) (9.9) 

where TE(k3l ) is dependent on the phase-encoding ordering scheme. For the 
scheme given in Eq. (9.4), it is easy to show that 

- TE 
Tdnt.k.) = (n - l)N,", N. ~ () n = 1,2, ... , Nen, (9.10) 

enc.L2 X 

where {n - l) N,", denotes (n - 1) modulo Non" 
Now the question is how to determine T2 {x}. The approach proposed in 

[285] applies an extra excitation to generate a set of echoes. 'called auxiliary 
echoes. with the same inler-echo spacing, say TE. These auxiliary echoes are ac­
quired in the absence of the phase-encoding gradient, and they provide M projec­
tions of the object along the frequency-encoding direction. Under the ideal condi­
tion. these projections differ only by a weighting factor e-nTE/T1(z). Therefore. 
fitting the T2 exponential function point-by-point through this set of projections 
will give the desi red T2 values. 

In addition to the T2 decay. phase inconsistency in the echo train can also 
lead to image artifacts. One source of phase inconsistency is due to the fact that 
the transverse magnetization may be recalled at different spatial positions by the 
refocusing pulses. Specifically, assuming that all the refocusing pulses are 180; 
pulses and ignoring (he T2 decay. we find that the nth echo in the echo train is 
related to the first o ne by 

Sn {t) = S,{t)e -i'(n-')~ (9.11) 

Additional phase errors may also exist if the directionality of the refocusing pulses 
fluctuates and eddy current exists due to gradient switching. If the phase error 
is not properly accounted for. it will introduce image artifact. One approach to 
handle this problem is to estimate the phase errors from the auxiliary echoes and 
remove them from the imaging data before the image reconstruction algorithm is 
applied. Further discussion of this topic can be found in [285]. 
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9.2 Fast Gradient-Echo Imaging 

Gradient-echo imaging with a long TR has been discussed in Section 7.5. and a 
eneric pulse sequence is shown in Fig. 7.6. Similar to conventional spin-echo 

fmaging, gradient-echo imaging collects one k-spa~e line per ex~itation puls~, 
and, as such. it does not offer any significant speed Improvement If a long TR IS 

used. In this section. we discuss fast gradient-echo imaging methods that operate 

in the regime of very short TRs. . 
When a spin system is excited by a train of periodic RF pulses With repe­

tition time TR « T2• the spin system will reach a dynamic equilibrium. known 
as the steady state. A number of steady-state gradient-echo imaging sequences 
have been proposed. Based on how the transverse magnetization is handled a.fter 
each excitation, these methods are conveniently grouped into two classes: spOlled 
steady-state imaging methods and tfue steady-state imaging methods. As the 
nomenclature suggests, methods in the first class establish a steady-state longitu· 
dina I magnetization but destroy or "spoil" any residual transverse magnetizatio.n 
before a new RF pulse is applied. Methods in the second allow both the longi­
tudinal and transverse components to reach a dynamic equilibrium state. In the 
following sections, we describe the basic concepts of both types of steady-state 

imaging methods. 

9.2.1 Spoiled Steady-State Imaging 

To understand the concept of spoiled steady-state imaging. we consider the FLASH 
(Fast Low Angle SHot) sequence [154] shown in Fig. 9.6. This sequence is also 
known as the spoiled GRASS (Gradient Refocused AcqUiSItIon In the Steady 
State). Note that in this sequence, the residual transverse magnetization after 
data collection is destroyed by a spoiler gradient pulse applied along the slice­
selection direction. Specifically, the amplitude of the spoiler gradient is varied 
from one excitation to another in order to avoid coherent buildup of the transverse 
magnetization. Spoiling is a key element of this imaging scheme since other 
components are similar to the counterparts in the long-TR imaging ~equence. !n 
addition to the gradient spoiling method used in this sequence, effective RF spod­
ing methods have also been developed. which incrementally step the phase. of the 
RF pulses. More detailed discussion of the topic is beyond the scope of thiS text. 

The interested reader is referred to (66. 127]. 
We next derive signal expressions for a spoiled steady-state ex.periment. 

Steady-state signals from a sequence of repetitive pulses have been derived in 

Section 7.5. where it is assumed that TR » T2 such that M!~~,(O_ ) = O. In the 

present discussion. TR « T, and. hence. M;~~,{O_) '" O. This means that the 
transverse magnetization generated by a pulse has not been completely dephas~d 
when the next pulse is applied. With spoiled steady-state imaging methods, thiS 
residual transverse magnetization is destroyed using various spoiling methods be-
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a a 

RF--·~A~----------~ft~.---------
G, .....ru-~~'Lr----

Gy ~ ~ 
G. --, 

Figure 9.6 Two-dimensional FLASH sequence. NOle that the residual trans­

verse magnetization after data collection is destroyed by a spoiler gradient pulse 
in the slice-selection direction. The amplitude of the spoiler gradient is varied 
from one excitation to another to avoid build-up of transverse coherence. 

fore a new pulse is applied. Consequently, we have, as in the long-TR case, 

(9.12) 

Equation (9.12) is called the perfecl spoiling condition. 
When perfect spoiling is achieved, the signal expressions for long TRs given 

in Section 7.5 apply to the situation here. That is, 

(9.13) 

and 
MO(1 _ e- TR IT,) 

M;~y'(O+) =' T IT sina (9. 14) 1 - cosae- R I 

Equations (9.13) and (9.14) indicate that the amplitude of spoiled steady­
state signals is dependent on the Hip angle a: and the repetition time TR. For a 
fixed TR • one can maximize M~.,(O_ ) by properly choosing a . This optimal 
angle, now known as the Ernst angle, is customarily denoted by O:E. It is easy to 

derive from Eq. (9.14) that 

(9.15) 

or 
(9.16) 

In steady-state imaging experiments, it is desirable that data acquisition start 
after the steady state has been reached. Otherwise, image artifacts can result 
because signals carry different Tl-weightings while a spin system is approaching 
the steady state. We next evaluate how many pulses are necessary for a spin 
system to reach a spoiled steady state. 
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Recall that the longitudinal magnetization before the nth pulse is given by 

M;~)(O_) = M2(1- e-TR1T,) + M;~- I)(O _ ) casae-
TR1T

, (9.17) 

For simplicity, we introduce two new variables E1 and £2 such that 

(9.18) 

Then. Eq. (9.17) can be written as 

M;~)(O_) = M~(l- E,J + M;~-I)(O_ )casaEI (9.19) 

Solving this difference equation yields 

1- (casaE,Jn O( E )n 
M(n)(O ) = MO(I- E, ) + M, casa I 

%' - % 1 - coso:E1 

n ~ 1 (9.20) 

The convergence error, defined as the difference between M!~) (0_) and the de­
sired steady-state value M;~(O_). can be calculated as 

_ Mo(casaEI)nE,(I- cos a) 
- % 1 cos o:E1 

(9.21) 

It is often useful to normalize this error against the steady-state value. The result­
ing relative convergence error is given by 

~M;~)(O_) _ (casaEI)nE, (I -casa) (9.22) 
M~(O_) - 1 - E, 

From this formula, one can detennine the number of pulses needed .to drive a 
spin system to the steady state within an acceptab.le error. The calculahon can be 
further simplified in the case that 0: = O:E, for which 

~M;~)(O_) _ E2n+l (9.23) 
M:~(O_) - I 

Image contrast behavior of spoiled steady-state imaging can be understood 
from Eq. (9.14). Specifically. the gradient echo amplitude can be expressed as 

MO(1 - e-TR IT,). -T IT-A - .l smo:e E 2 

E - 1 _ cos o:e TR ITt 
(9.24) 
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indicating that T1-weighted, T; -weighted, and spin density-weighted contrast can 
be generated with an appropriate choice of the sequence parameters: TR • TE• and 
a. For example, to enhance T1-weighting, one uses a short TE (minimizing T; 
effect), short TR (maximizing Tl effect), and large Q (maximizing Tl effect), 
Similarly. for T; -weighted contrast, one uses a long TR. a long TEt and a small 
a; for spin density-weighted contrast, one uses a long TR • short TEl and a smail 
a. 

• Example 9.1 

The Tl value for white maUer in the brain is approximately 600 ms at 1.5 T. 
Assuming TR = 40 ms, calculate Q'E and the number of pulses needed to get 
M;~)(O_) within 99% of the steady-state value. 

The desired Ernst angle can be calculated directly from Eq. (9.16) 

According to Eq. (9.23), we have 

Therefore. about 34 preparatory pulses are necessary to get M;~) (0_) within 
99% of its steady-state value. 

9.2.2 Steady·State Imaging 

When TR is on the order of Tz and no attempt is made to spoil the transverse 
magnetization. both the longitudinal and transverse magnetizations will reach a 
steady state. This phenomenon. called steady-state free precession (SSFP), was 
first studied by Carr [116J in 1958 and later used for imaging. 

We shall first derive expressions for the SSFP signal and then discuss steady­
state imaging methods. Recall the previously established abbreviations: El = 
e- TR / T1 and E2 = e-TR / T2 . The magnetization immediately before the (n+l)th 
pulse is related the magnetization immediately after the nth pulse by 

(9.25) 
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where 

(9.26a) 
[ 

M., 1 
Mr= My' 

M., 

[ 

E2COS<I> EzsinifJ 0 1 
p = - E2;inifl E2 C;Sifl ~l (9.26b) 

in which 4:J is the clockwise precession angle (relative to the x'-axis) that the 
magnetization vector has accumulated in the interval after the nth pulse and before 

the (n + l)th pulse. . , . 
Assume that the pulses are applIed along the x -axIs. Then. 

M~n+1)(O+ ) = R. , (a)M~n+I ) (o _ ) (9.27) 

Substituting Eq. (9.25) into Eq. (9.27) yields 

M~n+ l)(o+) = R.,(a)PM~n)(o+) + (1 - EJ)R.,(a)Mo 

Similarly. one can derive 

Setting 

M~n+l)(o_ ) = PR.,(a)M~n)(O_) + (1- EI)Mo 

M~n+I)(O_) = M~n)(o+) = M~'(O_) 

M~n+l)(o+) = M~n)(o+) = M~'(O+) 

(9.28) 

(9.29) 

(9.30a) 

(9.30b) 

we immediately obtain the following governing equations for the steady-state 

magnetization: 

M~'(O_) = PR.,(a)M~'(O+) + (1 - EJ)Mo 

M~'(O+) = R., (a)PM~'(O+ ) + (I - EI)R.,(a)Mo 

Solutions to Eq. (9.31) can be found to be 

M~'(O_) = (1 - EJ) 11- PR., (aWl M O 

(9.3Ia) 

(9.31b) 

(9.32a) 

M :.'(O+) = (1- E l ) [I - R. ,(a)pr
l 

R.,(a)M o (9.32b) 

where I is a 3 x 3 identity matrix.. These solutions can be written more explicitly 

as 

M.,(O_) = M~ (I- E l )(E2 sin a cos ifI - Eisina)/ D (9.33) 
{ 

M.,(O_) = M~(I- EJ)E2sinasinifi / D 

M,,(O_) = M~(I- E Il\I - E,cosifl - E2cosa(cosifl - E2 )]/ D 
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{ 

M.,(O+) = M~(1- E,)E,sinasin<l?/D 

My'(O+) = M~(1 - E,)(1 - E,cos<l?)sinOi/D 

Mz'(O+) = M~(I- Etl IE,(E, - cos<l?) + (1 - E,cos<l?)cos<l?l/D 

(9.34) 
where 

D = (1 - E, cos a)(1 - E, cos <l?) - (E, - cos a)(E, - cos <l? )E, (9 .35) 

Equation (9.34) shows that the SSFP signal is a complicated function of 0:, 

E" E,: and <l? Ernst and Anderson [136] found that the optimal flip angle for 
producmg the maximum transverse magnetization is given by 

E, + E,(cos<l? - E,)/(1 - E,cos<l?) 
cos O:opt = (9 36) 

1 + E,E,(cos <l? - E,)/(1 - E, cos <l?) . 

Thi~ expression can be obtained by differentiating M~~(O+ ) with respect to a: and 
settmg the result to zero. In fact, it can be shown that 

dM~~(O+ ) I = dM;~(O+ ) I = dM~~y'(O+ ) I = 0 
dex a = oopt dcx a = o.,pt do: cr = O o pt 

(9.37) 

A number of steady-state imaging methods have been proposed and found to 
have practical use. As an example, a two-dimensional FISP (Fast Imaging with 
Steady-state Precession) sequence (developed by Siemens Medical Systems, Inc.) 
is shown in Fig. 9.7. Compared with the RASH sequence in Fig. 9.6, one can 
see that the imaging gradients in the FISP sequence are completely balanced so 
that the net effect of each imaging gradient is constant from one excitation cycle to 
the next. To understand the contrast behavior of this imaging scheme, we examine 
the special case of W = 1r. This condition is achieved with alternating pulses (for 
example, pulses applied alternately along x'- and - x'-directions) and negligible 
field inhomogeneities. Under this condition, M:t' (0+) = 0, and 

" M~{1 - Etl sin a 
M., y' (0+) = M~~ (0+) = -;:;--;~~;-'::::";'F.;":::'----: 

(1 E, cosa) - E,(E, - cosa) 

For TR « T2 1 T1 , the following approximations can be invoked: 

E, '" 1 _ TR 
T, 

E, '" 1 _ TR 
T, 

Consequently, Eq. (9.38) can be rewritten as 

MO . 
M"(O) = ,slOa 

"y' + 1 + Tt/T, - (Tt/T, - 1) cos a 

(9.38) 

(9.39a) 

(9.39b) 

(9.40) 
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For a = 90 0
, Eq. (9.40) simplifies to 

or further to 

M"() MO T, 
x'y' 0+ = L T-r 1+ , 
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(9.41) 

(9.42) 

noting that T, » T,. 
Equations (9.41) and (9.42) indicate that FISP images carry a T,jT, contrast. 

Hence. FISP produces strong signals from tissues with long Tz and short T1 · For 
TR « T

2
, the FISP signal is essentially independent of the TR value. This implies 

that FlSP can be run at a very short TR without sacrificing SNR. a unique feature 
of steady-state imaging. For Tl > TR » T2• FISP behavior approaches that of 
FLASH. This can be understood from the fact that M~~y'(O+ ) given in Eq. (9.34) 
will collapse to Eq. (9.14) . There are many other implementations of steady-state 
imaging; the reader is referred to [73) for a comprehensive review. 

a a 

RF .L J 
' i 

., 

G, ---JU JlJ 
G, m , m , 
Gx U LJ U LJ-

Figure 9.7 Two-dimensional FISP sequence. Note that all the gradients are 
balanced from cycle to cycle and the pulses are applied alternately along the X'­

and - x' -directions. 

9.3 Echo-Planar Imaging 

Echo~ planar imaging (EPI) is the first ultra high-speed imaging technique pro­
posed by Mansfield in 1977 [197]. Since then, many of its variants have been 
proposed. Nowadays, the term is broadly used to refer to the class of high-speed 
imaging methods that collect a "complete" set of two-dimensional encodings dur­
ing the free induction decay period following a single excitation pulse. Hence, 
echo-planar imaging has become a synonym for single-shot imaging, although 
multishot EPI methods with interlaced k-space coverage are also in common use. 
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A key concept of echo-planar imaging is the use of tim . 
(0 traverse k-space. In the ensuing discussI·o d' e-varymg gradients tr . . . n, we ISCllSS three pop I k 

aJectones: zigzag trajectory, rectilinear trajectory and s· I . u ar -space 'J • pITa trajectory. 

9.3.1 Zigzag Trajectory 

To understand how k-space is covered with a' I .. . 
original EPI method proposed by Mansfi Id [sll;~)e e~~ltat~on. consIder first the 
This imaging scheme involves the use of: a' • W Ich IS show~ in Fig. 9.8. 
during the readout period: a small consta~t If of .frequency-enc~dmg gradients 
gradient. The alternating gradient generates a s~~~dlenft and. a rapidly alte~ating 
free precession period thus making [ I' . les 0 . gradient echoes dunng the 

, as Imaging possible. 

rtl2 

RF----J\.~----­
G, -JUr-------
Gy 

G
x 
____ --1 

Sample period 

Figure 9.8 An EPI sequence that pero d" 
by a constant gradient and an altematin;r;;:~~~~. Imenslonal frequency-encoding 

Recalllhal 

k (t) = -r J,' G(r)dr 

it is easy to derive that 

k.(t) = -r G.(2r - t) 
-rG.(t - 4r) ! 
-rG.t, O<t <r 

r < t < 3r 
3r < t < 5r 

(9.43) 

(9.44a) 

(9.44b) 

Therefore, each gradient echo g db ' 
space tine . resulting in a zigzag ~;:::tt~r y h

thlS s~qu~nce is mapped to a tilted k-J Y s own In FIg. 9.9. Nole Ihallhe zigzag 
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trajectory traverses only the lOp half of k-space. To get full k-space coverage. one 
needs to form a spin echo or a gradient echo. This can be done easily by applying 
a 1800 pulse after the 900 excitation pulse or turning on a negative Gy gradient 

before data acquisition starts (see Problem 9.28). 

k • 

Figure 9.9 The zigzag k-space trajectory for the EPI pulse sequence given in Fig. 9.8. 

A practical problem with the zigzag trajectory is that it requires special im­

age reconstruction algorithms because k-space is sampled in a nonuniform fash­
ion along the ky-direction. One way to solve this image reconstruction problem is 
to use the interlaced sampling theory discussed in Section SA. More specifically. 
for a fixed k:r; value, the signal variation along the ky-axis can be represented by 
S(ky). which is sampled nonuniformly as shown in Fig. 9.l0. Breaking the sam­
pled points of S(k

ll
) into two sequences. one containing the odd-indexed points 

and the other containing the even-indexed points, we have 

(9.45) 

and (9.46) 
S,[n] = S(2nC,k. + 8) 

In the ideal case of infinite sampling. the Fourier reconstructions from So[n] 
and S,[n]. according 10 Eq. (6.lO). are given by 

(9.47) 

and 
I, (V) = ~ ei""' I (v -2:kJ (9.48) 
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Fi~ure 9.1~ Sampling of the k-space signal along the k,,-direction for a fixed k% value b 
a zigzag trajectory. Note that 0 is a function of k

z
. Y 

Assume ~hat ll. ky is chosen to be the critical Nyquist sampling interval as' 
t~e case In practice. Then, Io(Y) and I,(y) wi ll be aliased versions of I(Y), ~: 
s Own ~n .Flg 9.11. However, thiS aliasing artifact can be removed by prope I 
recombining Io(Y) and Ie(Y). r y 

" 
J 

- My 

, , 

, , " 

, ' 

_l_ 
Aky 

, , , , 

x 

Figure 9.11 ,Fourier reconstruction from the odd-inde,;:ed or even-indexed data poims of 
the sampled sIgnal shown in Fig. 9.10. 

Specifically, in the interval of 0 S y s 1/ (2t.ky), we have 

Io(Y) = I(y ) + I (Y __ 1_) 
2t.ky 

I, (y) = I(y) + e i ,; I (y __ 1_) 
2t.ky 

(9.49a) 

(9.49b) 
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and in the interval of -1/(2t.ky) S y S 0, we have 

Io(Y) = I(y) + I (y + 2~kJ (9.50a) 

Ie(Y) = I(y) + e- i '; I (y + _1_) 
. 2t.ky 

(9.50b) 

Simple algebraic manipulations yield 

( 
ei:;'~ 1 Io(Y) + ei'/ _ lIe(Y) 0 S y S 1/ (2t.ky) 

I (y) = e-i.; 1 
e i.; _ 1 Io(Y ) + e i.; _ II.(y) - 1/(2t.ky) S y S 0 

(9.51) 

In the practical case of finite sampling, Io(Y) and Ie(Y) can be reconstructed 
using the conventional FFf reconstruction algorithm discussed in Chapter 6. which 
are then recombined together, according to Eq. (9.5 1), to give I(y). 

9.3.2 Rectilinear Trajectory 

It is possible to provide orthogonal sampling of k-space using an EPI sequence. 
One such sequence, proposed by Pykett and Rzedzian in 1987 [227], is considered 
here. As shown in Fig. 9.12, this sequence phase-encodes individual gradient 
echoes using a series of blipped Gy pulses. Note that in contrast to conventional 
imaging, the phase-encoding gradient here has a constant amplitude and need not 
be stepped incrementally because the transverse magnetization accumulates phase 
dispersal imparted by each phase-encoding blip. This phase accumulation effect 
does not occur in conventional imaging since a fresh transverse magnetization is 
generated for each phase-encoding step. 

An advantage of this data acquisition scheme over the zigzag scheme given 
in Fig. 9.8 is that it gives the usual rectilinear k-space trajectory ; therefore, no 
special image reconstruction algorithm is required. However, since the entire 
sampling process needs to be completed on a time scale on the order of T-i. the 
phase-encoding blip needs to be applied very rapidly and with a sufficiently high 
amplitude to impart the required phase warp. Therefore, special gradient hard­
ware is often needed to implement this pulse sequence. 

Figure 9. J3 illustrates the k-space trajectory of the EPI sequence with blipped 
phase-encoding gradients. Note that the gradients applied in the interval between 
the 900 and 180 0 pulses correspond to the progression from the k-space origin 
to the highest spatial frequency point. The ensuing 1800 pulse then moves the 
transverse magnetization to the conjugate k-space position. 
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Figure 9.12 An EPI sequence with phase-encoding along the y-direction using 
blipped gradient pulses. 
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Figure 9.13 K -space trajectory for the EPI sequence given in Fig. 9.12. 

9.3_3 Spiral Trajectory 

A single-shot imaging method with much less demanding requirements on gra­
dient hardware is shown in Fig. 9 .14. This method llses a pair of increasing si­
nusoidal gradients to traverse k-space in a spiral fashion (Fig. 9.15); hence it is 
known as spiral imaging [85, 204). This method completely eliminates rapid gra­
dient switching required in the previous sequences. 
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RF~L-----------------
G,JU~-----
Gy-----J\l1 

Gx----~I\I\I\ 

Figure 9.14 A spiral EPI sequence. 

Figure 9.15 K -space trajectory of the spiral EPI sequence shown in Fig. 9.14. 

A spiral trajectory in the (k:r:! ky)-plane is described byl 

k(t) = Aw(tkw (,) (9.52) 

where k .£ k:r: + iky. and w(t) is some function of time. Selecting w(t) is an 

. . . . d b k () - A (, ) i j..,(t)+'Po] where 1 For interlaced spiral imagmg, the nth spiral IS desc~be y t . - w e. 
¥'o = 211"(n - l)jNi with Ni being the 10131 number ofmterlaced spirals. 
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important step in spiral sequence design. One example of w( t) is 

w(t) = wot 

The corresponding k-space trajectory is described by 

k(t) = Awote;W" 

or simply (because A is a parameter to be determined), 

k(t) = Ate;W" 

The required gradient function is given by 

1 d 
G(t) = --k(t) 

-rdt 

(9.53) 

(9.54) 

(9.55) 

(9.56) 

where G(t) ~ G-;z; + iGy. The corresponding x and y channel gradients are 

Gx(t) = Acoswot-Atwosinwot (9.57a) 

G.(t) = Asinwot+ Atwocoswot (9.57b) 

. The ~pira~ path defined by this pair of gradients has a constant angular ve. 
loclty, as l~ eVident from Eq. ,(9.55). This means that more time is spent in the 
c~ntral reglon.o~ ~-space tha~ In the outer region. In fact, the scanning velocity of 
thIS data ac,qUlSltiOn schem~ I~ the outer region of k-space may become too large 
to be pr~cllc~1 beca~se of limited gradient strength. This problem can be over­
com~ wIth spIra.1 trajectories of a constant linear velocity. One such trajectory is 
obtamed by settmg 

w(t) = woVt 
Correspondingly, 

(9.58) 

(9.59) 
and 

G(t) = A e;woVi + ~ ;w,Vi 
2t 2 woe (9.60) 

At the outer region of k-space (for large values of n, we have 

G(t) '" ~woe;w,Vi 
2 (9.61) 

which means that the magnitude of G( t) becomes a COnstant. 

?~e pro~lem ~ith this gradient function is that it has a pole at t = O. There­
f~re. It IS baSically ~mp.ossible to implement it in practice because of limited gra­
dient strength and nsetlme. A more practical spiral trajectory is defined by 

k(t) = At';l + t/Te;w".,fl+'/T (9.62) 
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where T is a time parameter to be determined such that k(t) has constant angular 
velocity for t « T and a constant linear velocity for t » T . 

Data acquired along a spiral trajectory entail special algorithms for image 
reconstruction. In practice. a data interpolation scheme [168,212) is often applied 
to map the spiral data to a rectangular grid. after which the data are processed by 
the conventional Fourier reconstruction algorithm. The interpolation problem can 
be alleviated using a square spiral trajectory (see Problem 9.29) for which only 
one-dimensional interpolation is needed. 

9,3.4 Discussion 

With current gradient technology. EPI methods can acquire a two-dimensional 
image with scan limes on the order of 50 ms. This capability overcomes a sig­
nificant problem of image degradation due to physiological motion. In addition. 
the effective TR in single-shot EPI methods is infinitely long. resulting in images 
characterized by true T2 or T; contrast. 

Despite these advantages, EPI methods have several characteristic limita­
tions. First, the maximum attainable resolution is limited by the T; value. Specif­
ically. the T; -PSF can be written as 

h(x) = "t GxT, 
-I + i"tGxT,x 

(9.63) 

Although this PSF may be negligible along the readout direction. it can result 
in significant blurring in the other direction because data acquisition takes place 
over a time span much bigger than T; . In addition, EPI images can suffer from 
significant image artifacts due to off-resonance effects and gradient errors. More 
in-depth discussion of these topics can be found in [66, 70,137]. 

9.4 Burst Imaging 

Burst imaging is another class of ultra-fast imaging methods, which generate a 
series of RF echoes sufficient to "fonn a two-dimensional image with a single shot 
of a string ofRF pulses, called "burst" pulse [157J or DANTE (Delays Alternating 
with Nutations for Tailored Excitation) pulse [69, 193, 282J. Since burst imaging 
is not yet a mature imaging technique. this section presents only a brief discussion 
of the fundamental concepts without dwelling on the implementation details. 

Consider the basic burst imaging sequence shown in Fig. 9.16. This sequence 
was coined DUFIS (DANTE Ultrafast Imaging Sequence) by Lowe and Wysong 
[193]. As can be seen, the burst pulse consists of a train of uniformly spaced, 
identical, low-flip-angle RF pulses. The burst pulse is applied in the presence 
of a constant gradient field. Following the burst pulse. a 1800 pulse is applied 
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an cr. a a a n 
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Figure 9.16 A burst imaging sequence. An echo train is formed after the slice-selective 
1800 pulse. Each echo is spatially encoded using two constant gradients. 

to rephase the transverse magnetization. By making the 1800 pulse frequency­
selective, one can selectively refocus the transverse magnetization in a particular 
slice, thereby achieving slice selection. 

To see how fast imaging is accomplished with this excitation scheme, we 
examine the signals generated by it. One may recall from Section 4.3.3 that n RF 
pulses applied to a spin system can generate up to (3" - 1 - 1)/2 echoes after the 
last pulse. In the present case, the subpulses in a burst pulse are uniformly spaced; 
therefore, many of the signal pathways coincide. resulting in a much smaller set 
of echoes. To illustrate this point, a special case is analyzed using the extended 
phase diagram in Fig. 9.17, where the burst pulse contains six subpulses. As can 
be seen, five echoes form after the burst pulse and before the refocusing pulse. 
The same signal pathways generate another five echoes after the refocusing pulse. 
These echoes are called higher~order echoes because they result from interactions 
between two or more subpulses . In addition to these higher~order echoes, there are 
six primary echoes resulting from the interactions between the individual subpulse 
and the 1800 refocusing pulse. By tracking the signal pathways. one can see that 
the first five primary echoes contain higher-order echoes except for the last one 
that is a pure primary echo. But, for convenience, we call them all primary echoes. 
Note in this example that fewer higher~order echoes will be formed if the 1800 is 
moved closer to the burst pulse. but the length of the primary echo train stays the 
same. Because the higher-order echoes are much smaller in amplitude compared 
to the primary echoes and show significant variability among them [282], only the 
primary echoes are captured for imag ing in this excitation scheme. Therefore, it 
is generally assumed that for a burst pulse with Np subpulses. Np echo signals 
are generated. 

The signals generated by a burst pulse can be encoded in a number of ways. 
An example is shown in Fig. 9.16 where the echo signals are acquired in the 
presence of two constant gradients. The resulting k~space coverage is shown in 

f 
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Burst pulse Refocusing pulse 

Figure 9.17 Extended phase graph for a burst imaging sequence with six subpulses and a 
1800 refocusing pulse. Note that five higher-order echoes (marked by "X") are formed af~ 
ter the burst pulse and before the refocusing pulse. The same signal pathways generate an~ 
other five higher~order echoes after the refocusing pulse. In addition to these higher-order 
echoes, there are six primary echoes (marked by "0") resulting from the interactions be· 
tween the individual subpulse and the 1800 refocusing pulse. The longitudinal magnetiza~ 
tion is not shown in the phase graph. 

Fig. 9.18, which corresponds to the zigzag EPI trajectory in Fig. 9.9. One can 
justify that isotropic resolution can be achieved if 

where'T is the subpulse spacing of the burst pulse. 
In contrast to the EPI methods. burst imaging does not require gradient 

switching, thereby eliminating the associated problems. In addition. burst imag. 
ing uses RF echoes, so it is less sensitive to field inhomogeneities. A major draw­
back of the burst imaging scheme shown in Fig. 9.16 is its poor signal~to~noise 
ratio . This can be understood from the nonuniform excitation profile of the burst 
pulse. As the burst pulse is essentially a DANTE pulse, its excitation profile can 
be analyzed approximately using the Fourier approach. As illustrated in Fig. 9.19, 
a burst pulse is highly frequency-selective. In the presence of a grad ient, an ob~ 
ject will be excited in spatial strips, leaving much of the magnetization unused. 
To allevia te this problem, burst pulses with phase or frequency modulation have 
been proposed. The reader is referred to [69] for a detailed discussion. 
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ky 

Figure 9.18 K-space coverage of the burst imaging sequence given in Fig. 9.16. 

Pulses Excitation Profile 

FT ... 1 1 1 1 llllltt ... .. , 
.. X 

l 
FT • 

X .. 
FT J • 

Vij ~ .. 

II II 

! ,j, j, ! ~, ~, "I" 

FT .1.1.1.1 
11 ,( 'if n 

Figure 9.19 Excitation profiles of a train of unifonnly spaced low-flip-angle pulses as 

predicted by the Fourier analysis. 

Exercises 315 

Exercises 

9.1 Assume that the echo train length is 16 in an FSE imaging sequence. How 
many k-space lines are collected per excitation pulse? 

9.2 What is a rewinder gradient? Design an FSE imaging sequence without 
the use of phase rewinding. 

9.3 Why is T2 -blurring along the phase-encoding direction much more serious 
in FSE imaging than in conventional SE imaging? 

9.4 Discuss how the first three spin-echo signals generated by the following 
sequence are mapped to k-space: 

9.5 

9.6 

" " " " " rrJ2 
I I I I RF I 

G, 0 0 0 0 0 0 

Gy 
0 0 0 0 0 

The following fast imaging sequence developed by GE researchers is known 
as GRASE (gradient and spin echo). Discuss how imaging speed im­
provement over the conventional SE imaging method is achieved using 
this scheme by highlighting its similarities to and differences from the 
standard FSE imaging method. 

rrJ2 
RF ~I~~I ____ -LI ____ JIL-__ ~I 

G, 0 n n n n n n 
u u U 

G) n 
0 0 

D 
0 0 

0 
0 0 

n 

Sketch the resulting T2 -weighting function for the following phase-encoding 
ordering scheme for an FSE imaging sequence: 

m = 1,2··· ,Nex 

n= 1,2,··· , M 
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9.7 

9.8 

9.9 

Chapter 9 Fast-Scan Imaging 

Use numerical methods to calculate the PSFs of the T2-weighting func­
tions shown in Fig. 9.4. 

Determine a phase-encoding ordering scheme for the FSE imaging se­
quence so that the k-space data carry the following T2-weighting along 
the phase-encoding direction: 

w(J:) 

, 
A spin sys tem at thermal equilibrium is excited by the sequence shown in 
(a) to generate three spin echoes from a single sl ice along z. Design the x 
and y gradients so that the echo signals are mapped to the radial k-space 
trajectories shown in (b). (Be specific about the gradient functions!) 

(. ) rT r r 
~2T-t-2T~ 

(b) 
,," 

I ... 

) 
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9.10 Derive the Ernst angle formula given in Eq. (9.16). For TR « Tto show 

that etE '" .j2TR/T, and that M;:., (0+ ) '" 4M~etE' 

9.11 Solve the difference equation in Eq. (9.19). 

9.12 What is spoiling in fast gradient-echo imaging? 

9.13 The Tl values for cerebrospinal fluid, white matter, and gray matter are 
approximately 4500 ms, 600 ms, and 950 ms at 1.5 T. Assume TR = 40 ms 
and Q = QE in a spoiled steady-state experiment. How many pulses are 

needed for each tissue to drive M~n)(O_) to within 10% of the steady-state 
value? 

9.14 In the regime of short-TR steady-state imaging, 900 pulses do nO( neces­
sarily give the best SNR. Calculate M::.,(900) /M:~.,(etE) for a spoiled 
steady-state imaging experiment with TR = 40 ms and Tl = 600 ms. 

9.15 Discuss how to generate T1-weighted, Ti -weighted, and spin-density­
weighted contrast in FLASH imaging. 

9.16 Explain why elimination ofTl-weighting requires a shorter TR with FLASH 
than with conventional spin-echo imaging. 

9.17 Ex.plain why it is not suitable to form spin echoes in short-TR imaging 
with small ftip~angle excitations. 

9.18 Discuss the similarities and differences between FLASH imaging and spin­
echo imaging in creating T1-weighted image contrast. 

9.19 Prove the following identity: 

[ 1- E2 cos <P - E2 sin <I> 0 ] I-Rz,(et)P= E 2 sin<pcoset 1- E2 cos <I> COSQ - El sin Q 

- E2 sin <I>sinQ E2 cos <I> sinO' 1 - El cos 0: 

where P is defined in Section 9.2.2. 

9.20 Prove the relation in Eq. (9.37). 

9.21 Show that M.,(O+) given in Eq. (9.34) becomes independent of the pre· 
cession angle <P for et = etE = cos-, (-TR /Td. 

9.22 Show that similar to Eq. (9.38), we have for <P = 0 

M;~ ,(0+) = M'~(O+) = M~(I - Edsinet 
• y (1 - E, COSet) + E2(E t - COSet) 
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9_23 Derive the signal expression in Eq. (9.40) from Eq. (9.38). 

9.24 Discuss why FISP becomes equivalent to A...ASH when TR is long com. 
pared to T2 . 

9.25 Discuss why with FISP at TR « T2 • it is beuer, in terms of SNR. 10 run 
two acquisitions at a shorter TR than one acquisition with a longer Ta-

9.26 Show that for 4> = 7r and TR « T, . Eqs. (9.36) and (9.40) can be simpli­
fied to 

and 

T, - T, 
COSOopt:::::: T ~ 

1 + .L 2 

( I 1 oJ¥;' M"" 0+) _ '" -2 M , -T 
Cl'-ODpt 1 

9.27 Discuss the similarities and differences between spoiled steady-state imag­
ing and true steady-state imaging. 

9.28 Detennine and sketch the k-space trajectory for the following EPI se­
quences. 

><f1 

~---A~----------------­
~--'lUr--------------

Co -----1 

(a) 

, 

RFJ.~.!,---
o. ~[l-tur-~[l-L--------

G. __ .J.D--L=== ===,--

o. ---'-D--'--t[Jfl-t-I-t-L?+~+,;~-t~~-i", U-t-n+-ST' 

(b) 
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9.29 Design an EPI pulse sequence that gives the following square spiral k­
space trajectory: 

k , 

L -U 
L .-J k, 

9.30 Interlaced spiral scans are often used to reduce the T2 -decay effect and 
gradient requirement limitations . Design a pulse sequence to give the fol­
lowing interlaced spiral trajectory: 
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9.31 
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Justify that the following spiral trajec tory has a constant angular velocity 
for t « T and a constant linear veloci ty for t » T: 

k(t) = At}1 + t/Tei~"v'l+'/T 

9.32 A raseUe k-space trajectory is given by 

Derive the necessary gradient functio n and sketch the trajectory for Wl /2rr :; 
150 Hz and w, = 17 Hz for 0 < t < 17 ms. 

9.33 Discuss the difference of T-i -weighting on k-space data between a zigzag 
trajectory and a spiral trajectory. 

9.34 Assume that the spiral trajectory given in Eq. (9.55) reaches the maximum 
point Ik (Tacq)1 = kmax at t = Tacq. Determine A and the smallest Wo 
allowable by the Nyquist criterion for an object of radius R. 

9.35 Modify the burst imaging sequence given in Fig. 9.16 so that the echoes 
are mapped to rectilinear lines in k-space. 

9.36 For the burst imaging sequence given below, (a) discuss how slice selec­
tion is accomplished, (b) use the extended phase graph to predict the oc­
currence of the echo signa ls. and (c) sketch the k-space coverage. 

rrJ2 pulses 

RF .1 
H II IIIII 

c, 

c, d 
c, n 

LJ 

Signal HUW, 

Chapter 10 

Constrained Reconstruction 

Everything should be made as simple as possible, but not 
simpler. 

Albert Einstein 

While the fast-scan methods discussed in Chapter 9 are widely used for high­
speed imag ing, reduced-scan approaches can further enhance imaging speed be­
cause imaging time is directly proportional to the number of encodings measured. 
In fact. reduced-scan is a popular way to shorten data acquisition time in con­
ventional spin-echo imaging experiments. There are two main problems with 
reduced-scan imaging: (a) loss of spatial resolution and (b) image artifacts (most 
notably, spurious Gibbs ringing). To alleviate these problems, various methods 
have been proposed to utilize a priori information to compensate for the lack 
of sufficient measured data. In principle, the "best" reconstructio n should result 
from incorporating the maximum amount of prior knowledge into the reconstruc­
tion process. However, if not ·used properly, a priori constraints may produce 
biased or even artifacted reconstruc tions. Therefore. an important goal of con­
strained reconstruction is to use the maximum amount of a priori information in 
an unbiased fashion. Although constrained reconstruction is still a relatively new 
area in MR.1 , a comprehensive review of the existing methods is beyond the scope 
of this chapter. The interested reader is referred to [80] for an in-depth review of 
methods developed before 1991. Some of the more recent methods are discussed 
in [109,110. Ill , 112, 113, 114, 181. 171. 265, 279. 287J. 

321 
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10.1 Half-Fourier Reconstruction 

Recall that for a real-valued function [(x), its frequency representation S(k) is 
redundant. Specifically, if S(k) is known for k 2: 0, then S( -k) can be generated 
based on the Hermitian symmetry 

S(-k) = S·(k) (10.1) 

This simple fact has motivated the development of imaging methods that collect 
data from only half of k-space, thus the popular name half-Fourier imaging . In 
practice, however, the realness constraint is often violated because object motion 
and magnetic field inhomogeneities introduce a nonzero phase 1p{x} to the image 
function . Consequently, image artifacts arise when the phase term is not properly 
treated. The usual approach to cope with this problem is (Q collect a few additional 
encodings across the center of k-space, as illustrated in Fig. 10.1. In this way, the 
image phase !p(x) can be estimated from the central symmetric k-space data. 

According to the data acquisition scheme shown in Fig. 10.1. the half-Fourier 
reconstruction problem can be formally stated as follows: 

Given Sin] = 1: [(x) e- i2<nllhdx , -no $ n < N (10.2) 

determine [(x) 

where it is assumed that no is much smaller than N. typically. no = 16 or 32. 
Most existing half-Fourier reconstruction methods follow a characteristic two­
step procedure. The first estimates a phase function. and the second combines the 

k, 
N. • • • •• • ••••• 

• • • • •• •••••• 
• • • • •• •••••• 
• • • • •• • ••••• 
• • • • •• • ••••• 
• • • • •• • ••••• 
• • • • • • • • • • • • k • 

- ttl • • • • • • • • • • • • 
0 0 0 o 0 0 0 0 0 o 0 0 

0 0 0 0 0 0 o 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 o 0 0 0 0 0 0 0 0 0 

Figure 10.1 Asyrrunetric k-space sampling: • marks the loca­
tions of measured data and 0 marks the locations of missing data 
in the conventional symmetric k-space coverage. 
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phase function and the measured data to get the final reconstruction. These two 
steps are discussed next. 

10.1.1 Phase Estimation 

A common approach to phase estimation is to first reconstruct a low-resolution 
image based on the central symmetric data and then extract the phase image from 
it. More specifically, let 

no - l 

i(x) = L Bln]e- i2<nllh (10.3) 

n =- no 

where Bin] represents the Hamming-filtered data, given by 

Bin] = Sin] [0.54 + 0.46 cos (::) 1 ' - no $. n < no (10.4) 

Then. the phase estimate can be expressed as 

.p(x) = Li(x) ( 10.5) 

10.1.2 Phase-Constrained Reconstruction 

After i'(x) is available. the next step is to find an image function j(x) that satisfies 
both the measured data Sin] and the phase constraint .p(x). Two types of methods 
have been used to solve this phase-constrained reconstruction problem. The first 
type, due mainly to Margosian, Schmitt, and Purdy [198] and Noll and Macovski 
[211], solves the problem using a one-step phase-compensation algorithm; the 
other type, originated from Cuppen and Van Est [128], solves the problem by 
iteratively regenerating the missing data. This section focuses on these basic two 
methods. although various variants of them also exist. 

10.1,2.1 The Margosian Method 

Consider a half echo Sh(k) = S(k)u(k). In the continuous case, the Fourier 
reconstruction from Sh(k ) is related to the true image function [(x) by the fol­

lowing formula: 

= [(x) * [~5(X) + i2~xl 

= ~ 1 [(x) l ei~ (') + [1[(x)lei~ (')l * -,-' 
2 27rx 

(10.6) 
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If \p{x) is a slowly varying function, the phase term e i'f'(;;t:) can be pulled outsid 
the convolution in the second term of the above equation. That is, e 

[II(x)le;'P(')j * -'_. "" [II(X) I* -'_. ] e;'P(') 
21l"x 21rx (lO.7) 

With the above approximation, Eq. (10.6) reduces to 

h(x) = [~ I I (X)I + i II(x) l* _1_] e;>p(, ) 
2 2~x (10.8) 

Multiplying hex) with e-i.p(z). which is known as the phase-compensation step 
0~ , 

h(x)e - ;~(') = [~II(x )J + i II(x) l* _1_] e; [>p(.)-~(.)j 
2 2~x (10.9) 

If we further assume 

~(x) '" I"(x) (10.10) 

the following formula immediately results from Eq. (10.9): 

h(x)e-;~(') '" ~ I I(x) 1 + i [II(X)I* _1_] 
2 27rx (10.11) 

Inspection of Eq. (10.11) shows that the first term is the real part of the 
phase-compensated half-echo reconstruction, while the second term is its imagi­
nary part. Therefore, II(x)1 can be easily extracted from the phase-compensated 
half-echo reconstruction as follows: 

(10.12) 

where !R denotes taking the real part of a complex number. The full complex 
image function can be expressed as 

(10.13) 

If the magnitude image is desired as the final reconstruction, it can be obtained 
directly from Eq. (10.12). Alternatively, the complex image can be obtained from 
Eq. (10.13), from which the real part can be readily extracted as the final recon­
struction if so desired. 

Equations (10.12) and (10.13), though derived from continuous data, form 
the .theoretical basis of the half-Fourier reconstruction method proposed by Mar­
gOSlan et al. [198J and Noll and Macovski [211J. With practical discrete data, 
~he half-echo reconstruction h(x) is obtained using the FFT. Instead of apply­
mg the fFI' to the half echo, however, it is suggested [198, 211J that the entire 

) 
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asymmetric data set is used so that precise knowledge of the k-space center for 
the measured data is not necessary. Specifically, the asymmetric data set is first 
zero-filled to -N, and the central 2no data points are weighted with a ramp or 
asymmetric Hamming function as shown in Fig. 10.2. Then, the FFT is applied 
to this zero-padded, filtered data set to get J.(x). The purpose of the weighting 
function is twofold: (a) to roll off the sharp transition between the padded zeros 
and the measured data, and (b) to counter the imbalance between the low- and 
high-frequency data because of the lack of negative high-frequency data. A more 
detailed discussion of this topic can be found at [211J. 

w. 

'" (a) 

n . n, '" 
(b) 

n 

Figure 10.2 Weighting functions for half-Fourier reconstruction with the Margosian 

method: (a) a ramp function and (b) an asymmetric Hanuning function defined as 

Wn = 0.5 + 0.5 cos[~(n - no)/(2no)], -no ~ n < no. 

10.1.2.2 The poes Method 

Projection onto convex sets (POeS) is a popular mathematical algorithm for sol v­
ing a class of optimization problems, in which each constraint can be formulated 
as a convex set. Before describing how this algorithm is useful for half-Fourier 
reconstruction, let us first define what a convex set is. 

Definition 10.1 A set n is said to be convex if Xl E nand X2 E n implies that 
AXl + (1 - ),)x, E n/ar all X" X,. and A. 0 ~ A ~ 1. 

Based on the above definition, it is easy to show that the two constraints in 
half-Fourier reconstruction can be formulated as two convex sets: 

(a) The phase-constraint: 

n, = {I(x)ILI(x) = ~(x) } (10.14) 

(b) The data-consistency constraint: 

n, = {I(x) IF{I(x)) = Sin], -no ~ n ~ N - I} (10.15) 
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. Clearl.y, n1 contains all the images satisfying the predetermined phase COn~ 
stramt, while D:2 contains all the images consistent with the measured data. The 
phase·constrained reconstruction problem can then be posed as finding an ima 
function lex) in the intersection of fll and O2 . That is. ge 

lex) E fl = fl, n fl2 (10.16) 

W~en n is not empty (i.e., the p~ase c~nst~aints are not poorly chosen), I(x) 
eXISts and can be found by alternating projectIOns of an initial estimate onto these 
two sets. 

Consider the following two operators 

and 

P2{I{x)} = ;:--lRF{I(x)} 

where 'R is a data replacement operator defined as 

R{S[n)} = {~[n] 
Sin] 

- no S n S N-I 
Olherwise 

(10.17) 

(10.18) 

(10.19) 

It i~ app~rent that PI projects any image function lex) onto nIt whereas .PI 
projects I~ onto .02. With PI and P2, we can now succinctly express the POCS 
half-Founer reconstruction algorithm as 

(10.20) 

or in a relaxed form 

(10.21) 

where 0 < A < 1. The initial condition Io(x) for the above iterative equations is 
usually chosen to be the zero-filled Fourier reconstruction. 

NOle that PI and P2 defined in Eqs. (10.17) and (10.17) are nonexpansive 
operators. Namely, 

IIp,{I, {x)} - Pl{12(X)}lb S Ilh{x)} - I2{x)112 (10.22) 

and 

( 10.23) 

Consequently, the composite operator PI &'2 is also nonexpansive. Convergence 
properties of iterative equations involving nonexpansive operators have been well 
analyzed in the literature; the interested reader may consult [255] for an in-depth 
discussion. Experimental studies of this algorithm have also been conducted [80], 
which indicate that Eq. (10.20) converges quickly, and four iterations appear to 
be sufficient in many practical situations. 

---.... 

) 
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10.1.3 Discussion 

Asymmetric sampling of k-space is often used along the phase-encoding direc­
tion to reduce imaging time. It also occurs naturally in the frequency-encoding 
direction in gradient-echo imaging when a short echo lime is used to avoid spin 
dephasing due to short Ti caused by local susceptibility changes or uncompen­
sated motion effects. The source of data sampling asymmetry in sequences of 
this type can be due to gradient design or it can occur when field inhomogeneities 
shift the echo away from lhe expecled echo lime [149] . 

A noticeable limitation of half-Fourier imaging is the loss of image SNR. 
Specifically, as compared to symmetrical k-space sampling with the same number 
of encodings, a faclOr of 2 loss in SNR is expected,l but this loss is usually well 
compensated for by an improved contrast-to-noise in many applications, such as 
angiographic imaging [55]. 

In general, the quality of half-Fourier reconstruction is dependent on the 
phase constrainl "o{x). If "o{x) = <p{x), the half-Fourier image can be as good as 
would be obtained from a symmetric data set. However, when the phase estimate 
is poor. image artifacts may result. This is particularly the case with the Margosian 
method because it is sensitive to both phase errors and large phase variations. 
Specifically, from Eq. (10.9). we have 

2!R [h(x)e-i~(%) l '" cos[<p(x) - "o{x)III{x)1 (10.24) 

The cosine modulation can be significant in regions where large phase errors exist. 
Additionally. when the true image has large phase variations. as is often the case 
with gradient-echo imaging, the Margosian method cannot guarantee the correct 
reconstruction even if rj;(x) = l(J(x). This is because the real part of the second 
term in Eq. (10.9) is significanl when <p(x) is nol small. This term can contribute 
image artifacts in the form of geometric distortions [80]. The poes method is 
less sensitive to phase errors and can produce "perfect" reconstruction if the phase 
constraint is accurate. 

Figure 10.3 shows the magnitude and phase images from a phantom data set 
acquired using a gradient-echo sequence. The imaging parameters were TR = 
45 IDS and TE = 12 ms and the matrix size of the k-space data set was 256 x 256. 
By truncating this data set to 128 asymmetric points along the vertical direc­
tion, four half-Fourier reconstructions were obtained using the Margosian and 
poes methods, respectively, as shown in Fig. 10.4. As can be seen, the images 
in Figs. lOAa and WAb contain noticeable artifacts . These artifacts arose be­
cause the phase function rj;(x), estimated from 16 data points in the central part 
of k-space. was a poor constraint for both the Margosian and POCS methods. 

1 Half.Fourier imaging wilh N encodings suffers a factor of V2loss in SNR as compared 10 sym­
metrical k-space sampling wilh 2N encodings but a faclor of 2 loss as compared 10 symmetrical 
k·space sampling with N encodings. 
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When the phase constraint was estimated from 64 central k-space data points. the 
half-Fourier images shown in Fig. lO.4c and lOAd improved considerably, as ex.­
pected. [n practice, a simple way to improve the phase estimate is to use a large 
no- This, however, will reduce the number of high-frequency encodings available 
if the total number of encodings is fixed, thus sacrificing the spatial resolution of 
the final image. It should also be noted that image artifacts in half-Fourier recon­
structions manifest themselves differently for different reconstruction methods. 
As can be seen from Fig. 10.4, phase errors result in geometric distortions and a 
"shadowing artifact" in the Margosian reconstruction, but they are in the form of 
spurious ringing in the poes images. 

Figure 10.5 shows the results from another experimental data set obtained 
from a sagittal head slice using a gradient-echo sequence with TE = 10 ms and 
TR = 200 ms. This data set has rapid phase changes and is a good test of the 
practical utility of half-Fourier imaging methods. For comparison, Figs. 1O.5a 
and 1O.5b show the reconstruction results from symmetric k-space data of 256 
and 128 points, respectively. The images in Figs. IO.5c and 10.5d were recon­
structed from 128 asymmetric data points (-32 5 n < 96) using the Margosian 
and poes methods, respectively. As can be seen, both half-Fourier images have 
better resolution than the Fourier image with an equal number of encodings in 
Fig. 1O.5b. Although the Margosian reconstruction suffers from serious phase 
errors in the form of signal cancellation (signal voids) in regions near the pitu­
itary gland, mouth cavity, and spinal cord, where large phase variations exist. the 
POCS method overcomes this problem effectively. 

(a) (b) 

Figure 10.3 Magnitude and phase images of a phantom acquired using a gradient-echo 
sequence. The imaging parameters were TR = 45 ms and TE = 12 ms. 
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Figure 10.4 Half-Fourier images reconstructed from the phantom data set in. Fig. lO? 
The horizontal direction was reconstructed from 256 symmetric. echo. data pomts .. while 
the vertical direction was reconstructed using 128 asymmetnc pomts. Spectfi.~ally. 
-8 < n < 112 for (a) and (b), and -32 :'0 n < 96 for (c) and (d). Images 10 (c) 
and (e) were reconstructed using the Margosian method, and lmages In (d) and (f) were 

reconslfUcted by the POCS method. 
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Figure 10.5 Reconstructions of a sagittal head slice. The vertical direction of all im­

ages was reconstructed using the Fourier method from full echoes of 256 data points. The 
horizontal direction was reconstructed using different methods. Images (a) and (b) were 

reconstructed from 256 and 128 symmetric data points . respectively, while images (e) and 

(d) were reconstructed from 128 asymmetric data points (- 32 :5 n < 96) using the Mar­
gosian and poes methods. Notice the phase artifacts in (e) and the resolution improvement 

of image (d) over image (b). 
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10.2 Extrapolation-Based Reconstruction 

This section discusses two extrapolation-based methods for the classical problem 
of image reconstruction from a limited number of Fourier transform samples. For 
convenience, we limit our discussion to the one-dimensional case, in which the 
problem can be formally stated as follows: 

Given SIn] = i: I(x)e - ;2.nt.k%dx, - N/2 ~ n < N/2 (10.25) 

determine I(x) 

where N is assumed to be small (say, 64). Because N is small, direct applica­
tion of the conventional Fourier reconstruction method is not desirable due to the 
reasons discussed in Chapter 8. An important goal of data extrapolation is to use 
a priori constraints to recover (explicitly or implicitly) some of the unmeasured 
high-frequency components so that SIn] is defined for a bigger frequency range, 
as illustrated in Fig. 10.6. In this chapter, we denote the extrapolated frequency 
index range by -N / 2 ~ n < N / 2 where N > N. With an extrapolated data set, 
an image function is often reconstructed using the conventional Fourier method 
as follows: 

N/2-1 

I(x) = t:.k L S[nJe- ;2.nt. .. (10.26) 

n=- N/ 2 

In the ensuing discussion of this section, we will examine the use of two 
popular constraints: the finite spatial support constraint and the maximum entropy 
constraint. 

o 0 0 0 

N 
'2 

N 
'2 

S[n] 

N 
'2 

o 0 0 0 

N n 
'2 

Figure 10.6 Extrapolation of a data set from N to IV poinls. 
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10.2.1 Bandlimited Extrapolation 

Recall that [(x) is called a (spatially) bandlimited function if [(x) = 0 for Ixl > 
W:z;/2. where W,z: is a finite number. This constraint can be ex.plicitly used for 
data extrapolation, thus the name bandlimited extrapolation. The effectiveness of 
the bandlimitedness constraint is best understood by considering the continuous 
case (often known as analytical continuation). Let S(k) be the Fourier transfo~ 
of [(x). Then, S(k) is analytic over the entire real axis (see Section 2.5) and can 
be represented by, for example, the Taylor series. Specifically, assume that S(k) 
is known for a finite interval [ko - 6, ko + 6}. Then 

S(k) = S(ko) + f s(n)\ko) (k - kot 
n. 

n=O 
(10.27) 

can be defined based on the known data . This express ion is valid for all values 
of k because S(k) is an analytic function. In other words, we have recovered 
the entire S(k) from only a finite segment of it! Based on this property, sev­
eral celebrated continuous extrapolation algorithms have been developed, most 
notably the method using the prolate spheroidal wave functions by Slepian and 
Pollack [244J and the iterative algorithm by Gerchberg [I40J and Papoulis and 
Bertran [217J. In the case of discrete data, the analytic property of S(k) becomes 
meaningless. Nonetheless, the bandlimitedness constraint is still useful for re­
generating part of the missing data [169,236,237, 238J. We briefly describe the 
discrete extrapolation algorithm here because it is relevant to MRI. 

Assuming that lex) is a bandlimited function, we can express it as 

(10.28) 

where (-W./2, W./2) is called the spatial support region of [ (x). The series 
coefficients Cm in Eq. (10.28) are related to the measured data SInJ by 

SInJ = ~ C
m 

sinIrrW.(n - m)t.kJ 
~ rr(n - m)t.k 

rn=-oo 

(10.29) 

Since SInJ is known only for -N/2 ~ n < N/2. it is evident that the solution for 
Cm is not unique. Therefore, unlike the continuous case, discrete extrapolation is 
inherently underdetermined. In practice, the minimum-norm solution is sought, 
namely. 

c = arg min L Icml' 
{em} m 

(10.30) 
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It has been shown [169J that the solution satisfies the following conditions: 

I 
N~l sinIrrW.(m - n)t.kJ 

SInJ = ~ Cm rr(m _ n)t.k 
rn= - N/2 

Crn = 0 

( 10.31) 

otherwise 

which is the governing equation for discrete b~ndlimit~d extrapola~ion. Equa­
tion (10.31) can be solved directly for c. In matnx form, It can be wntten as 

Ee = S (10.32) 

where E is an N x N matrix. and c and S are N -element column vectors defined 

respectively by 

c= (C_N/2,C_N/2+ l l ... ,CN/2_d
T 

S = ISI-N/2]' SI-N/2 + IJ, ... , SIN/2 - lJJT 

sinIrrW.(m - n)t.kl 
E -

mn - rr(m _ n)t.k 
m , n = 1, 2, ... IN 

It has been shown [169] that the extrapolation matrix E has N posi~ive eigen­
values such that 1 > AI > A2 > ... > AN > O. The first N"!zD..k ~Igenv~l,ues 
are very close to 1, and the others gradually decay to zero., S lOce E IS ~SlhV~­
definite, c is uniquely determined from Eq. (10.32) . A major probkm with thiS 
direct solution lies in its sensitivity to noise because the extrap~latl~n matnx E 
is usually ill-conditioned. Paradoxically, the smaller the sam~llOg lO~e.rval f:1k . 
the more information the support bound contains, but the more III-c.ondulO~~ the 
extrapolation matrix E becomes. The usual way to cope with t~js ll1 -condlt~oned 
problem is to regularize Eq. (10.32) by perturbing E with a diagonal matnx AI. 
In this case, Eq. (10.32) becomes 

(E + AI)e = S (10.33) 

Other advanced regularization methods are available, which replace the dia~o­
nal matrix by a general regularization matrix incorporating additional constramts 
about the image function (131]. After c is known. one can e~trapolate the mea­
sured data set to the desired frequency range using the followmg fonnula: 

N/2-1 

2: 
sinIrrW.(n - m)t.kJ 

Cm rr(n-m)t.k 
m=- N/2 

SInJ = In l ~ N / 2 (10.34) 

The extrapolated data set can then be Fourier transformed to get the final rec.on­
struction. Alternatively. one can use Eq. (10.28) to get the final reconstruction, 
which corresponds to extrapolating Sin] to the infinite frequency range. 
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Bandlimited extrapolation reconstruction is often carried out iteratively. The 
popular algorithm developed by Papoulis and Gerchberg is summarized below. 
The interested reader is referred to [51] for morc details. 

(a) Zero-fill the measured_ data set to N points and apply the inverse FFf to get 
a first approximation Io(x) of the required reconstruction I(x). 

(b) In the mth iteration. force the previously estimated image im_1(x) to have 
the required spatial support bound by multiplying it with lI(x/ Wr ) 

im(x) = im_1(x)II (;J (10.35) 

(c) Apply the FFr to im(x) to get a new pseudo-data set Sm(nJ and then fill the 
unsampled data region of the measured data set S[nl with Sm{nJ. 

(d) Apply the FFT to the extrapolated data set to get a new reconstruction and 
go back to step (b) if the maximum number of iterations is not reached; 
otherwise, accept it as the final reconstruction. To avoid noise amplification, 
this iterative process is often terminated after a few iterations. depending on 
the data signal-to-noise ratio. 

10.2.2 Maximum Entropy Reconstruction 

The maximum entropy principle has been widely used in various areas of science 
and engineering [9, 37]. Its application to image reconstruction from noisy incom­
plete data has also been investigated by several research groups [106, 122, 129. 
130, 133, 145,205,206,267]. However, the usefulness of the maximum entropy 
constraint for MR image reconstruction is not yet well established [122, 206}; so, 
this section will present only a brief review of the fundamental concepts underly­
ing maximum entropy image reconstruction. 

The core of maximum entropy image reconstruction is the entropy measure 
that guides the selection of an optimal reconstruction from the infinitely many 
feasible ones consistent with the measured data. So. let us begin with a review of 
the Shannon entropy definition. 

Definition 10.2 The entropy tl of a discrete random variable { with probabil­
ity distribution {PI I P2, ... , PN} is a measure of its uncertainty (or in/ormation 
c011lent). defined by Shannon as 

N 

1l = - 2:;Pn 10gPn (10.36) 

n=1 

Note that the base of the log function in the above definition can be arbitrary. 
However, it is cus tomary to use the base 2 logs, and the resulting unit of entropy 
(information) is called a bit. 
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Entropy in one form or another is a rather old concept. Its origin dales back 
to the first work on thermodynamics in the nineteenth century. Nonetheless, most 
of the credit for defining entropy and promoting its use in signal processing (par­
ticularly, in communications) is due to Shannon. To better appreciate the above 
entropy definition, let us go through a couple of examples. 

• Example 10.1 

Let { be a binary random variable such that 

The entropy of { is given by 

with probability P 
with probability 1 - P 

1l({) = -plog, P - (1 - p) 10g,(1 - p) 

(10.37) 

(10.38) 

It is instructive to evaluate 1l for different values of p. In particular, 1l({) = 
o for p = 0 or 1. which is understandable because in' this case { is not 
random and there is no uncertainty. It is also easy to show that 1l(O reaches 
the maximum value of! bit when P = 1/2; that is, the uncertainty about { is 
maximum when.{ has an equal chance of taking the value of I and O. 

;,. Example 10.2 

'This example shows that the entropy given in Eq. (10.36) reaches the maxi­

mum value log2 N whenp! =1'2 = .. . = PN = l/N. 
Consider the function 

where A is a Lagrangian multiplier. Taking the first-order derivative on both 

sides yields 

8/ 1 
Bpn = -ln2(lnPn + 1) + A, (10.40) 
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Setting If.: to zero yields the desired value of Po for 1i({) to reach the 
maxImum. ITtion of Eq. (LO.40) reveals that the Po must be all equal 
Notmg that L:o=1 Po = 1. it is then apparent that . 

(10.41) 

and. consequently. 

1i({) = log2 N (10.42) 

. w.e now desc,ribe some entropy measures that are in use for an image func­
t1on~ First, f~r an Image with positive pixel values I[nJ. the nonnalized pixel in­
tensIty value IS treated as the probability [106. 122. 129, 130, 133, 145,206,267). 
That IS, the probabIlIty to observe l [n) is 

_ l[n) 
Po - L:ml[m) (10.43) 

Then, the entropy of the entire image (treated as a random variable) is 

1i - L ( l[n)) (I[n)) 
- - n L:m l [m) log L:m l [m) (10.44) 

In the case that L:m l[m) is a constant, Eq. (10.44) can be written equivalently 
(apart from a constant term) as 

1i = - L l[nJIog l[n) ( 10.45) 
n 

!he above, entrop~ defi~itio~s ca? be extended to complex-valued image 
functIOns. SpeCifically, If one IS pnmanly concerned with the magnitude image 2 
the probability distribution is calculated as . 

_ II[nli 
Po - L:m II[mli (10.46) 

and correspondingly, 

1i - L ( II[nll ) ( II[nli ) 
- - n L:m II[mli log L:m II[m)1 (10.47) 

or 

1i = - L II[nlilog II[n)1 (10.48) 
n 

2~~e can also treat the real and imaginary parts of a complex image function as independent 
quantities; see [205] for some discussion of this topic. 

/ 
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when L:m II[mJl is a constant. 
Note that while the entropy measures in Eqs. (10.44) and (10.47) are com­

monly used for image reconstruction, they may not be useful for other image 
processing tasks. For example, in image registration the entropy of an image is 
defined as [196, 266J 

where 
Imin: 

Imax : 
n(I) : 
N: 

minimum image intensity value 
maximum image intensity value 
number of pixels with intensity value I 
total number of pixels 

(10.49) 

After 1-l is defined, the next step in maximum entropy reconstruction is to 
maximize 1{ under the data-consistency constraint, which is often expressed in 
tenus of the following so-called X2 statistical test 

N/2-1 1 

X'= L 
n= -N/ 2 ad 

N/2- 1 

Sin) - L l [m)e- i2
•

mn
/
N 

m:.- N/ 2 

, 
(10.50) 

where ad is the standard deviation of the data noise. Note that in Eq. (10.50) the 
Fourier summation is used to calculate the k-space data values corresponding to 
a guess reconstruction I(m]; also, N is the total number of pixels in the resulting 
image, which equals to the number of data points in the extrapolated data set. 

Maximization of 1{ under the constraint of Eq. (10.50) is often transformed 
to an unconstrained problem through the introduction of a Lagrangian multiplier 
). to form the following objective function: 

Q = 1£ - AX2 (10.51) 

The desired solution corresponds to a critical point of Q where X2 ~ N . How­
ever, there is no known closed·form solution to this problem in general, and iter· 
ative optimization algorithms are often employed to find an asymptotic solution. 
Detailed discussion of this topic can be found in [30, 106, 145J. 

10.2.3 Discussion 

This section has discussed two constrained reconstruction methods using the band­
limited constraint and the maximum entropy constraint, respectively. The quality 
of bandlirnited extrapolation reconstructions depends on the amount of informa­
tion contained in the superimposed spatial support bound. If the measured data 
happen to be oversampled (i.e. , the FOV is larger than the support bound), this 
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constraint can help recover some of the unmeasured high~frequency data. Another 
advantage of this method is its computational efficiency. The iterative solmion 
can ~ obtai~ed with a few iterations; the naniterative solution can be obtained 
efficlenrly usmg the Levinson algorithm [177J. One drawback of band-limited 
extrapolation is its high sensitivity to noise. Moreover, if the measured data are 
tak~n at the Nyquist rate (i.e., f::J.k = l /Wx , as is often the case in MRI appli­
catIOns), the support-bound constraint becomes trivial because E ::; W:rI and 
c = t!.kS. As a result, no meaningful data extrapolation will be gained. There­
~ore. the bandhmltcd extrapolation method may not be very effective for overcom­
Ing the truncation artifacts in general. although it has found useful applications in 
other MRI problems [167,275,277). 

The effectivenes~ of the maximum entropy method depends. to a large ex­
tent, on how entropy IS defined for a particular problem (206]. In the absence of 
any data constraints, maximization of the Shannon entropy measure 1£ results in 
all. th~ Pn being equal. This property seems to suggest that the maximum entropy 
prlfl~iple selects the smoothest image consistent with the data. In other words, the 
~axlmum entropy reconstruction adds no new infonnalion beyond thaI contained 
10 l.he measured ~ata. This point has been demonstrated by examples from appli­
call.on of the max.imum entropy principle to NMR spectroscopic data analysis and 
radiO astronomy Image reconstructions. However, some studies also indicate that 
this property is not generally true [122). In fact, it is shown [133) that in some 
particular cases, the maximum entropy reconstruction is no more than a scaled 
version of the conventional Fourier reconstruction. Therefore, the maximum en­
tropy method should be used with care . 

. ~ usefu.1 extension of the maximum entropy method is the incorporation of 
ad~lhonal f~lor k~owledge into the entropy expression. Specifically, if an inilial 
estimate Po IS available for Pn, it can be incorporated into the entropy expression 
as 

N j 2-1 

11. = L Pnlog (p~) 
- Pn n=-N/2 

(10.52) 

This measure is often known as the cross-entropy [243], or the Kullback-Leibler 
~istance between t~o probability distributions [15]. Note that the cross-entropy 
IS always nonnegatIve and is zero if and only if Po = p~ [15]. Therefore, the 
final reconstruction should be obtained by minimizing the cross-entropy under 
the data-consistency constraint. Equivalently, one can maximize 

N/2-1 

il = - L Pnlog (p~) 
- Pn n=-N/2 

(10.53) 

which is the minus cross-entropy. 

Before concluding this section, it is worthwhile to point out that data extrap­
olation for superresolution reconstruc tion is often difficult to achieve; however. 
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suppression of the Gibbs ringing artifact alone is much less challenging. A data 
extrapolation scheme based on sigma filtering [184] has proven rather effective 
for this purpose. The interested reader is referred to [86, 87, 124) for detailed 
discussion. 

10.3 Parametric Reconstruction Methods 

This section describes two parametric methods for image reconstruction. A dis­
linct feature of these methods is the introduction of a parametric (or non-Fourier 
series) image model, and as a result, parameter estimation becomes a key step 
in the image reconstruction process. There are a couple of desirable properties 
with the parametric approach to image reconstruction. First, a non-Fourier series 
model, if optimally chosen, can represent the class of desired image functions 
with a finite number of unknowns, and consequently, only a finite number of data 
points are necessary. In other words, a parametric model can implicitly extrap­
olate the measured data set to the infinite frequency range. thereby completely 
removing the data truncation artifacts. Second, many of the parametric methods 
have a built-in filtering capability for noise removaL Specifically, if the number 
of model parameters is less than the number of data points, a least-squares param­
eter estimation procedure can effectively "smooth" out some of the measurement 
noise. 

There are a variety of ways to set up a parametric image model. The general 
principles governing the selection of an (optimal) image model are the following: 

• SuffiCiency: The model can accurately represent the class of image functions 
of interest. 

• Efficiency/Parsimony: The model can characterize the image functions with 
a small number of parameters. 

• Robustness: The model should be stable with respect to perturbations, in­
cluding random noise and systematic modeling offsets, of reasonable levels. 

• Computabiliry: The model parameters can be found efficiently when the 
model is fitted to the measured data. 

Model sufficiency is usually not a problem jf an unlimited number of param­
eters are used, such as is the case with the Fourier series. However, in practice, 
we are given only a finite number of degrees of freedom in setting up a model be­
cause only a finite number of data points are available for detennining the model 
parameters. Therefore, only asymptotic sufficiency is obtained in practice, and 
as a result, model efficiency is important because it determines the level of mod­
eling error with finite number of parameters. Hence, the challenge of parametric 
modeling lies in achieving an optimal compromise between model sufficiency and 
efficiency. 
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The robustness of a parametric model is important because we always have 
lO deal with measurement random noise and systematic modeling errors. Ideally. 
the model should be stable so that the model parameters are insensitive to per. 
turbations in the assumed working environments. Computational complexity of a 
model is also important for practical applications, since a priori constraints often 
require highly nonlinear models. In fact, suboptimal procedures are often used 
for parameter estimation to gain computational efficiency. 

In the remainder of thi s section, we discuss two parametric models: the au. 
toregressive moving average model and the generalized series model. 

10.3.1 The Autoregressive Moving Average Model 

The autoregressive moving average (ARMA) model is an important tool in mod­
em spectral estimation [46, 68, 79, 82J. Application of this model to MR image 
reconstruction was first proposed by Smith et al. [246]. This section first reviews 
the definition of an ARMA model and then describes the corresponding image 
reconstruction algorithm. 

10.3.1.1 Definition 

In general, a (P, q)-order ARMA model is described by the following rational 
function 

where 

Ap{z) = 1 + a,z + ... + apzP 

B,{z) = bo + biz + ... + b,z' 

(10.54) 

(10.55a) 

(1O.55b) 

It is useful to view I / Ap{z), B,{z), and B,{z)/Ap{z) as the transfer func­
tions of a digital filter. Then, the time-domain input-output relationships of these 
filters can be expressed. respectively. as 

, . 
Ap(.a:) . 

B,{z) : 

p 

dn = - L amdn _ m + t"n 

m = l 

, 
dn = - L bm €n_m 

m=O 

p , 

dn ;;; - L amdn_ m + L bm€n- m 
m = l m = O 

(1O.56a) 

( 1O.56b) 

(10.560) 
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where En is the input excitation sequence and do is the resulting output data se­
quence of each filter. It is clear from the above expressions that I /Ap(z) is a 
pth-order AR (autoregressive) filter while Bq(z) is a qth-order MA (moving aver­
age) filter. Since the transfer func lion of an AR filter has only poles in the z-plane, 
it is also known as an all-pole filter; likewise, an MA filter is an all-zero filter. 

The ARMA model can be justified on the basis that any continuous function 
can be approximated arbitrarily closely by a rational function with sufficiently 
large values of p and q [68J. One can see from Eq. (10.54) that the ARMA model 
reduces to the conventional Fourier series model when p = 0 and to a strict AR 
model when q = O. Recall that the Fourier series model is rather effec tive for 
representing smooth functions but becomes very inefficient for representing spiky 
image features. On the other hand, an AR model I/Ap{z) lends itself well to 
representing spiky features because 1/ Ap{z) will produce sharp peaks by poles 
located on or near the unit circle in the z-plane. A combination of these two 
features endows the ARMA model with the capability to represent a variety of 
image features efficiently. The widespread use of this mode l in various areas of 
data analysis is, to some extent, motivated by this property. 

In the MRI application, the measured data SlnJ = S{nllk) correspond to 
the Fourier transform of I{x). That is, 

(10.57) 

where it is assumed that I(x) is bandlimited to Ixl :::; 2~k' It is easy to show that 

PI ' 
SlnJ = - L amS[n - mJ + llk L bmon_m 

m=l m =O 

(10.58) 

where On is the Kronecker delta function. For notational simplicity, the scaling 
factor 1/ Ak is sometimes absorbed into the MA coefficients, resulting in the 
following recursion: 

p , 

SlnJ = - L a;"S[n - mJ + L bmon_m (10.59) 
m = l 

where bm = llkbm. Comparing Eq. (10.58) with Eq. (10.560), one can see that 
SlnJ is the output of an ARMA filter excited by a single pulse En = On/ llk, as 
illustrated in Fig. 10.7. Note that in the modified form given in Eq. (10.59), the 
filter is excited simply by On. 

A concept closely related to ARMA modeling is linear predic tabil ity of a 
data sequence. Fonnally, a data sequence do is ca lled pth-order linearly pre­
dictable if any element in it can be expressed as a lin ear combination of its pre­
ceding (or ensuing) p elements with a fixed set of weightings. In the forward 
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S[n] 

Figure 10.7 MR data modeled as the output of an ARMA filter 
activated by a single impulse. 

prediction form, 

(10.60) 
m :::: l 

~here the w~ightings {hml m = 1, ... ,p} are called the linear predictor coeffi.. 
clents and p IS the predictor order. Corresponding to Eq. (10.60), the following 
polynomial can be formed 

(10.61) 

whi~h is called the characteristic polynomial. It is clear from Eq. (lO.56a) that 
the Impulse response of a pth-order AR filter can be expressed as 

p 

dn = - L amdn- m1 

m=l 

which is p-order linearly predictable. 

• Example 10.3 

n?p (10.62) 

Let d(t) be a transient sigoal consisting of M damped complex sinusoids. 
We show that the data sequence dn = d(nAt) is Mth-order linearly pre­
dictable. 

We first express d(t) as 

M 

d(t) = L c",e-(!lm+iwm)' (10.63) 
m=l 

for some values of c"" p=, and w=. (It is necessary that p > 0 for damped 
sinusoids.) Then, m 

M 

dn = L Cmz:;' (10.64) 
m=l 
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where 

Based on Eq_ (10.64), we have 

d - "M n 
n - L...Jm=l Cmzm 

"_',,M _, n 
Uon-l - L.Jm=l Cmzm zm 

A linear combination of the above equations yields 

M 
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(10.65) 

(10.66) 

dn+h,dn_, + .. -+hMdn-M = L c", (1 + h,z;;.' + ... + hMZ;;.M) z;:, 
m=l 

(10.67) 
We further assume that the weighting coefficients hm , m = I, 2, . .. , M 

are selected to satisfy the following equation: 

M 

1 + h,z-' + ... + hMz-M = II (1- z=z-') (10.68) 
m=l 

Then. 

(10.69) 

Substituting Eq. (10.69) into Eq. (10.67) immediately yields 

(10.70) 

for n ? M. Therefore, dn is an Mth-order linearly predictable sequence 
according to Eq. (10.56). 

10.3.1.2 Parameter Estimation 

A key step in image reconstruction using an ARMA model is to determine all the 
model parameters. including the order parameters p and q. the AR coefficients 
am, and the MA coefficients bm. Let dn. for n = 0,1, ... I N - 1. represent 
an FID signal or one wing of an echo signal, or these signals after some prepro­
cessing. Fitting an ARMA model to dn to determine all the parameters jointly 
is a challenging computational problem and is often avoided in practice. There­
fore. most parameter estimation algorithms in practical use today find suboptimal 
solutions to these parameters in multiple steps. Specifically. the model order pa­
rameters p and q are first determined based on some statistical testing or ad hoc 
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rules; then, the AR coefficients are determined by solving a linear least-squares 
problem, which is followed by calculation of the MA coefficients. One of these 
techniques called TERA (transient error reconstruction algorithm), developed by 
Smith et al. [246), has found useful applications in MRI applications and is sum­
marized below. Note that a large number of algorithms have been proposed for 
ARMA model parameter estimation in conn~ction with spectral estimation of a 
time series. The interested reader is referred to [46, 68, 79, 82J for excellent 
reviews of these algorithms. 

Detemlillatiorl of the Model Order Parameters p and q. Finding the correct 
or the "best" value for p is difficult. Too Iowan order will lead to a loss of 
resolution and too high an order may cause model instability. The maximum value 
for p under the condition that the AR coefficients are not underdetermined is N / 2; 
it is suggested [80J that p is chosen on the order of N / 3. Rigorous treatments of 
model order selection can be found in [263, 283, 284J . 

Determination of the model order q for the MA part is more straightforward. 
In general. we select the largest possible value for q. which is N. By doing so, 
we can select the MA coefficients properly so that the resulting ARMA model is 
data-consistent [246J . 

Delenllinaliol1 o/the AR Parameters am. Temporarily ignoring the MA com· 
ponent of the ARMA model, the AR coefficients are related to the measured data 
sequence dn by 

p 

dn = - L amdn- m + En, 

m =O 

n = p + 1, ... , N /2 - 1 (10.71) 

where En is the forward prediction error. Determination of the am from this set 
of linear equations is the classical linear prediction problem. After p is known, 
the aJn are usually determined by minimizing the total forward prediction error.) 
That is, 

In matrix form, Eq. (lO.71) can be written as 

[

do 

~~-p- t 

(10.72) 

(10.73) 

3The resulting AR model is optimal in the least-squares sense, oot it is not necessarily the correct 
one. 
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or simply, 
Da '" - d (10.74) 

The solution for a
Jn 

given in Eq. (10.72) corresponds to the least-squares solution 

ofEq. (10.74) and is given by 

H )-1 H a= -(D D Dd (10.75) 

Determination of the MA Coefficients bn ' Determination of the MA coeffi­
cients b

n 
for the current problem is rather simple. First, noting that 

q 

L bmon - m =bn 

m = O 

we can rewrite Eq. (10.58) as 

nSN 

p 1 
Sin] = - :L amS[n - m] + f',.k bn 

m=l 

(10.76) 

(10.77) 

Second, comparing Eq. (l0.77) 10 Eq. (10.71) yields the following simple 
relationship between the MA coefficients bn and the prechctJon error sequence 

bn = ~kEn (10.78) 

Note that En is defined only for p < n < N in Eq. (10.71). However, aft~r the 
AR coefficients an are known, we can use Eq. (lO.71) to calculate the predlctton 
error sequence for 0 :5 n :5 p as well. Specifically, since the measured data dn fO! 
n = 0, 1, ... , N - 1. is taken to be the impulse response of the ARMA model, 
we can treat dn as zero for n < O. S Therefore, 

n 

En = dn + L amdn - m 

m=l 

for 0 S n S p. Combining Eq. (10.79) with Eq. (10.71) yields 

(10.79) 

{ 
dn + r::~1 amdn- m n;::: p (10.80) 

En = "n d dn + L...m=l am n - m n < p 

Finally, according to Eq. (10.78), we have the following simple formula for cal­

culating the MA coefficients bn : 

{ 
dn + r::~1 amdn- m n;::: p (10.81) 

bn = !:l.k "n d dn + L...m= l am n-m n < p 

<lStricl1y speaking. dn is modeled as the impulse response of the ARM A filter divided by ilk . 

sit is assumed that the ARMA filter is a causal system. 
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Note that in [246J . the bn are calculated, which are given by 

10.3.1.3 Discussion 

n?p 

n<p 
(10.82) 

There are a few subtle points in applying the ARMA model to MR data. First. 
it is useful to remove the zeroth- and first-order phase distortions of the data, 
which can be done using the techniques described in [202]. Removal of these 
phase terms has been found to substantially reduce the required AR model order, 
thus improving model stability. Second, it is necessary (Q splil the measured echo 
data into Hermitian and anti-Hermitian sequences. This preprocessing step is 
necessary because fitting both wings of the data simultaneously would force the 
roots of the Ap(z) filter onto the unit circle, thus leading to instability. 

Assuming that the data SIn) are available for -N/2 :s n < N/2. the Her­
mitian (S+In» and anti-Hennitian (S_ In» components can be calculated as 

{ 
S+In) = (SIn) + S'I- n))/2 

S_In) = (SIn) - S'I-n))/2 
o :s n < N/2 (10.83) 

The corresponding reconstructions 1+ and 1_ from S+ and S_. respectively. can 
be combined to get the desired reconstruction I as follows: 

lex) = 2!R{l+(x)} + 2i~{L(x)} - SIO) (10.84) 

Note that in the ideal case, 1+ corresponds to the absorption mode and 1_ corre­
sponds to the dispersion mode, and one can simply use [ + as the final reconstruc­
tion. In practice, both 1+ and I _ are needed, although I_contributes only about 
10% of the total energy to the final reconstruction [246J. 

The AR filter calculated from Eq. (10.75) is not guaranteed to be stable. 
To improve the stability of the resulting filter. Smith et al. [246J proposed to 
move its poles away from the unit circle (pole-pulling) by modifying the AR filter 
coefficients as follows: 

(10.85) 

A value of Ck around 0.99 or lower for very noisy signals is appropriate . Extreme 
pole-pulling is to be avoided as values of cr ~ 0.95 will give a TERA reconstruc­
tion with lfuncation artifacts similar to those in a standard Fourier reconstruction. 
Note that the use of am would disturb the accuracy of the prediction, but not the 
final reconstruction since the MA coefficients are chosen based on the new AR 
coefficient values. 

After the am and bm have become available, an image can be directly ob­
tained from the model given in Eq. (10.54). The numerator and the denomina­
tor can be evaluated using an FFf algorithm. Zero-padding is often used to get 
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enough digital resolution to catch the high-resolution features embedded in such 
an image function. Based on Eq. (to.58), one can also extrapolate the data ~e­
cursively to recover the missing high spatial frequency data . The nonnal Founer 
method can then be applied to reconstruct the desired image from the extrapolated 

data. . h . t of 
To illustrate the performance of the ARMA modeling t~c mque,. a se 

reconstruction results obtained from the phantom data set (FI~ . 10.3) IS sho:w" 
in Fig. 10.8. As can be seen, the image in Fig. I ~.8~ has n?ttce~ble tr~"catton 
artifacts (resolution loss and Gibbs ringing). The nngmg artifact IS .conslderably 
reduced in the ARMA reconstruction shown in Fig. 1O.8b, and some Improvement 
in resolution, particularly for the circles, can also be obser~ed. More reconstru~­
tion examples comparing the ARMA model to other techmques can be found lfl 

[80J. 

Figure 10.8 Reconstructions of a phantom image. The vertical direction. of bot~ images 
was reconstructed using the FFf reconstruction method from 256 symmetnc Fou~er tr~s­
fonn samples, while the honzontaJ direction was reconstructed from 96 data pomts usmg 

(a) !.he conventional FFf method and (b) the ARMA modeling method. 

10.3.2 The Generalized Series Model 

The generalized series (OS) model was proposed as a .general method for incor­
porating a priori cons traints into the image reconstruCtion process [187, 189]. In 
this model. an image function is represented as 

(10.86) 

n 
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where 'Pn{x) ilre the basis functions used to absorb any a priori information and 
en are the series coefficients chosen to match the measured data. This section 
describes the use of this model for constrained image reconstruction. 

10.3.2.1 Selection of the Basis Functions 

~electing a set of "good" basis functions is essential for the GS model. A par­
ltcular set of basis functions is given in the form of weighted complex sinusoids 
[187.189J: 

(10.87) 

where C(x) is a nonnegative functi on incorporating a priori information. With 
this sel of basis functions, the GS model becomes 

I(x) = C(x) L cn e;2.n"h (10.88) 
n 

This model has several useful properties. Specifically. when no nontrivial 
a priori information is available. namely. C(x) = 1, Eq. (10.88) automatically 
reduces to the conventional Fourier series model. This is desirable because the 
Fourier series model is indeed optimal in this case. On the other hand, ifC(x) = 
I(x), the multiplicative Fourier series factor will be forced to unity by the data­
~onsistency constraint, and a perfect reconstruction will result. In general, if C(x) 
IS properly chosen, the new basis functi ons given in Eq. (10.87) enable the OS 
model to converge faster than the Fourier series model. Therefore, within a certain 
error bound, fewer terms can be used to represent an image function than are 
required by the Fourier series method, leading to a reduction of the truncation 
artifacts. The optimality of the OS model in Eq. (10.88) can also be justified from 
the minimum cross-entropy principle [243J. Specifically, treating the weighting 
function C(x) as an initial estimate to a desired image function I(x), the optimal 
reconstruction under this principle is the one that minimizes the cross-entropy 
measure. That is 

I(x) = arg min / 00 I (x) log [I(X)] dx 
(J (,)) -00 C(x) 

(10.89) 

subject to the data-consistency constraints 

(10.90) 

The solution to the above constrained problem is 

I(x) = C(x) exp (~Ane;,.n"h) (10.91) 

Section 10.3 Parametric Reconstruction Methods 349 

where An are appropriate Lagrangian multipliers. If C(x) is a good estimate for 
l(x} , the exponential term can be reasonably approximated by the first two terms 
of its power series expansion [i.e., exp(x) :;:::;: 1 + xl In this case, I(x) becomes 

I(x) '" C(x) + L AnC(x)e;2.n"kz 
n 

(10.92) 

n 

which is identical to the OS model function I(x) defined in Eq. (10.88) with Cn = 
8

n 
+ An ' Therefore, the GS model function can be viewed as an approximation to 

the optimal minimum cross-entropy solution. This approximate solution converts 
a highly nonlinear problem to a linear one so that fast reconstruction is possib.le. 

\Ve next consider the selection of the weighting function C(x). For the lIm­
ited data reconstruction problem, it was suggested (I90] that C(x) be chosen to 

be a summation of boxcar functions as 

where 
M : 
flm: 

number of boxcar functions 
edge locations 
boxcar amplitudes 

(10.93) 

This function is particularly suitable for image functions containing sharp edges 
because they are explicitly built into the basis functions. Determination of the 
parameters in this model is described in the Appendix of this chapter. 

The weighting function C(x) can also be determined experimentally. A typ­
ical example is time-sequential imaging, which involves the acquisition of a time 
series of images, h(x), 12(x) , .. " Idx), from the same anatomical site. For 
many of this type of imaging experiments, the underlying high-resolution mor­
phology in the desired image sequence does not change from ~ne ima~e to an­
other. As a result, it is not necessary to acquire each of these lmages IOdepen­
dently. Specifically, with the GS model , we first acquire one high-resolution (ref­
erence ) data set with N encodings followed by a sequence of reduced data set 
with M encodings, as shown in Fig. 10.9. In the image reconstruction step , the 
high-resolution reference image l ref(x) is used as the weighting function for the 

GS basis functions. That is, we set 

C(x) = II"r(x) 1 (10.94) 

for the GS model when it is used for image reconstruction from the reduced data 

sets. 
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reference data dynnmic data 

Figure 10.9 K -space coverage of time-sequential GS imaging. 

i ~Q[e that this .GS ima.ging scheme, often called RIGR (reduced-encoding 
magmg by generalized-senes reconstruction) offers a iactor of N/M . .. . . • Improve-
~ent.1O ImagIng efficiency (and temporal resolution) over the conventional Fourier 
Imaging method. ~imil.ar imaging methods have also been proposed to achieve 
the same level of Imagmg efficiency [110 171 189 225 265J M th uk hI'" . • , , • . ost notably 

e. ey 0 e Imagmg. method [171] covers k-space in the same fashion, but use~ :. Sl;rer method for Image reconstruction. Specifically, it replaces the missing 
Ig - requeney d.ata of the reduced data sets with the corresponding measure­

;::ents fro~ the hlgh-res~lution ref~rence data set and then processes the merged 
t~ set wIth the conventIonal Founer reconstruction method. An example com­

pann~ the: GS ~econs truction with the keyhole-Fourier reconstruction is shown 
later In thIS seCllon. 

10.3.2.2 Reconstruction Algorithm 

Afte~ C(x) is known. the series coefficients Cn are determined under the data­
consistency constraints. That is, 

N / 2 - 1 

= I: cmSc[n - m) (10.95) 
m=-N/2 

where 

(10.96) 
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Rewriting Eq. (10.95) in matrix form. we have 

Hc = S 

where 

s = [S [-N/2). ···. S[N/2 - lilT 

[ 

SeIO] Se[ - I] 
Se[l) Se[O) 

H = 

SclN - 1) Se[N - 2] 

Se[- N + I ] I 
Sel-N + 2] 

Se[O] 
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(10.97) 

which is a Toeplitz matrix. The GS model coefficients c can be found from 
Eq. (10.97) efficiently using the Levinson algorithm [4. I77J. The matrix H is 
sometimes ill-conditioned. In this case, Eq. (10.97) needs to be regularized. A 
simple method is to add a diagonal matrix AI to H such that Eq. (10.97) becomes 

(H + AIle = S (10.98) 

The resulting regularized as model can be expressed as 

I(z) = C(z) Lc",ei211'nah +),. L cnei211'nak:!: (10.99) 
n n 

in which the second part can absorb broad-band noise. Therefore. this regularized 
GS model is to be preferred for numerical stability and noise insensitivity. The 
regularization parameter ..\ can be chosen on the basis of the data signal-to-noise 
ratio and the amount of regularization required to stablize H, if that should be 
necessary. For example. A can be chosen so that Se[O] / A ~ SNR. 

After C(x) and the en are available, evaluation of each pixel value directly 
from Eq. (10.88) will give the model reconstruction. Often a zero-filled FFT is 
applied to evaluate the Fourier series factor so that it has the same digital resolu­
tion as the C(z) does. Sometimes, the Cn may be filtered. to remove any ringing 
artifaots resulting from inaccurate edge locations in C(z). Extrapolation recon­
struction is also possible by using Eq. (10.95) to regenerate the missing high­
frequency data. This step is desirable because filtering on the GS coefficients and 
model regularization could lead to data inconsistency beyond the noise level, and 
data extrapolation using the model can reinforce the data-consistency constraints 
in the final reconstruction. 

10.3.2.3 Discussion 

This section presents two examples to illustrate the performance of the as model­
ing technique. The first example is parametric reconstruction using the GS model 
and the second is dynamic imaging. 
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Figure 10.10 shows the reconstruction results from actual MRI data of a 
transverse slice through a human leg. For comparison, the high-resolution image 
reconstructed using 256 Fourier data points along both the readout (horizontal) 
and phase-encoding (venical) directions is shown in Fig. 10. lOa. On reducing the 
number of phase encodings from 256 to 64, the Fourier series model produces the 
image in Fig. 1O.lOb, which shows significant Gibbs ringing artifact and a loss 
of spatial resolution. as expected. A simple way commonly used to reduce the 
ringing artifac t is to multiply the measured data with a Hamming window func­
tion. but this causes a further loss of image reso lution. as is evident in Fig. 10.lOc. 
Using the generalized series method, the image in Fig. 10.lOd was obtained. It 
shows a noticeable improvement both in resolution (compared to Fig. 1O.1Oc) and 
in reduction of ringing (compared to Fig. 1O.lOb). 

A prac tical limitation of this GS model ·based reconstruction method is its 
significant computation requirement. Although fast algorithms are available for 
determining the GS coefficients c{n), solving for the nonlinear parameters in 
the weighting function C(x) of the basis functions is computationally expensive. 
Without a special array processor. this reconstruction algorithm is orders of mag· 
nitude slower than the FFT algorithm, which is a significant practical limitation. 

Figure 10.11 shows a set of representative results from a dynamic imaging 
experiment with an injected contrast agent. In the experiment. a time series of 
data sets with 128 phase encodings was obta ined before and after the injection of 
a contrast agent. The high-resolution preinjection image and one of the postinjec. 
tion images are shown in the top row in this figure. The difference image between 
the preinjection image and the postinjection image is included in the third column 
to show how well the interirnage variations are being reproduced. For the GS 
reconstruction, a subset of eight encodings from the postinjection data sets were 
used plus the preinjection image as the reference. For a comparison, results from 
the keyhole·Fourier reconstruction method [171] are also included. This method 
simply replaces the missing high-frequency encodings of the postinjection data 
sets with those from the reference preinjection data set, followed by conventional 
Fourier reconstruction. 

As can be seen from Fig, 10.11, the keyhole-Fourier postinjec tion image 
appears to have the same resolution as the preinjection reference image, but the 
difference image suffers from the usual data truncatio n artifact. This means that 
the high-resolution images produced by the keyhole-Fourier method could be mis­
leading. since they capture only low-resolution dynamic variations, This problem 
is significantly reduced in the GS image, since the dynamic image variations are 
produced at a much higher resolution. However, the GS model in the original form 
is not capable of reproducing the interimage variations at the resolution of the ref­
erence image either, as demonstrated in this example. This is because dynamic 
information in the GS model is contained exclusively in the series coefficients Cn · 

Since this model has only as many terms as the number of dynamic encodings, 
the dynamic information "regis tered" on the reference image may not have the 
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same spatial resolution. This limitation can be alleviated by furt~er impro~ing 
the data acquisition and image reconstruction steps. ~or exam~le, 10 som~ l1~e­
sequential imaging applications, it is possible to acquire two hlgh-re~ol~~on Im­
a es at different times of the dynamic imaging process such .that thelr,dl ere,nce !ill reflect the dynamic signal changes. By building thi~ ~Ifference Image I~to 
the basis functions, one can reproduce the interimage vanaltons at the resolution 

of the reference images [153]. 

"" 
. h t ( ) The "gold standard" recon-

Figure 10.10 Cross-sectional Images of a uman eg, a . 
structed from a data set with 256 encodings along both directions uSing .the ~tandard FFT 

method. The data set was truncated lO 64 points along the vertical dlrecuon and t~~ 
rocessed using three different reconstruction schemes: (~) t~e stan,dard ,FFf. (c) the H , 

P . d d F~ and (d) the GS model. Notice the nngmg artifact In (b) , the blumng 
JIllng-wlO owe r I, 
artifact in (c). and the improvement of (d) over (b) and (c), 
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Figure 10.11 Cross·seclional images obtained from a rat d ' d . 
injected contrast a ent- ()_( . . . . unng a ynarruc study of an 

d
" g . a c) high-resolution Founer Images reconstructed with 128 

co mgs along each direction' (d) d (0 . . . . en-

j
'eet 'o d' ,an postmJccllon Images reconstructed with 8 post,'n-

I n coco mgs and Ih . .. . and GS model" h e premJec~lon Image. as the reference using the keyhole-Fourier 
. . mg met od~, ~es~ctJve I Y. The Images in (c), (e) and (g) show the dynamic 

vanat lons between the premJcctJon image and the corresponding postinjection image. 
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10.4 Appendix 
This Appendix presents a brief review of several linear prediction (LP) estimation 
algorithms useful for determining the nonlinear parameters in a boxcar model 

introduced in Section 10.3.2. 
Recall that a general boxcar model consisting of M boxcar functions can be 

expressed as6 

C(x) = t amI! [X - t(i3m + i3m+ll ) 
m.=1 13m.+ l - 13m 

(10.100) 

where it is assumed for convenience that {31 < {32 < .. ' < (3M+ l' Fitting this 
model directly to a set of Fourier transform samples is a highly nonlinear prob­
lem. We describe here a linear prediction-based algorithm that can determine the 
nonlinear parameter 13m. efficiently. After the 13m. are known. the amplitude pa­
rameters am. can be determined simply by solving a linear least-squares problem . 

which will not be discussed here. 
First. noting that 

wherep = M + 1 and 

for 2$m<M 

Let S,[nj be the sample values of the Fourier transform of C(x) 

S,[nj = f_: C(x) e- i2"""dx 

(10.101) 

(10.102) 

(10.103) 

Then. based on the derivative property of the Fourier transfonn. we have 

p 

S,[nj = - i27rnt.kS,[nj = ~ ame-i2·n"k~m (10.104) 

m= l 

Finally. making use of the result in Example 10.3, we can state that the data 
sequence {S,[nj} is (M + l) th-order linearly predictable. Specifically_ in the 

forward prediction form. we have 

p 

S, [nj = - ~ hmS, [n - mj (10.105) 

m=l 

0Note (hat only the magnitude part of this model should be used as the wei ghting function for the 

OS basis functions in Eq. (10.87). 
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for a proper set of ~oefficients hm . An important consequence ofEq . (10.105 ' 
that the correspondmg characteristic polynomial given by ) IS 

P(z) = 1 + hlz- I + ... + hpz- P = a (10.106) 

has roots on the unit circle of the z-plane, which are related to the eel I . 
13m of the boxcar functions by ge ocauons 

ZJn = e - i21ftl.kfJrn , m = 1,2, ... ,p (10.107) 

This result suggests that the 13m can be determined efficiently by the way of fi d 
109 the Zm. n -

D,etennining Zm from a given set of data is a classical LP estimation prabl 
for whIch a large number of algorithms have been proposed [46, 68. 79, 82J. In~:~ 
ensumg ~IScuss~on, ,w: shall describe a few algorithms relevant to our prabl 
For notational simplicity, we use em. 

dn = Sdn - N / 2] + en, n = 0, 1, ... , N - 1 (10.108) 

to represent the available data that are corrupted by additive random noise ell' 

10.4.1 The Direct Least-Squares Method 

According to Eqs. (10.105) and (10.108), we have 

p 

dn '" - '\" hmd ~ n-m 
m=l 

Let 

h = ihp , hp _" .•. , hl]T 

d = idp,dp+I, ... ,dN_I]T 

(10.109) 

(10.1 lOa) 

(10.1 lOb) 

(1O.IIOc) 

where it is usually true that p < N . h ' k' - P. 1 erelore, there are more equations than 
un nowns In Eq. (10.109). Solving for h in the least-squares sense gives 

(10.111 ) 

for which a number of numerical algorithms are available [31]. Aft Ih h ' 
known. one can apply one f th I " er e 15 o e po ynomml roolmg procedures to Eq (10 106) 
to find the Zm [56J. . . 

-
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10.4.2 SVD-Based Methods 

Let us first review the basic concepts of singular value decomposition (SVD) of 
an arbitrary matrix A. Assume that A is an M -by-N matrix. Its SVD is a product 

of three matrices 
(10.112) 

where U is an M-by-M unitary matrix.. V is an N-by-N unitary matrix, and ~ is 
an M-by-N diagonal matrix. We may write these matrices as 

u = "I "z "M 1 (1O.Il3a) 

V = VI Vz UN 1 (IO.Il3b) 

~ = diag (Alt ..\2.···, Amin{M,N}) (10.113c) 

In this notation. the U m and Vm are called the left and right singular vectors, 
respectively, and the Am (taking real and nonnegative values) are the singular 
values of A. It is customary to order the.Am such that.Al 2': .A2··· ~ .Amin{M,N}· 
The SVD of A can also be expressed explicitly in tenns of the Um, V m , and .Am 

as min{M,N} 

A= L AmUmV~ (10.114) 

m=1 

where U m vt:. represents the outer product of the two singular vectors. SVD has 
several desirable computational properties. 

(al The rank of A can be easily determined from its SVD. Specifically. rank(A) 
equals to the number of nonzero singular values of A. 

(bl The L,.norm of A is given by 

min{M,N} 

IIAliz = L (10.115) 

m=l 

(c) SVD is an effective computational tool for finding lower-rank approxima­
tions to a given matrix. Specifically. lei p < rank(A). Then Ihe rank p 

matrix Ap minimizing IIA - Api!. is given by 

p 

Ap = UI:p VH = L Am'Um'V~ (10.116) 

m = l 

where Ep is obtained from matrix E after the singular values Ap+ 1, Ap+2, . 

are set to zero. 
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SVD was introduced to LP parameter estimation by Kumaresan and Tufts 
(179J. Their seminal work stimulated active research in this area in the 19805 
resulting in a large number of papers published on this topic. The following i ~ 
a summary of these techniques; more detailed discussion can be found in the 
excellent review article by Kay and Marple [79). 

10.4.2.1 The Original Kumaresan-Theis Method 

The Kumaresan-Tufts (KT) method (known as the LPSVD method in the MR 
literature) improves parameter estimation over the basic least-squares by the fol ­
lowing two important steps. 

First, we model the data with a higher-order linear predictor. Specifically, 
we assume that 

p 

dn :::::: - L hmdn_m 
m = l 

where it is assumed that p :::::: N / 2 > p. In matrix form, we have 

::: 1 [ ':~' 1 "t:: 1 
or 

Dh"" -d 

(10.117) 

(10.118) 

(10.119) 

Second, we find an optimal lower-rank approximation to D. Note that in 
the noiseless case, rankeD) = p (see Problem 10.18). With noisy data, D often 
becomes full rank. Restoring D to the closest rank p matrix will filter out some of 
the noise. Specifically, representing D in the SVD notation. we have 

min{p,N - p} 

D = UEVH 
= 2: AmUmV! (10.120) 

m=l 

The optimal rank p approximation to D is given by 

p 

Dp = L AmUmV~ (10.121) 
m=l 

Replacing D with Dp in Eq. (10.119) gives 

(10.122) 
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Because h is now underdetermined by Eq. (10.122). the minimum-norm solution 
is often sought, which is given by 

(10.123) 

After h is known, rooting the corresponding polynomial will give the desired 
values for Zm' Note that the KT method introduces p - p "extraneous" roots that 
need to be identified and removed. This is not necessary. however, for the boxcar 
model fitting because the additional edges associated with the extraneous roo~s 

can be absorbed into the model without creating a model instability problem If 
clustered edges are properly handled (see [186] for more details). 

10.4.2.2 Total Least·Squares Method 

In the original KT method, noise in d is not subject to numerical filter~ng by. the 
truncated SVD and will perturb the accuracy of the estimated h. MovlOg d IOtO 
the coefficient matrix results in the following homogeneous equation: 

[ D ( 10.124) 

Noise in D as well as in d will be filtered by applying truncated-SVD to this 
new augmented coefficient matrix D and, thus the name total-lea~t-squares (TLS) 
method [228]. Using the notation of Eq. (10.121), we can wnte the truncated 
coefficient matrix as 

p 

iip = I: ),="'=v;;, (10.125) 
m = l 

Equation (10.124) then becomes . 

(10.126) 

or 
Ch"" -c (10.127) 

where 

and c = [ ~f::::: I 
V(p+l )P 

Vfi, 1 Vft2 

vfop 
[ 

V!' 
v, 2 

C= . 

vip 
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The minimum-norm solution for h is now given by 

( 10.128) 

Making use of the identity 

(10.129) 

we get 

( 
ee

H
) 

h = _ C
H 

1 + 1 _ lIell' e (10.130) 

or 

h = (10.131) 

An equivalent expression can also be derived in terms of the noise singular vectors 
as 

where 

[ 

v;(p+1) 

C = V~(~+') 
v1(p+1) 

V;(p+l) 

V;(p+2) 
. . . V;(p+ l ) 1 
... V;(~+2) 

v;(p+l) 

(10.132) 

c= 
[ 

v(P+1)(P+l) 1 
v(p+l)(p+2) 

V(P+l:(P+l) 

and 

From expressions (10.131) or (10.132), one can see that the 1LS method has 
a computational advantage over the KT method, since the former requires only the 
right singular vectors and thus eliminates the need for computing the full SVD. 

10.4.2.3 The State-Space Method 

The state-space formulation of the LP problem was initially developed by Kung. 
Arun, and Rao [180] . A more detailed and rigorous discussion of this method can 
be found in the review article [84J. This method has been used for NMR spec­
troscopic data processing. where it is called the HSVD method [92]. Following 
the derivation by Yan and Gore [276]. one can treat the LP parameter estimation 
problem as finding a matrix Z satisfying 

(10.133) 

) 
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where Db and Dt are the matrices obtained by removing. respectively, the bottom 
and top rows of D constructed as follows, 

[L 
d1 dp_ 1 

1 
d, dp 

D= 
dN- p+ 1 dN _ l 

(10.134) 

It can be shown that the solution to Eq. (10.133) is [276J 

0 0 0 0 -hp 
1 0 0 0 - hp-l 

z= 0 1 0 ... 0 -hp_2 (10.135) 

0 0 0 1 -hi 

where the hm are defined through Eq. (10.118). Since the characteristic polyno­
mial ofZ is 

z 0 0 0 - hp 
1 z 0 0 - hp_ 1 

0 1 z 0 -hp_ 2 

det{zl - Z) = 
0 0 0 1 - hi + z 

= zP + h1zP- 1 + ... + hp (10.136) 

the eigenvalues of Z provide exactly the desired roots of the LP characteristic 
polynomial but without explicitly solving for the polynomial coefficients hm and 
the rooting step as is done in the KT or TLS methods. One further important 
result is that Db and D, in Eq. (10.133) can be replaced by the truncated left or 
right singular matrix of D without affecting the above property of Z [276J. For 
example, if the left truncated singular matrix Up is used, the solution of Z from 

(10.137) 

is given by [92J 

(10.138) 

where UN - p+l is the (N - P + l)th row vector of Up formed from the p prin­
cipalleft singular vectors of D. A simi lar expression exists for the right singular 
vectors. The Z defined above has p eigenvalues. and they are exactly equal to 
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the p signal roots of the KT linear predictor in the noiseless case. Therefore. One 
appealing feature of this state-space approach is that it directly gives the desired 
Zm values and thus no further measures are necessary to deal with the extraneous 
poles present in both the KT and TLS methods. Also, similar to the TLS method 
this method requires only the left (or right) singular vectors and thus eliminate~ 
the need to compute the full SVD of D. 
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Exercises 

10.1 Describe the truncation effect of direct Fourier reconstruction from asym­
metric k-space data. 

10,2 Given that p(x, y) is a real function, how many quadrants of k-space data 
are needed for its exact recovery? 

10.3 Show that fl, and fl2 defined in Eqs. (10.15) and (10.14), respectively, are 
convex sets. 

10.4 Show that the points in any hyperplane form a convex set. 

10.5 Show that 1'2 defined in Eq. (10.18) is an orthogonal projection operator 
for fl2 but 1', defined in Eq. (10.18) is not an orthogonal projection opera· 
tor for nl . Note thaI if p is an onhogonal projection operator of a convex 
set fl, then Ilx - pxll = min,eo Ilx - YII· 

10.6 Show that the poes method is identical to the conjugate symmetrization 
method when .p(x) = 0. 

10.7 Show that PI and 1'2 defined by Eqs. (10.17) and (10.17) are nonexpansive 
operators. 

10.8 In half~Fourier reconstruction. the phase constraint is estimated from the 
central symmetric portion of the measured k·space data. Assume that the 
phase constraint is calculated using the entire asymmetric data set as fol­
lows: 

10.9 

.p(x) = arg L~:, Slnle- i2 
.. "kz } 

Discuss what would happen to the Margosian and POCS half-Fourier rep 
constructions with this phase constraint. 

Discuss why the support bandlimitedness constraint will have no extrapo· 
lation effect when t:.k = l/W. , where t:.k is the sampling interval of the 
k·space data from a one·dimensional object of width W;I:' 

10.10 Implement and test the bandlimited extrapolation algorithm. 

10.11 The more random a variable is. the more entropy it will have. True or 
false? 

10.12 Let l lnl = {O, 0, 3, 3, 3, 1, 1, 2}. Calculate the entropy of this image func­
tion according to the definitions in Eqs. (10.44) and (10.49), respectively. 
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10.13 Implement and test the maximum entropy reconstruction method. 

10.14 What is parametric image reconstruction? 

10.15 The transfer function of a digital filter is given by 

bo + bIz + ... + b z, 
H(z) = , 

1 + at Z + ... + apzP 

Let tn be the input excitation sequence to the filter and dn be the resulting 
output data sequence. Show that 

p q 

dn = - L amdn_m + L bmt:n_m 
= = 1 

10.16 Let 

and 

1m . 
S(k) = J(x) e- ·,·hdx 

-m 
Show that 

PI' 
SIn] = - L amSln - m] + t:.k L bmon_m 

m.= 1 m = O 

where SIn] = S(nt:.k) and On is the Kronecker delta function. 

10.17 Let 

(a) Show that 

where 

{ 

hl = _e- i2rr /! _ e- i2rr !2 

h2 = e- i2 'ft(h+h) 

(b) Determine the two roots of P(z) = 1 + hlz- I + h,z-' . 
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10.18 Let 
P 

dn = L CmZ!!. 

m = l 

and 

where it is assumed that p > P and N - P < p. Show that 

rank(D) = p 
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Mathematical Formulas 

For easy reference, this appendix summarizes some commonly used mathematical 
formulas. 

A.I Sums 
N rN+1 _ 1 

"'r"= r#1 o r-l 
n=O 

00 I 
l::r" = 1 - r T < 1 
n=O 

A.2 Power Series 
x - Xo , (x - XO)2 (2) 

I(x) = I(xo) + -1-1 -I (xo) + 21 1 (xo) + ... 

x2 x3 

e%=I+x+-+-+··· 
21 ,31 

x3 x5 x7 
sin x = x - - + - - - + ... 

31 51 71 

x2 X4 x6 

cosx=I--+---+··· 
21 41 61 

I 2 3 --=I+x+x +x + .. . I - x Ixl < I 



Appendix A Mathematical Formulas 

A.3 Complex Numbers 

e±8 = coso ± isinO 

a + ib = rei. . where r = va' + b' and 8 = tan-1(b/ a ) 

A.4 Trigonometric Identities 

cos x = ~ (e ix + e-i:l:) 

sinx = ~ (eix _ e- ix ) 

cos(x ±~) = 'fsinx 

sinxcosx = ~sin2x 

sin2 x + cos 2 
X = 1 

cos2 X - sin2 x = cos 2x 

cos' x = !(l + cos2x) 

sin2 x = ~(l - cos2x) 

sin(x ± y) = sinxcosy ± cosxsiny 

cos(x ± y) = cos xcos y =f sin xsiny 

t ( ±) _t_an-,x_±_t_an_y,,-anx y =~-
1 =f tanxtany 

sinx siny = ~[cos(x - y) - cos(x + y)] 

cosxcosy = 1[cos(x - y) + cos(x + y)] 

sinxcosy = ~[sin(x - y) + sin (x + y)] 

acosx + bsinb = rcos(x + 8) 

where r = va' + b' and 8 = tan-1(b/ a) 
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A.S Short Tables of Convolutions 

Tables A.5a and A.5b list several pairs of functions (9 and h) and their resulting 
convolution 9 * h. 

Table A.Sa Continuous Convolution 

g(t) h(t) g(t) • h(t) 

g(t) o(t - to) g(t - to) 

eCdu.(t) u(t) ~(e·' - l)u(t) 
0 

u(t) u(t) tu(t) 

eQ11u.(t) ecr2t u.(t) __ I_(eQ1t _ eQ2t )u.(t) 
01 - 02 

eQtu(t) ecrtu(t) teQt tJ,(t) 

teQttJ,(t) e"'u(t) !t2eQ1 u(t) 

Table A.Sb Discrete Convolution 

gin] hln] gin] ' hln] 

gin] o(n - no) gin - no] 

o"u[n] uln) _1_(1_ o"+I)u[n] 
1-0 

uln] urn] (n + l )u[n] 

o?u[nJ o,uln] 1 ("+1 "+1) I ) --- 01 -0:l un 
01 - 0 2 

o"uln] o"uln] (n + l)o"uln] 

~,,----~------------------~.,_. ------------------~--~-==, 
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A.6 A Short Table of Fourier Transforms 

9(t) 

o(t) 

1 

u(t) 

sgn(t) 

oos(2"fo t ) 

cos(2"fot)u(t) 

sin(2"fot) 

sin(2" fot)u(t) 

l1(t) 

A(t) 

~ 

I: o(t - nLl.t) 
n = - OCI 

J~oog(t)e i'Jrr/ldt 

1 

0(1) 

~o(/) + i2~f 
1 

irr f 
1 

a + i21rf 
0 > 0 

20 

n! 
(a + i21rf)n+l 

o(t - to) 

0 >0 

0>0 

1 
2[0(/ + fo) + 0(1 - fo)1 

W(I + fo ) + 0(1 - fo)1 + (2 f, )~2"~ 
"0 - 2"1)' 

Ho(/ + fo) - 0(1 - fo)1 

Ho(l + fo) - 0(/ - fo)l + 2"fo 
(2"fo)' - (2"1)' 

a + i21r/ 
(2" fo)' + (0 + i2" I)' 

21r fo 
(2"fo)' + (0 + i2,,1)' 

sinc(" f) 

sinc'("1) 

0>0 

0 >0 

I 

I 
,) 

Appendix B 

Glossary 

This appendix presents a glossary of technical tenns used in this book. Note that 
some of the terms have broader meanings than are described here in the context 
of MR.I applications. For a comprehensive glossary of MR lenns . the reader is 
referred to a publication by the American College of Radiology: Glossary of MR 
terms (4th ed., ACR, Reston, VA, 1995). 

Aliasing: Image error due to undersampling of k-space. In Fourier reconstruc­
tion, aliasing manifests itself as folding over (ghosting) of some parts of the ob­
ject In projection reconstruction, angular undersampling results in streaking ani­
facts . 

Angiography: Application of MRI techniques to produce images of blood ves­
sels. 

Angular frequency: Frequency of oscillation or rotation commonly measured in 
radians/second. 

Angular momentum: Inertial property of a rotating body that. in the absence 
of external forces (torques), tends to maintain the same axis of rotation. When 
an external torque is applied to a rotating body, the angular momentum changes, 
resulting in precession. 

Angular velocity: Vector quantity specifying both the speed and direction of 
object rotation. 

Artifacts: Spurious image features caused by imperfections in the imaging in­
strumentation and/or technique. 

Asymmetric k·space sampling: Collection of more data points on one side of 
the k-space origin than on the other. This data acquisition scheme is often used in 
half-Fourier imaging experiments. 

371 
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Bandlimited function: A function is called frequency bandlimited if its Fourier 
transform has nonzero values only inside a finite frequency band. whereas a func­
tion is said to be space bandlimited if it has nonzero va lues only over a finite 
spatia l interval. 

Bandwidth: Frequency interval over which the Fourier transform of a (frequency) 
bandlimited function has nonzero values. 

Backprojection: Mathematical operation that maps a one-dimensional function 
(projection profile) to a higher-dimensional function by assigning (backprojecl­
ing) the value of each point in the projection to a line, or a plane, or a hyperplane. 

Birdcage coil: RF volume coils with the appearance of a birdcage designed to 

produce homogeneous Bl fields. 

Bloch equations: Phenomenological equations of motion for the macroscopic 
magnetization vector in the presence of a magnetic field, including the effects of 
precession and relaxations. 

Boltzmann distribution: if a system of particles that are able to exchange energy 
in collisions is in thermal equilibri um, then the relative number of particles. Nl 
and N2 . in two particular energy states with corresponding energies, El and E 2. 
is given by 

N l = e - (E1 - E2) / (KT) 
N, 

where K is the Boltzmann constant and T is absolute temperature. 

Burst pulse: A sequence of uniform low flip-angle RF pulses used to excite a 
spin system for fast imaging. 

Carr-Purcell sequence: RF pulse sequence consisting of a 900 pulse followed 
by a string of uniform 1800 pulses to produce a train of spin echoes. 

Carr-Purcell-Meiboom-Gill sequence: Modified Carr-Purcell sequence with 
a 900 phase shift in the rotating frame of reference between the 90 0 pulse and 
the subsequent 1800 pulses to reduce accumulating effects of imperfections in the 
1800 pulses. 

Chemical shift: Shifts in resonance frequency of a given nucleus when bound to 
different sites in a molecule. due to the magnetic shielding effects of the orbiting 
electrons. The amount of frequency shift is proportional to magnetic field strength 
and is usually specified in parts per million (ppm) of the resonance frequency 
relative to a reference. 

Chemical shift artifact: Image artifact in the form of spatial shifts of regions 
along the frequency-encoding direction when the regions contain different chem­
ical shifts. 

, 
n 

373 

Circular navigator: See navigator echoes. 

Coil: Single or multiple loops of wire (or other electrical conductor. such. as 
tubing, etc.) designed either to produce a magnetic field from c~rrent fI~wlOg 
through the wire or to detect a changing magnetic fie ld by voltage mduced m the 

wire. 

Convolution: Mathematical operation between two functions, denoted by * and 
defined. in the continuous case. by 

f(t) * g(t) = i: f (r)g( t - r)dr 

or. in the discrete case. by 

00 

In * 9n = L fmgn - m 
m =-oo 

Convolution kernel: In I * g. 9 is called the convolution kernel for I or I is the 
convolution kernel for g. depending on the context. For example. if I * 9 is ta.ken 
to be the output of a linear system with input I . then 9 is the kernel ~unctlon. 
which is also called point spread function in imaging. because I * 9 = 9 If I = 6. 

a point source. 

Data acquisition time: Time required to acquire an image. wh~ch .equals t~ ~he 
product of the number of different encoded signals Nenc • the exc l~auon repetitIOn 
time TR. and the number of signal averagings for each encoded signal Nacq . 

DC artifact: A bright point in the center of an image caused by a constant offset 
in signal intensity of measured k-space data. 

Demodulation: Conversion of the raw NMR signal to a lower frequency signal 

by removing the carrier signal. 

Dephasing gradient: Magnetic field gradient pulse used to create spatial varia­
tions in the phase of transverse magnetization. 

Diamagnetic: A substance that will slightly decrease a magnetic fi eld when 
placed within it (its magnetization is oppositely directed to the magnetic fie ld. 
that is. with a small negative magnetic susceptibility). 

Diffusion: The process by which molecules or other particles intermingle and 
migrate as a result of their random thermal motion. 

Echo: A form of NMR signal consisting of a recalled transient signal and a natu­
ral transient signal. Also see gradient echo, spill echo, and stimillated echo. 
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Echo-pl~nar i,maging: Ultra-fast imaging schemes that collects a complete set 
of two-dimensIOnal k-space data from a single excitation. 

Eddy curren~: Electric currents induced in a conductor by a changing magnetic 
field or by motion of the conductor through a magnetic field. 

~ntropy.: A measure of randomness of a random variable, or the uncertainty (or 
mformatlon content) of a random event. 

Er~odic process: A stochastic process in which ensemble averages are equivalent 
to time sample averages. 

Erns~ angle: The ~ e~citatj?n angle of a short-TR spoiled steady-state sequence, 
at which the resulting signal IS maximum. 

Excitation: Putting energy into a nuclear spin system. 

Expansive operator: An operator p is called expansive if it amplifies the norm 

(magnitude). that is. ll !"x ll > Ilxl l· 

Extended phase graph: Graph tool to show the phase evolution of the transverse 
and longitudinal magnetizations as a function of time. 

Extrapolation: The mathematical process of extending the definition domain of 
a function. 

Fast Fourier transform: An efficient algorithm to compute a discrete Fourier 
transform. 

Feasible reconstruction: Any image function that is consistent with the mea­
sured data. 

Ferromagnetic: A substance, such as iron, that has a large positive magnetic 
susceptibility. 

Filtered backprojection: Mathematical technique used for image reconstruction 
from a set of projection profiles. It essentially involves filtering the projection 
~rofi.les by suitable filter function and then backprojecting the filtered projections 
IOtO Image space. 

Finite sampling: Acquisition of a finite number of samples or measurements 
from a continuous function or a physical process. 

Flip angle: .Amount of rotation of the bulk magnetization vector produced by an 
RF pulse, WIth respect to the direction of the static magnetic field. 

Forced precession: Precession of the bulk magnetization about the excitation RF 
field. 

375 

Fourier transform: Integral transform whose kernel function is a complex sinu­
soidal function; a mathematical 1001 to separate out the frequency components of 

a signal from its temporal or spatial variations. 

Fourier transform imaging: Imaging technique that collects raw data directly in 
the Fourier space. In MRI. the definition is narrower~ it refers to techniques that 
sample the Fourier space in a rectilinear fashion so that the measured data can be 
processed directly by the discrete Fourier transform for image formation. 

Free induction decay: Transient MR signal produced by the free precession of 
the transverse magnetization vector after an RF pulse has been switched off. The 
signal decays exponentially with a characteristic time constant T2 (or Ti)· 

Free precession: Precession of the bulk magnetization vector about the static 
magnetic field after a pulse excitation. Free precession of the transverse magneti­
zation at the Larmor frequency is responsible for the detectable NMR signal. 

Frequency encoding: Technique to establish a lillear correspondence between 
the spatial location and the oscillating frequency of an NMR signal. 

Frequency-selective RF pulse: An RF pulse containing energy only within a 

specific frequency interval. 

Gibbs artifact: Signal error associated with the approximation of a discontinuous 
function by a truncated Fourier series. This artifact is characterized by spurious 

ringings near the area of discontinuities. 

Gradient coil: Current-carrying coil designed to produce a desired magnetic field 
gradient so that the magnetic field will be stronger in some location than others. 

Gradient echo: Echo signal generated by first dephasing and then rephasing the 

transverse magnetization with a bipolar gradient pulse. 

Gradient magnetic field: Magnetic field that changes in strength in a certain 
given direction. Magnetic field gradients are usually denoted by Gx • GlJ' and Gz.. 
where the subscripts represent the spatial direction along which the field strength 

changes_ 

Gradient pulse: Briefly applied gradient magnetic field. 

Gyromagetic ratio: Physical constant measuring the ratio of the magnetic mo­

ment to the angular momentum of a particle. 

Hahn echo: Echo signals created by multiple RF pulses. 

Hard pulse: Short intense RF pulse; also see nonselective pulse. 

Helmholtz coil: Pair of current-carrying coils used to create uniform magnetic 

field in the space between them. 
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Image contrast: The relative difference in image intensity of different tissues. 

Inversion pulse: A 1800 RF I h 
pu se t at cause precessing nuclei to shift to the 

opposite state. 

In:ersbeio:-recovery sequence: RF pulse sequence that applies a 1800 inversion 
pu se lore each 90° excitation pulse. 

Inversion time: T' I b 
Irne mterva ctween the middle of a inversion pulse and that 

of th~ subsequent 90° excitation pulse in inversion.recovery pulse sequence. 

lsochromat: A group of spins with the same resonance frequency. 

: .s~ace: Spatial-frequen:y domain; it is the mathematical space in which the 
cuner transform of a spatial function is represented. 

K-spa~e trajectory: The path traced in k-space when a transient time signal is 
mappe to k-space by a magnetic field gradient function. 

Laboratory frame: The Cartesian coordinates (x, y, z) that are stationary with 
respect to the observer. 

La~mor equation: Equation relating the resonance frequency of a nuclear mag­
n~ltlc m.oment to the magnetic field it experiences via the gyromagnetic ratio usu-
a y wntten as Wo = -rBo. • 

Larmor f~equency: The frequency at which resonance can be induced from a 
nuclear Spin sys tem. 

~ine shape: ?istribution of the relative strength of resonance as a function of 
requency. whIch forms a particular spec traii ine. 

Line width: Spread i.n frequency of a resonance line in an NMR spectrum A 
common measure of hne width is the full width at half-max,'mum f . 
peak. a a resonance 

Linear navigator: See navigator echoes. 

Longi.tu~inal magnetization: Component of the macroscopic magnetization vec­
tor POIntlOg along the direction o f the static magnetic field . 

Longitudinal relaxation: See spin-lattice relaxation. 

Longitudinal relaxation time: See spin-lattice relaxation time. 

L?ren~ian lin~: Spectral line shape characterized by a narrow peak and Ion 
tali s, wl!h amphtude proportional to 1/ [1 /T,2 + (f _ ')2) h . g 

. 2)0 • were 1 IS the fre-
quency vanable and 10 is the frequency of the peak (i .e. central reSOnance fre-
quency). ' 

,) 
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Magnetic field: The region surrounding a magnet (or current-carrying conductor) 
is endowed with certain properties. One is that a small magnet in such a region 
experiences a torque that tends to align it in a given direction. Magnetic field is a 
vector quantity whose direction is defined as the direction in which the north pole 
of the small magnet points when in equilibrium. 

Magnetic moment: A measure of the net magnetic properties of an object or par­
ticle. A nucleus with an intrinsic spin will have an associated magnetic moment. 
so that it wi ll interact with a magnetic field. 

Magnetic resonance: See nuclear magnetic resonance. 

Magnetic resonance imaging: Methods whereby NMR signals are spatially en­
coded using magnetic field gradients so that spatial distribution of a sample's 
NMR properties. such as spin density and relaxation times, can be reconstructed 
and presented in an image fonnat. 

Magnetic resonance spectroscopy: Method to obtain NMR spectra display­
ing chemically shifted resonance peaks that provide information on the chemical 
species present in the system and their relative concentrations. 

MR spectroscopic imaging: MR imaging techniques to obtain spatially resolved 
NMR spectra. 

Magnetic susceptibility: Measure of the ability of a substance to become mag­
netized. 

Magnetization: Magnetic polarization of a material produced by a magnetic field 
(magnetic moment per unit volume). 

Navigator echoes: Auxiliary echoes collected in the imaging process for detec­
tion of object motions or other purposes. Navigator echoes collected along a 
straight line in k-space are called linear navigators; similarly. navigator echoes 
collected along a circle centered at the k-space origin are called circular (or or­
bital) navigators. 

NMR signal: Electrical (voltage) signal in the radio-frequency range produced 
by a precessing transverse magnetization. 

Nonselective pulse: RF pulse with large frequency bandwidth that excites all 
nuclei of a particular type indiscriminately. 

Nuclear magnetic resonance: The absorption or emission of electromagnetic en­
ergy by nuclei in a static magnetic field. after excitation by a suitable RF magnetic 
field . 

Nuclear spin: An intrinsic property of certain nuclei that gives them an associated 
characteristic angular momentum and magnetic moment. 

-
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Nuclear spin quantum number: See spin quantum number. 

N!q~ist f~quenc~: The critical sampling frequency of a signal beyond which 
alIasmg will occur m the sampling process. The frequency is twice the maximum 
frequency of a bandlimited signal. 

Ny.quist interval: I.nve:se ofN~quisl frequency. The critical sampling interval of 
a signal beyond which mfonnatlOn loss will OCcur in the sampling process. 

OtT ~es~nance: A state occurring when the Larmar frequency of a spin isochro~ 
mat IS different from that of an excitation RF field. 

On resonance: A state occurring when the Larmar frequency of a spin isochro­
mat matches that of an excitation RF field. 

Parama~ne~i~: A substance with a small bUl positive magnetic susceptibility 
(magnetJzablhty). The add.ition.of a small amount of paramagnetic substance may 
greatly reduce the relaxation times of water. Typical paramagnetic substances 
usually possess an unpaired electron; examples are atoms Or ions of transition el­
ements, rare earth e1eme~ts, some metals, and some molecules, including molec­
ular oxygen and free radlc.als. Pa:amagnetic substances are considered promising 
for use as contrast agents In MR Imaging. 

Perma~ent mag~et: Magnet whose magnetic field originates from permanently 
magnetized matenal. 

Permeability: Tendency of a substance to concentrate magnetic field. 

Partial saturation: Excitation technique applying repeated RF pulses in times 
on the order of or shorter than T1 . 

~hase coherence: Maintenance of a constant phase relationship among all spin 
Isochromats. 

Phas.e encoding: Technique to establish a linear relationship between the spatial 
locatIOn and the phase of an NMR signal. 

~hase sensiti.ve d~tector: A detector whose output is the product of the input 
~Ignal ~nd a slOusOidal reference signal so that it depends on the amplitude of the 
Input Signal and its phase relative to the reference. 

Pixel: Picture element. 

Point spread function: See convolution kernel. 

Precession: C~mparatively slow gyration of the axis of a spinning body caused 
by th~ applicatlOn of a torque. The magnetic moment of a nucleus with spin will 
experience such a torque when inclined at an angle to the magnetic field, resulting 

379 

in precession at the Larmor frequency. Another example is the effect of gravity 
on the motion of a spinning top or gyroscope. 

Precession frequency: See Lannor frequency. 

Pulse length (width): The time duration of an RF pulse. 

Pulse sequences: A timed diagram showing RF andlor gradient pulses used to 
manipulate a spin system. 

Quadrature detection: Method to detect NMR signals that employs two phase­
sensitive detectors. one measuring the x-component of the magnetization and the 
other measuring the y-component. The reference signals are 900 out of phase. 

Radon transform: Mathematical operation to generate projection profiles from 
an object function by line, or planar, or hyperplanar integrals. 

Receiver coil: RF coil converting a rotating magnetization to an electrical voltage 
signal. 

Relaxation times: NMR time constants characterizing the longitudinal (spin­
lattice) and transverse (spin-spin) relaxations. Most frequently mentioned are Tlo 
T2 , and T; . Tl (spin-lattice relaxation time) is a measure of the time required 
for a spin system to return to thermal equilibrium with its surroundings (lattice) 
following perturbations (e.g., by an RF pulse). T2 (spin-spin relaxation time) 
is a measure of the decay time of the transverse magnetization due to spin-spin 
interactions; T; accounts for the effect of both T2 decay and magnetic field inho­
mogeneities. 

Rephasing gradient: Magnetic field gradient pulse, of opposite polarity to the 
previously applied dephasing gradient, to rephase transverse magnetization. It is 
usually used for generation of a gradient-echo signal. 

Resistive magnet: Magnet whose magnetic field originates from current flowing 
through an ordinary (nonsuperconducting) conductor. 

Resonance frequency: Frequency at which the resonance phenomenon occurs; 
given by the Larmor equation for a nuclear spin system. 

RF coil: Coil used to generate RF pulses andlor detect MR signals from a rotating 
magnetization. Commonly used are birdcage coils, saddle coils, and solenoid 
coils. 

RF pulse: Burst of oscillating magnetic field rotating in the radio-frequency range 
about the direction of the static magnetic field. 

Rotating frame of reference: Cartesian coordinate system (x', y', Zl) whose 
transverse plane is rotating about the z-axis with respect to the laboratory frame. 
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Rotating frame zeugmatography: Technique of MR imaging that uses a gradi­
ent of the RF excitation field (to give a corresponding variation of the flip angle 
along the gradient as a means of encoding the spatial location of spins in the di­
rection of the RF field gradient) in conjunction with a static gradient magnetic 
field (to give spatial encoding in an orthogonal direction). It can be considered to 
be a form of Fourier transform imaging. 

Saturation: A nonequilibrium state of a spin system. in which equal numbers 
of spins are aligned against and with the magnetic field. so that there is no net 
magnetization. 

Saturation-recovery sequence: Particular type of pulse sequence in which the 
preceding pulses leave the spins in a state of saturation. so that recovery at the time 
of the next pulse has taken place from an initial condition of no magnetization. 

Selective excitation: Frequency-selective RF pulses used to excite all but a de­
sired region, such as a plane. 

Shim coils: Coils carrying a relatively small current that are used to provide 
auxiliary magnetic fields to compensate for inhomogeneities in the main static 
magnetic field. 

Shimming: Correction of inhomogeneities in the main static magnetic field. 

Sinc pulse: RF pulse whose envelope is a sine function. 

Singular value decomposition: Generalized eigen decomposition of a rectangu­
lar matrix. 

Slice selection: Excitation of spins in a predetermined plane using a selective RF 
pulse in the presence of a field gradient. 

Soft pulse: RF pulses with a smooth envelope; also see frequency-selective RF 
pulse and tailored pulse. 

Solenoid coil: A coil of wire wound in the form of a long cylinder. When a 
current is passed through the coil, it produces a relatively uniform magnetic field 
within the coil. 

Spin: The intrinsic angular momentum of an elementary particle, or system of 
particles such as a nucleus. The spins of nuclei have characteristic fixed values. 
Pairs of neutrons and protons align to cancel out their spins (Pauli exclusion prin­
ciple), so that nuclei with an odd number of neutrons and/or protons will have a 
net angular momentum, known as nuclear spin. 

Spin echo: Echo signal generated by multiple RF pulses that refocus the dephased 
transverse magnetization. 
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Spin-echo imaging: MR imaging techniques in which spin-echo signals rather 
than the PID signals are used. 

spin-lattice relaxation: The process by which the longitudinal magnetization 
returns to its equilibrium value after excitation; it involves exchange of energy 
between the nuclear spins and the lattice. 

spin.lattice relaxation time: The characteristic time constant for nuclear spins to 
realign themselves with the external magnetic field. Starting from zero, the bulk 
magnetization will grow 63% of its final maximum value in a time T1. 

Spin quantum number: Property of all nuclei related to the largest measurable 
component of the nuclear angular momentum. Nonzero values of nuclear angular 
momentum are quantized (fixed) as integral or half-integral multiples of (h/2), 
where h is Planck's constant. The number of possible energy states for a given 
nucleus in a fixed magnetic field is equal to 21 + L 

spin·spin relaxation: The process by which the transverse magnetization decays 
to zero due to spin-spin interactions resulting in a loss of phase coherence. 

spin-spin relaxation time: The time constant characterizing spin-spin relaxation 
process. Starting from a nonzero va lue. the transverse magnetization will decay 
1037% of its initial value in a lime T2 . 

Spin·warp imaging: Fourier transform imaging in which phase-encoding gra­
dient pulses are applied for a constant duration but with varying amplitude, in 
contrast to the original Ff imaging method in which phase encoding is performed 
by applying gradient pulses of constant amplitude but varying duration. 

Spiral imaging: Ultra-fast imaging schemes that collect k-space data in spiral 
trajectories. 

Spoiler gradient pulse: Magnetic field gradient pulse applied to effectively de­
stroy a transverse magnetization by producing a rapid phase variation along the 
gradient direction. 

Steady-state free precession: Method of MR excitation in which a sequence of 
uniform RF pulses are applied with interpulse intervals that are short compared to 
both T, and T,. 

Stimulated echo: A form of spin echo produced by a sequence of three RF pulses. 
appearing at a time delay after the third pulse. which is equal to the interval be­
tween the first two pulses. 

Superconducting magnet: Magnet whose magnetic field originates from current 
flowing through a superconducting coiL 

Surface coil: RF coil that is placed close to the surface of the object being imaged. 
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It increases signal-la-noise for regions close to the coil. 

Tailored pulse: RF pulse whose envelope is varied with time in a predetermined 
manner, for example, a sine function. 

Thermal equilibrium: A state in which all parts of a system are at the same 
effective temperature. In thermal equilibrium, relative numbers of nuclear spins 
at different energy states is given by the Boltzmann distribution. 

Tip angle: See flip angle. 

Transceiver coil: RF coil used as both a transmitter and a receiver. 

Transmitter coil: RF coil that produces an oscillating magnetic field. 

Transverse magnetization: Component of the macroscopic magnetization vec­
tor at right angles to the static magnetic field. 

Transverse relaxation: See spin-spill relaxation. 

Transverse relaxation time: See spin-spin relaxation time . 

Truncation artifact: Image artifact due to the loss of high spatial frequency data. 
With the Fourier reconstruction method, it manifests itself as image blurring and 
spurious ringing near sharp edges. 

Vector: A quantity with both magnitude and direction. 

Volume imaging: Imaging techniques in which NMR signals are gathered simul­
taneously from the whole object volume to be imaged. 

Voxel: Volume element. 

Zero-filled FIT: A data sequence is padded with zeros at one or both ends before 
the FFT algorithm is applied. 

Zeugmatog['aphy: The original name given to MRI by Lauterbur. 

, 
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Abbreviations 

ARMA 
ART 
BP 
CP 
CPMG 
CSI 
CT 
DANTE 
DFT 
DIME 
EPI 
FBP 
fe 
FFT 
FlD 
FISH 
FLASH 
FSE 
FT 
FOY 
FWHM 
G 
GE 
GPC 
GRASS 
GS 
Hz 
IR 
K 
kHz 
LP 

Autoregressive moving average 
Algebraic reconstruction techniques 
Backprojection 
Carr-Purcell (sequence) 
Carr-Purcell-Meiboom-Gill (sequence) 
Chemical shin imaging 
Computerized tomography 
Delays Alternating with Nutations for tailored excitation 
Discrete Fourier transform 
Dynamic imaging by model estimation 
Echo-planar imaging 
Filtered backprojection 
Frequency encoding 
Fast Fourier transform (algorithm) 
Free induction decay 
Fast Imaging with Steady-state Precession 
Fast Low-Angle SHot 
Fast spin echo 
Fourier transform 
Field of view 
Full width at half-maximum 
Gauss 
Gradient echo 
Ghost phase cancellation 
Gradient Recalled Acquisition in the Steady State 
Generalized series 
Hertz (I cycle/second) 
Inversion recovery 
Kevin 
Kilo Hertz 
Linear prediction 
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MEG 
MHz 
MR 
MRI 
MRS 
NMR 
pe 
POCS 
ppm 
PS 
PSD 
PSF 
RARE 
RF 
RIGR 

s 
SAR 
SE 
SNR (SIN) 
SPECT 
ss 
SSFP 
STE 
SVD 
T 

Magnetoencephalography 
MegaHertz 
Magnetic resonance 

Appendix C Abbreviations 

Magnetic resonance imaging 
Magnetic resonance spectroscopy 
Nuclear magnetic resonance 
Phase encoding 
Projection onto convex set 
Parts per million 
Partial saturation 
Phase-sensitive detection 
Point spread function 
Rapid Acquisition with Relaxation Enhancement 
Radio frequency 
Reduced-encoding imaging by generalized-series 
reconstruction 
Second 
Synthetic aperture radar 
Spin echo 
Signal-la-noise ratio 
Single photon emission computed tomography 
Slice selection; steady state 
Steady-state free precession 
Stimulated echo 
Singular value decomposition 
Tesl. 
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Mathematical Symbols 

The following is a partial list of symbols used in the book. A few symbols are 
used for more than one purpose. and their meaning should be interpreted in the 
context. 

A. a, and a 
A 
AE 
Ar 
B 
Bo 
B, 
B1,rot 

B1 
B,ff 
Bo 
Br 
comb(x) 
Dir(N,x) 
E 
Er 
E. 
fmax 

f. 
F , F- t 

Fm,F;l 
Gr. 
Gp , 

G" 
Gx • G,I' Gz 

G(/-"u,x) 

Vector quantities 
Matrix 
Maximum amplitude of an echo signal 
Maximum amplitude of an AD signal 
Magnetic field 
Static magnetic field 
Radio-frequency (RF) field 
RF field in the rotating frame 
Pulse envelope function 
Effective magnetic field in the rotating frame 
Gradient field 
Receiver sensitivity 
Comb function 
sin(Nx)Jsinx 
Mathematical expectation operator 
Spin energy in the pointing-up state 
Spin energy in the pointing-down state 
Frequency bandwidth of a time signal 
Sampling frequency 
Forward/inverse Fourier transforms 
m-dirnensional forward and inverse Fourier transforms 
Frequency-encoding gradient 
Phase-encoding gradient 
Slice-select gradient 
Field gradients along the x-, y-, and z· directions 
Gaussian window function 
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hli=1L • 2. 
1{ 

I 
Uk 
':", ""'!/ k-' 
t • J • 
SS 
1(· ) 
I 
j 
J 
In(x) 
k. k .. kyo k. 
K 
M 
Mrot 

Mz.M".M% 
MZJI £ Mzi + M,J 
Mzy £ Mz +iMlI 

M z " M JI" M;t' 
M;r' y' ~ Mz,P + My')' 
Mz'Y' £ M z' + iMy' 

M~ 
M.,(O _) 
My'(O_) 
M.,(O _ ) 
M.,y'(O _ ) 
M.,(O+) 
M.,(O+) 
M.,(O+) 
M.,.,(O+) 
mt 
Nt.N. 
N, 
p(f) 
p.(.) 
P(p,¢) 
!II 
R.R- ' 
7?m. n~l 
IRn 

R.,(,,). Ry '(")' R.,(,,) 
sgn(x) 
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Planck's constant 
Shannon entropy 
Spin quantum number 

Unit directional vec tors of the X-. Y-, and z-axes 

Unit direction vectors of the x'·, y' •• and z'·axes 
Taking the imaginary pan of a complex number 
Image function 
Identity matrix 
Angular momentum 
Jacobian matrix 
Bessel functions 
Spatial frequency variables 
Boltzmann's constant 

Bulk magnetization vector 

Bulk magnetization vector in the rotating frame 
Components of M 
Transverse magnetization 

Complex transverse magnetization 

Components of Mrot 

Rotating frame transverse magnetization 

Rotating frame complex transverse magnetization 

Thermal equilibrium value of M established by Bo 
Prepulse value of M%, 

Prepulse value of My' 
Prepulse value of M~, 
Prepulse value of M%,y' 
Postpulse value of M%, 
Postpulse value of My' 
Postpulse value of M~, 
Postpulse value of M%,y' 
Magnetic quantum number 
Number of spins pointing up and down. respectively 
Total number of spins in a sample 
Frequency selection profile of an RF pulse 
Slice selection profile of an RF pulse 
Projections of an object 
Taking the real part of a complex number 
Forward/inverse Radon transfonns 
m-dimensional forward and inverse Radon transforms 
n-dimensional Euclidean space 
Rotation matrix about the x' -, y' -, and z' -axes 
Sign function 

sinc(x) 
8(k) 
8(t) 
T, 
T2 • T; 
Taeq 

TE 
TJ 
Tp , 

TR 
T, 
V(t) 
Vp,d(t) 
u(·) 
w(·) 
Wh 

W%. W~" W~ 
x,y,z 
x', y', z' 

" o 
o(x) 
o(n) 
t:.k. t:.k .. t:.ky. t:.k. 
t:.t 
t:.x. t:.y. t:. z 
t:.XF . t:.YF. t:.ZF 
"{. er- = ?,; 
JJ. 
fl 
J.1%.J.1y.J.l~ 

fl 
flc 
fl, 
cp 
¢ 
<li(t) 

sin x /x 
k-space signal 
Measured time signal 
Longitudinal relaxation time constant 
Transverse relaxation time constants 
Data acquisition interval 
Echo time 
Inversion time in an inversion-recovery sequence 
Phase-encoding interval 
Repetition time in an imaging sequence 
Absolute temperature of a spin system 
Induced voltage signal 
Voltage signal from a phase-sensitive detector 
Unit step function 
Window function 
Effective width of h( ·) 
Spatial support bounds of an object 
Axes of the laboratory frame 
Axes of the rotating frame 
Flip angle 
Shielding constant 
Dirac delta function 
Kronecker delta function 
k-space sampling interval 
Time sampling interval 
Pixel size 
Fourier pixel size 
Gyromagnetic ratio 
Mean value of a Gaussian function 
Magnetic moment vector 
Components of j1 
Unit directional vector 
Gradient direction 
Slice direction 
Azimuthal angle; initial pulse angle 
Projection angle 
Magnetic flux through a receiver coil 
Larmor frequency corresponding to the Bo field 
Precessional frequency about the Bl field 
Excitation frequency of the RF field 
Precessional frequency about the BeEf field 
Spin density function 
Standard deviation 

-
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(1d 

(11 
T 

Tp 

V 
A(x) 
II(x) 

• .. -
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Standard deviation of data noise 
Standard deviation of image noise 
Time interval between the 90° - and 1800 -pulse 
Time duration of an RF pulse 

Gradient operator 'V == i :~ + J :y + k tz 
Triangular window function 
Rectangular window function 
Dot product of vectors 
Convolution operator (or Hennitian symmetry 
operator when used as a superscript) 
Two-dimensional convolution 
Three-dimensional convolution 

AppendixE 

Physical Constants 

Boltzmann constant (K): Universal constant that relates macroscopic parameter 
to an absolute temperature; K = 1.38 X 10-23 11K 

Gyromagnetic ratio (--Y): The ratio of the magnetic moment to the angular mo­
mentum of a particle. This constant is nucleus-spec ific~ its values for some 
NMR-active nuclei are given in the following table. 

I 7/2rr I 'H I be I "F I 31p I 
MHzIf 42.58 10.7 1 40.05 11.26 

Planck constant (h): Constant of proportionality (6.6 x 10-34 J-s) that relates 
the amount of energy emitted or absorbed by a photon to its oscillation fre­
quency. 
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Dirichlet function, 23- 24 
Discrete Fourier transfonn (OFf), 

195- 196 
Dispersion-mode spectrum, 113 
Dot product, 16 
DUFlS, 312 
Dynamic equilibrium, 228, 297 

E 
Earth's magnetic field, 6 
Echo signals, 114-135 
Echo-planar imaging (EPI), 304-311 
Effective field, 77, 87-88 
Electromagnetic induction, 94 
Electromagnetic spectrum. 3 
Energy states, 64-65 
Entropy measure, 334, 336 
Envelope function, 71-72 
Ernst angle, 298 
Excitation, 77-88 

Off resonance, 87-88 
On resonance, 77-86 

Excitation frequency, 71-72 
Extended phase graph, 125- 130 

branching rules, 127-128 

F 
Faraday law, 94-95 
Fast Fourier transform (FFT). 196 
Fast gradient-echo imaging. 

297-303 

FISP, 302-303 
FLASH, 297,302-303 
GRASS, 297 

Index 

Fast spin-echo imaging, 291-296 
Feasible reconstruction, 188, 194 
Field gradient system. 5 
Field homogeneity, 6 
Field of view (FOY), 193 
Filtered backprojection 

reconstruction, 207-209 
Finite sampling, 194 
FISP, 302- 303 
FLASH, 297, 302-303 
Flip angle, 79-80 
Forced precession, 79 
Fourier pixel size, 236 
Fourier reconstruction, 194 
Fourier transform, 28-35 

analyticity. 31 
asymptotic property, 31 
conjugate symmetry, 31 
convolution theorem. 31 
definition, 29 
derivatives, 31 
linearity, 30 
modulation property, 30 
Parseval's theorem, 31 
scaling property, 31 
shifting theorem, 30 
uniqueness, 30 

Free induction decay, 109- 113 
Free precession, 91 - 92 
Frequency encoding, 153-155 
Full width at half-maximum, 112 

G 
Gauss, 6 
Gaussian function. 20 

Fourier transform of. 33 
mean of. 20 
standard deviation of, 20 

Gaussian pulse, 91 ,152 
Gaussian random variable, 241 

Index 

Generalized projection-slice theorem, 
49-50 

Generalized Hamming filter, 208 
Generalized Series Model, 347- 351 
Ghost artifact, 267, 275 
Ghost phase cancellation, 275-277 
Gibbs ringing artifact, 251-254 
Gradient coil, 6-7 
Gradient echo, 131 , 133-135 

imaging, 227-229, 297-303 
Gradient field, 131-132 
Gradient moment nulling, 271-272 
GRASS, 297 
Gyromagnetic ratio. 59 

H 
Half-Fourier imaging, 322-330 
Hamming window function, 19. 195. 

253 
Hard pulse, 91 
Hermitian symmetry, 322 
HSYD,360 
Hyperbolic secant pulse, 152 
Hyperplanar projection. 41 
Hyperspherical polar coordinates. 39 

I 
Ill-conditioned, 189 
Ill-posed, 189 
Image artifact, see Artifact 
Image contrast, 3, 217-230 . 
Image noise, 239-250 
Imaging equation, 8,165,167,171, 

188 
Infinite sampling, 193 
Interlaced k-space coverage, 304 
Interlaced sampling, 174-175,305 
Inverse Radon Transform, 200--202 
Inversion recovery, 221, 224 
Isochromat, 68, 86, 88 
Isofrequency line, 155 
Isofrequency plane, 155 

K 
k-space,29 

coverage. 169 
signal,8 
trajectory, 304 

(k, t) -space trajectories, 268 
Keyhole-Fourier imaging, 350 
Kronecker delta function, 22 

L 
Lammr equation, 68 
Larmor frequency, 63, 67 
Left-hand rule, 63 
Line integral. 36 
Line width, 112 
Linear interpolation, 206 
Linear prediction, 341, 355 
Longitudinal relaxation. 91 
Lorentzian distribution, 108 
Lorenlzian line, 112 
Low·pass cosine filter, 208 
Lower·energy stale, 64, 66 
LPSYD,358 

M 
M filter, 208 
MA filter, 341 
Magnet, 5 

permanent, 5 
resistive. 5 
superconducting. 5-6 

Magnetic moment, 8. 58 
Magnetoencephalography, 1 
Magnitude spectrum, 29 
Margosian Method, 323 
Matrix, 18 

addition, 18 
complex conjugate, 18 
determinant. 18 
eigenvalues. 18 
Hermitian, 18 
inverse, 18 
multiplication, 18 
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orthogonality, 18 
scalar multiplication, 18 
transpose, 18 
unitary, 18 

Maximum entropy reconstruction. 334 
Minimum cross-entropy principle, 348 
Minimum-norm solution, 332 
Motion artifact, 26<>-270 
Motion compensation, 270-281 

N 
Natural resonance frequency, 68 
Navigator echo, 272-274 

circular. 272- 274 
linear, 272- 273 
spiral, 304, 309- 311 
zigzag, 304, 305, 313 

Nearest-neighbor interpolator, 206 
NMR-active nucleus, 60 
Noise, 239-250 

direct FFT reconstruction, 246 
filtered backprojection reconstruc­

tion, 250 
zero-padded FFT reconstruction, 

248 
Noisy spike artifact, 282-284 
Nonselective pulse. 91 
Nuclear magnetic moment, 58 
Nuclear precession, 62-63 
Nuclear spin, 58, 64 
Nyquist frequency, 174 
Nyquist interval, 174 
Nyquist sampling criterion, 174, 176 

o 
Off-resonance excitation, 87- 88 
On-resonance excitation. 77-86 

p 
Parallelogram rule, 15 
Partial Radon transform, 40-41 
Perfect spoiling condition, 298 
Phase encoding, 155- 157 

Phase memory, 125 
Phase spectrum, 29 
Phase-sensitive detection, 97 
Planar projection, 41 
Planar vector, 15 

complex notation, 15 
Planck's constant, 60 
Plane integral, 40 

Index 

Point spread function, 233- 239, 262 
backprojection reconstruction, 237 
Fourier reconstruction, 235 

Poisson formula, 191 
Polar angle, 15,39 
Polar sampling, 176-177 
Polarization, 5 
Population difference, 66--67 
Positron emission tomography, 1 
Post-excitation rephasing, 149 
Precession frequency, 

see Larmor frequency 
Probability density function, 240 
Projection, 36 
Projection angle, 36 
Projection onto convex sets (POeS), 

325 
Projection profile, 41 
Projection-slice theorem, 45 

generalized,49 
Pulse truncation effect, 151 

Q 
Quadrature detection, 94, 99 

R 
Radio frequency, 7 
Radix-2 FFf algorithm, 198 
Radon, I 
Radon transform, 36-51, 20<>-202 

inverse, 20<>-202 
linearity, 43 
periodicity, 43 
rotation property, 43 
scaling property, 43 

Index 

shifting property, 43 
sinogram, 43 
symmetry, 43 

Ram-Lak filter, 208 
Random signal, 244-245 

correlation function, 244 
ergodicity, 245 
mean, 244 
stationarity, 244 
variance, 244 

Random variable, 239-244 
mean, 240 
variance, 241 
statistical properties, 241-242 

Raysum,36 
Receiver coil, 95 
Rectangular pulse, 72, 80, 91 
Rectangular window function, 19 
Rectilinear sampling, 176 
Rectilineartrajectory, 17<>-171, 188, 

307 
Reduced-scan imaging, 321 
Refocusing gradient, 149 
Relaxation, 91-93 

phenomenological description, 91 
Rephasing condition, 149 
Rephasing process, 115 
Resolution limitation, 233 
Resonance condition, 70 
RF coils, see Coil 
RF echoes, 114-125 
RF excitation, see Excitation 
RF pulse, 7<>-72 

envelope function, 71 
excitation frequency, 71 
frequency selectivity, 88 
Gaussian, 91, 152 
hyperbolic secant, 152 
initial phase angle, 71 

RF system, 5, 7 
Riemann-Lebesgue lemma, 189 
Right-hand rule, 16 
RIGR,350 

Rise time. 6 
Rotating reference frame, 72-75 
Rotation matrix, 63, 81 

S 
Saddle coil, 7 

413 

Sampling requirements, 176-179 
Sampling trajectory, 158 

circular, 161 
rectilinear, 17<>-171, 188,307 

Saturation recovery, 218-221 , 223 
preparatory pulse, 219 
saturation condition, 219 

Scalar (dot) product, 16 
Selective excitation, 141, 142 
Selective pulse, 91 
Shannon entropy, 334 
Shannon sampling theorem, 173-174 
Shaped RF pulse, 142 
Shepp-Logan filter, 208 
Shielding constant, 68 
Shim coil, 6 
Signal averaging, 243, 291 
Signal demodulation, 94, 97 
Signal detection, 94 
Signal expression, 97, 99,100, 124 
Signal-nulling effect, 222 
Signum function, 19 

Fourier transfonn of, 34 
Sinc function. 23. 90 
Sinc pulse, 72, 91 
Single photon emission computed 

tomography (SPECT), I 
Single-shot imaging, 304, 309 
Singular value decomposition, 357 
Sinogram, 43-44 
Slice selection, 142-152 

equation, 142-152 
excitation. 141 
gradient, 143, 145. 149 
orientation, 142-144 
pulse, 145, 152 
thickness, 142 
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Small-tip-angle assumption, 147-148 
Soft pulse, 91 
Solenoidal coil, 7 
Spatial encoding, 141, 153 
Spectral density function, 109-110 
Spectroscopic imaging. 6 
Spherical coordinate system, 39 
Spin density contrast, 218 
Spin echo, 114 
Spin population difference. 65 
Spin quantum number, 60 
Spin-echo imaging, 223-226 
Spin-lattice relaxation. 3 
Spin-spin relaxation, 3 
Spiral trajectory, 304, 309-311 
Spoiled steady-state imaging, 

297-300 
spoiler gradient, 219, 297 
spoiling condition, 298 

SSFP signal, 300, 302 
State-space method, 360 
Statistical independence, 242 
Steady state, 219, 223 
Steady-state free precession, 300 
Steady-state imaging, 297,298,300, 

302 
Steady-state signal, 297 
Stimulated echo, 120, 124-126 
Surface coil, 7 
Synthetic aperture radar, 1 

T 
Tl -contrast, 218 
T,-weighting, 218 
T2-contrast, 218 
T2 -weighting, 119 
TERA,344 
Tesla,6 
Thennal equilibrium, 91 
Tomography, 1 

diffraction, 2 
emission, 2 
transmission, 2 

Index. 

Total least squares, 359 
Transient response, 9 
Transmitter coil, see Coil 
Transverse magnetization, 8, 88 
Transverse relaxation, 91 
Triangle window function, 19 

Fourier transfonn of, 33 

U 
Uncertainty relation, 236 
Uniform sampling, 174 
Unit directional vector. 14. 17 
Unit step function. 19 

Fourier transform of. 34 
Unitary matrix. 18 

V 
Vector (cross) product, 16 
Vector addition, 15 
Vector components. 14 
Vector multiplication, 16 
Vector notation, 13-14 

complex form, 15 
explicit form, 13-14 
implicit form, 13-14 

W 
Windowed Fourier reconstruction, 

195 
Woessner decomposition, 126-127 

X 
X-ray tomography, 1 

Z 
Zeeman splitting, 65 
Zero-filled FFT reconstruction, 198 
Zero-filled Fourier reconstruction., 

326 
Zeugmatography, 2,141 
Zigzag trajectory, 304, 305, 313 
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